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(110 Kuhn-Tucker Conditions

1.1 Introduction

In this section, we give Kuhn-Tucker necessary and sufficient conditions for a solution to a
constrained maximization problem. Our conditions are more general than the standard ones
in that they accommodate the case of multiple objective functions, so that the constrained
maximization problem is a generalization of the problem of finding a Pareto-efficient allocation.
Our proof is more elementary than the standard ones, in that they rely on the Minkowski-
Farkas Lemma, which can be proved by an induction argument, but not on the separating
hyperplane theorem, whose proof involves a topological argument.

1.2 Minkowski-Farkas Lemma

This materials owe much to Sections 2.1, 2.2, and 2.3 of Gale. Let J and L be two positive

integers.

1.2.1 Lemma (Minkowski and Farkas) Let A € R’*! and b € R" (column vector).
Then one and only one of the following two possibilities holds:

1. There exists a z € R (column vector) such that b" = 2T A.

2. There exists an x € R (column vector) such that Az € R‘J]r and b'x < 0.

For each a € R”, define a* = {z € R*|a-x = 0}.

Let a € R" and b € R” and suppose that a - b # 0. Then, for every z € RE, there are a
unique v € a* and a unique A € R such that = v+ \b. We say that v is the projection of
onto a* along b.

a-x

a-b

Exercise 1.2.1 Prove that v =z — b.

Proof of Lemma 1.2.1 Let’s first prove by a contradiction argument that the two possi-
bilities do not hold simultaneously. So suppose there were z and x as in the two possibilities.
Multiply z from the right to b = 2T A, then we obtain b’z = 2" Az. But, by Possibility 2
and z € RR_{, we have b’z < 0 and 2z Az > 0. Hence the equality could not be met. This is
a contradiction. Hence the two possibilities do not hold simultaneously.

It is now sufficient to show that if Possibility 1 does not hold, then Possibility 2 must
necessarily hold. We shall do so by an induction argument on J.

The case of J =1 is left as an exercise.
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Let J > 2 and assume that, for J —1, if Possibility 1 does not hold, then Possibility 2 holds.
Write

ai
A= ,
aj-1
aj
where a1,...,a7_1,ay are row vectors in RY. Also write
ai
A = : e R(J—1)><L
aj-1

Since Possibility 1 is not met by A, it is not met by A’ either. That is, there is no 2z’ € R;]r_l
such that b' = 2/T A’. Hence, by the induction hypothesis, there exists an ' € RY (column
vector) such that A’z € R™! and b"a/ < 0.

If ay-2' > 0, then 2 is just as desired in Possibility 2 and the proof is completed. So assume

o~

that ay -2’ < 0. Denote the projections of ai,...,as_1,b onto z'*+ along ay by ay,...,a;_1,b,
respectively. Define
ay
A= : e RV-DXL,
ay-1

We shall now prove by a contradiction argument that there is no w € R;Ir_l (column vector)
such that b = w' A. So suppose there were such a

w1
w = ,
wJj—-1
then
J—1
= E :wﬁ]
Jj=1
> e
= w; | a; — a
. J J - a
Jj=1
J—1
! - aj
== E wia; — E Wj agj.
- - x’ aj
J=1 J=1
Thus
J—1 :L‘ .
: o aj - x ag
J=1 =
Since
J—1
z b !
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this contradicts our initial hypothesis that Possibility 1 does not hold for A. Hence there is
no w € R‘J]:1 such that b = wT A.

By our induction hypothesis, therefore, there exists an Z € R" (column vector) such that
Az € R;{_l and b'Z < 0. Denote by x the projection of Z onto EZ# along x’. We shall now
prove that x is just as desired in Possibility 2 for A. Indeed, a; - x = 0 because = € aj For
each j < J — 1, we have

aj-r=aj-v=a; x>0,

where the first equality follows from a; — a; = Aa; for some A and z € an; and the second
equality follows from a; € @’ L and z—7 = Az’ for some \. We can similarly show that b-z < 0.
This completes the proof. ///

1.3 Separating Hyperplane Theorem

1.3.1 Definition A subset C' of R is convex if A\c + (1 — \)c/ € C for every ¢ € C, every
d € C, and every A € [0,1].

A subset C'is closed if, roughly speaking, the boundary of C' is completely included in C
itself.

1.3.2 Theorem (Separating Hyperplane Theorem) Let C be a closed, convex subset of
RE and b € RM\C. Then there exist v € RY and d € R such that

r-c>d>x-d
for every c € C.

Exercise 1.3.1 Prove the Minkowski-Farkas Lemma by applying the Separating Hyperplane
Theorem by following the steps below:

1. Prove that the cone spanned by the row vectors of A,

J
szajERN|2120,...,zJZO ,
=1

1S convex.

2. Denote the above cone by C. You can use the fact that C is closed without proof. Apply
the Separating Hyperplane Theorem to C and b to show that there exist an z € RN
such that x - ¢ > 0 for every ¢ € C and x - b < 0. (Hint: By the separating hyperplane
theorem, there exist an z € RN and a d € R such that z-¢ > d > - b for every c € C.
Show then that, for such x and d, we must necessarily have d < 0 and z - ¢ > 0 for every
ceC.)

3. Show that the result in the second step implies the Minkowski-Farkas Lemma.
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1.4 Strict Supportability for a Pointed Cone

1.4.1 Lemma Let A € R’*L. Then one and only one of the following two possibilities holds:

1. There exists a z € R\ {0} (column vector) such that 27 A = 0.

2. There exists an x € R (column vector) such that Az € R .

Proof of Lemma 1.4.1 It is an exercise to show that Possibilities 1 and 2 do not hold
simultaneously.
Define

and define A = [ A e } e R7*(A41) Tt is then an easy exercise to show that Possibility 1 is
equivalent to saying that there exists a z € R;]L (column vector) such that
2TA=(0,...,0,1).

——
L

Thus, according to the Minkowski-Farkas Lemma, if this condition is not met, then there
exists an € R¥™! (column vector) such that A7 € R and (0,...,0,1)Z < 0. Write

- x
T = ,
TL+1
where z € RY (column vector). Then AZ = Az + zpyie and (0,...,0,1)Z = 2741. Thus
zr+1 < 0 and Az € R] . Hence Possibility 2 holds. ///

1.5 Constrained Maximization Problem with Multiple Objec-

tive Functions

The following formulation of a constrained maximization problem with multiple objective
functions is due to Smale.

Let N, M, and L be positive integers. A constrained mazimization problem with N objective
functions is defined by a collection of (X, f1,..., fn,91,--.,9:), where X is a subset of R"
and the f, (n =1,...,N) and the g, (m = 1,..., M) are real-valued functions defined on
X. We call X to be the domain, the f,, to be the objective functions, and the g,, to be the
constraint functions. This problem can somewhat heuristically be written as:

max (f1(x)7afN(x))

zeX
subject to g1(z) >0,

gM($.) > 0.
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We say that an z* € X is a solution if g, (z*) > 0 for every m and there is no z € X such
that g, (x) > 0 for every m, f,(z) > fn(z*) for every n, and f,(x) > f,(x*) for some n.

In the rest of this lecture note, we assume that X is open and the f, and the g,, are
continuously differentiable.

1.6 Kuhn-Tucker Necessary Condition

1.6.1 Theorem (Kuhn-Tucker Necessary Condition) If z* € X is a solution to the
constrained maximization problem, then there exists a vector of N + M non-negative numbers,
(M1, NS A -, Anr) € RYTM ) such that:

1. At least one of the N + M mon-negative numbers is strictly positive;

2. For every m, if gm(z*) > 0, then A\, = 0; and

BZuann +ZA Vgm(a) =

Proof of Theorem 1.6.1 (Sketch)

1. By re-numbering the constraint functions if necessary, we can assume that the first K
constraint functions are the binding ones, where K < M. Then show by a contradiction
argument that there is no v € R” such that V f,,(z*)-v > 0 for every n and Vg,,,(z*)-v >
0 for every m < K.

2. By Lemma 1.4.1, this implies that there exists a vector of N + K non-negative numbers,
(ul,...,uN,)\l,...,)\K) S Rf—’—K
numbers is strictly positive and that

, such that at least one of the N + K non-negative

Z/an +ZA Vgm(a") = 0.

3. Finally, let \,, = 0 for every m > K, then the vector (p1,...,un,A1,...,Ap) of N+ M
numbers has the three properties in the Kuhn-Tucker necessary condition.

/1]

1.7 Kuhn-Tucker Sufficient Condition

1.7.1 Definition Let X be convex and h : X — R. We say that h is quasi-concave if the
following condition is satisfied: For every z € X, y € X, and « € [0, 1], if h(y) > h(z), then
haz + (1 — a)y) > h(z).

1.7.2 Lemma Let X be convex and h : X — R be continuously differentiable. Then h is
quasi-concave if and only if Vh(z) - (y — x) > 0 whenever x € X, y € X, and h(y) > h(x).
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1.7.3 Definition Let X be convex and h : X — R be continuously differentiable. Then A is
pseudo-concave if Vh(z) - (y — x) > 0 whenever x € X, y € X, and h(y) > h(z).

1.7.4 Lemma Let X be convex, h : X — R be continuously differentiable. If h is pseudo-
concave, then it is quasi-concave.

1.7.5 Lemma Let X be convex, h : X — R be continuously differentiable, and suppose that
Vh(z) # 0 for every x € X. Then h is quasi-concave if and only if it is pseudo-concave.

1.7.6 Theorem (Kuhn-Tucker Sufficient Condition) Suppose that X is convez, the f,
are pseudo-concave, and the g, are quasi-concave. Suppose that x* € X and that there exists
a vector of N + M non-negative numbers, ({1, ..., iN, A1, ---, A1) € Rf“w, such that:

1. gm(x*) >0 for every m;

2' (/’Ll) s 7MN) € Rf+;

3. For every m, if gm(x*) > 0, then A\, = 0; and
4 Zﬂnvfn +Z)\ ng =

Then x* is a solution.

Proof of Theorem 1.7.6 (Sketch)

1. By re-numbering the constraint functions if necessary, we can assume that the first K
constraint functions are the binding ones, where K < M. Show then that if x* were
not a solution, there would exist a v € R such that Vf,(z*) - v > 0 for every n,
V fu(z*) - v > 0 for some n, and Vg, (z*) - v > 0 for every m < K.

2. Using Conditions 2 and 3 in the Kuhn-Tucker sufficient condition, show then that
N M
Z pnV fr (%) - v+ Z AV gm(z®) - v > 0.
n=1 m=1

3. Since the left hand side of the above inequality equals

<Zunvfn + Z/\ ng > " v,
this is a contradiction to Condition 4 in the Kuhn-Tucker sufficient condition.

/1]

Exercise 1.7.1 Give examples to show that each of Conditions 2 and 3 in the Kuhn-Tucker
Sufficient Condition is indispensable.
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Exercise 1.7.2 Suppose that there are two goods. The price of each good is $1. Consider
1/2

a consumer with a utility function w : Ri — R defined by u(z1,z2) = x;'"e*. His income
is w, where w > 0. We shall consider a standard utility maximization problem under the
budget constraint. Note that the domain of the utility function u is Ri, which is not an
open subset of R?, and u is not differentiable at every z € Ri with 1 = 0. In the chapter,
we have maintained the assumptions that the domain of the objective function (and the con-
straint functions) is an open subset of R* and that the objective and constraint functions are
continuously differentiable. In this problem, we will show how to introduce additional con-
straint functions and modify the domain of the objective function to satisfy these maintained

assumptions.

1. Prove that if x € R%r is a solution to the original utility maximization problem, then
w1 > 0. This implies that we can restrict the domain to the subset {z € R? | 1 >
0 and z9 > 0} without altering solutions.

Note that the function u can be extended to the subset X = {x € R?| 21 > 0} because the
function e*2 can be defined for any values of 3. Note also that X is an open subset of R2.
Define g1 : X — R by g1(x) = w — 21 — x2. This is simply the budget constraint.

2. Define a constraint function go : X — R such that the original utility maximization
problem is equivalent to the following constrained maximization problem:

max  u(x)

zeX

st g1(z) =0,
g2(x) > 0.

(Note that z is chosen from the new domain X.)

3. Apply the Kuhn-Tucker sufficient conditions to find a solution for different values of w.

1.8 Envelope Theorem

Let K, M, and L be positive integers. Let X be an open subset of R” and P be an open
subset of RX. Also let f and g, (m = 1,..., M) be twice continuously differentiable real-
valued functions defined on X x P. For each p € P, we consider the following constrained

maximization problem with a single objective function

max f(z,p)

subject to  g1(x,p) > 0,

gm(z,p) > 0.

By varying p over P, we can consider a class of constrained maximization problems. The set
P is called the parameter space of this class of constrained maximization problems.

In the rest of this lecture note, we assume that for every p € P there exists a unique solution
to the constrained maximization problem with parameter p. Denote the solution by a(p) € X;
this defines a mapping a : P — X, often called the policy function. Define b : P — R by
b(p) = f(a(p),p). This is called the value function.
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1.8.1 Continuous Differentiability of the Policy Function

In the statement of the following proposition, we regard gradient vectors as row vectors.

1.8.1 Proposition Let (z*,p*) € X x P and suppose that x* satisfies the Kuhn-Tucker
sufficient condition with strictly positive multipliers (1, A1,...,A\p) € Ri‘:_M for parameter
p*. Suppose also that the (L + M) x (L + M) matriz

M
m=1
Vg1 (z*,p*) 0 0
_ Vg (") 0 - o

is invertible. Then there exists an open subset QQ of P containing p* such that the restrictions

of a and b on Q are continuously differentiable.

The proof is a direct application of the implicit function theorem.

1.8.2 Envelope Theorem

1.8.2 Theorem (Envelope Theorem) Let (z*,p*) € X X P and suppose that x* satisfies
the Kuhn-Tucker sufficient condition with strictly positive multipliers (1, \1,...,Arr) € RfSrM

or parameter p*. Suppose also that a and b are continuously differentiable. Then
p p pp

M
Vb(p*) = Vpf (&%, 0") + Y AnVpgm (@, p%).

m=1

Proof of Theorem 1.8.2 (Sketch)

1. By gm(a(p),p) = 0 for every p € P and m, show that
Vagm (", p*)Va(p®) + Vpgm(z™,p*) = 0.

2. Multiply A, to both sides of the above equality and apply the Kuhn-Tucker sufficient
conditions to show that

M
—V.f(@*,p)Va®) + Y AnVpgm(z*,p*) = 0.

m=1
3. By b(p) = f(a(p),p) for every p, show that
Vb(p*) = V. f(z*,p")Va(p®) + Vp f(z*,p*)

4. Combine the above two equalities to complete the proof.

/1]
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[1 20 Preference and Choice in an
Abstract Setting

2.1 Introduction

In this chapter we explore basic properties of preference and choice in an abstract setting,
which includes, but is not restricted to, the consumer’s and producer’s choice problems to be
considered in the subsequent analysis. The materials of this section owe much to Chapter 1
of MWG. The strong axiom of revealed preference is dealt with in the setting of consumption
choice in Section J of Chapter 3.

Let X be a nonempty set of alternatives. There is an agent (such as a consumer, a pro-
ducer, an investor, and a social planner) who has some preferences (possibly embodying moral
judgments and probability assessments) over these alternatives, and chooses over sets of al-
ternatives (subsets of X).

2.2 Binary Relations

A binary relation (or, more simply, relation) R on X can be considered simply as a math-
ematical object such that, for every x € X and y € X, whether the relation “zRy” holds or
not has been unambiguously defined. Formally, R can be identified with a (unique) subset of
X x X by regarding “zRy” as equivalent to “(x,y) € R”. Whenever it is untrue that xRy,
we write xRy. Then, as subsets of X x X, R is the complement of R.

2.2.1 Definition A binary relation R on X is:
1. reflexive if for every z € X, zRx.
2. irreflerive if R is reflexive.
3. complete if for every x € X and every y € X, xRy or yRx.
4. symmetric if for every x € X and every y € X, yRx whenever zRy.
5. asymmetric if for every x € X and every y € X, yR°z whenever zRy.

6. acyclic if there is no pair of N € N and (x1,22,...,2x5) € X such that z, Rz, for
every n < N — 1 and zyRx;.

7. transitive if for every x € X, every y € X, and every z € X, xRz whenever x Ry and
yRz.

8. mnegatively transitive if R° is transitive.
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Exercise 2.2.1 Prove that:
1. every complete relation is reflexive.
2. no reflexive relation is asymmetric.
3. every acyclic relation is asymmetric.
4. every asymmetric relation is irreflexive.
5. every asymmetric and negatively transitive relation is transitive.

6. every irreflexive and transitive relation is acyclic.

Exercise 2.2.2 Let R be a binary relation on X. Prove that:

1. R is negatively transitive if and only if for every z € X and y € X, there exists a z € X
such that zRz or zRy whenever xRy.

2. R is transitive if and only if it is negatively transitive, provided that R is complete.
3. R is asymmetric if and only if R is complete.
4. R is asymmetric and negatively transitive if and only if R® is complete and transitive.

In economics, the interpretation of R depends, among other things, on whether R is reflexive
or irreflexive. If R is reflexive, “xRy” is interpreted as “alternative x is at least as preferable
as alternative y”. In this case, we often use symbol = in place of R. If R is irreflexive, “zRy”
is interpreted as “alternative x is more preferable than alternative y”. In this case, we often

use symbol > in place of R.

Exercise 2.2.3 1. Let X = R? and define a binary relation >~ by letting, for every z € X
and every y € X, x 7~ y if and only if 1 > y; and x3 > yo. Prove that 77 is transitive,
and give an example to show that it is not complete.

2. Let X = R? and define a binary relation = by letting, for every € X and every y € X,
x 7y if and only if =, > y, for at least two n € {1,2,3}. Prove that 7 is complete,
and give an example to show that it is not transitive.

Let R be a binary relation on X. Define another binary relation R® by letting x R°y whenever
xRy and yR°x. Then R® is the strict or asymmetric part of R. Define yet another binary
relation R' by letting 2 R'y whenever 2Ry and yRz. Then R is the indifference or symmetric
part of R. These definitions make sense for any binary relation R, but are useful when R is
reflexive. In economics, when a reflexive relation - is given, =* is often denoted by > and !
is denoted by ~.

Exercise 2.2.4 Let R be a binary relation on X. Prove that:
1. R'is symmetric. It is transitive if R is transitive.

2. R? is asymmetric. It is transitive if R is transitive.
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Exercise 2.2.5 Is it true that for every binary relation R, R is transitive if and only if R®
and R' are transitive? If so, prove it. If not, present a counterexample and provide additional
conditions on R under which this equivalence is guaranteed.

Exercise 2.2.6 For a binary relation R on X, we define another binary relation R' by letting,
for every z € X and every y € X, xR if and only if yRz. Prove that:

1. if R is complete, then R = ((R®)°)".

2. if R is asymmetric, then R = ((R°)")5.

2.2.2 Definition Let R be a binary relation on X. A function v : X — R is a utility function
representing R if the following condition is met: for every z € X and every y € X, u(z) > u(y)
if and only if zRy. If there is a utility function representing R, R is representable.

2.2.3 Proposition If a binary relation is represented by a utility function, then it is complete
and transitive.

Since every complete relation is reflexive, Proposition 2.2.3 implies that when a binary relation
is represented by a utility function in the sense of Definition 2.2.2, then it is to be interpreted
as an at-least-as-preferable-as relation. A less standard definition of representation is the
following;:

2.2.4 Definition Let R be a binary relation on X. A function u : X — R is a utility function
strictly representing R if the following condition is met: for every x € X and every y € X,
u(x) > u(y) if and only if xRy. If there is a utility function representing R, R is strictly
representable

2.2.5 Proposition If a binary relation is strictly represented by a utility function, then it is

asymmetric and transitive.

Since every asymmetric relation is irreflexive, Proposition 2.2.5 implies that when a binary
relation is strictly represented by a utility function in the sense of Definition 2.2.4, then it is
to be interpreted as a more-preferable-than relation.

Exercise 2.2.7 Prove that:
1. if R is represented by a utility function u, then RS is strictly represented by w.

2. if R is strictly represented by a utility function u, then (R)' is represented by u.

Exercise 2.2.8 Use a mathematical induction argument on the the number of the elements
of X to prove that if X is finite (that is, it consists of finitely many elements), then every
rational preference relation is represented by a utility function.

Exercise 2.2.9 (Difficult) Prove that if a binary relation R on X is strictly represented by
a utility function, then there exists an at most countable subset Z of X such that for every
x € X\ Z and every y € X \ Z, if zRy, then there exists a z € Z such that xRz and zRy.
Would the same conclusion hold if R were represented by a utility function?
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2.3 Choice Rules

A choice structure on X is a pair of a set of non-empty subsets of X, denoted by 4, and a
mapping of Z into a set of non-empty subsets of X, denoted by C, that satisfies C(B) C B
for every B € A.

2.3.1 Definition Let (%, C) be a choice structure on X. A binary relation R on X is the
revealed at-least-as-preferable-as relation of (A, C) if the following condition is met: for every
x € X and every y € X, xRy if and only if there exists a B € £ such that {z,y} C B and
xz € C(B).

2.3.2 Definition Let (%, C) be a choice structure on X and R be its revealed at-least-as-
preferable-as relation. Consider the following condition for each integer N > 2:

If 2, € X for every n < N and z,Rx,+1 for every n < N — 1, then z; € C(B)
whenever {z1,zny} C B € # and xy € C(B).

Then:

Weak Axiom of Revealed Preference (%, () satisfies the weak axiom of revealed prefer-
ence if the above condition is met for N = 2.

Strong Axiom of Revealed Preference (%, () satisfies the strong aziom of revealed pref-
erence if the above condition is met for every N > 2.

Exercise 2.3.1 Let (%, C) be a choice structure and R be its revealed at-least-as-preferable-
as relation. Let @) be the transitive closure of R, that is, xQy if and only if there are an
N € N and an (x1,22,...,2N) € XN such that z; = x, xny =y, and x,_1 Rz, for every
n < N. Prove that:

1. (A, C) satisfies the weak axiom of revealed preference if and only if for every x € X and
every y € X, C(B)Nn{x,y} € {@,{z,y}} whenever xRy and {z,y} C B.

2. (A, C) satisfies the strong axiom of revealed preference if and only if it satisfies the weak
axiom of revealed preference and R® C @Q° (that is, for every z € X and every y € X, if
xRy, then 2Q%).

Exercise 2.3.2 Let X = {z,y, z}. Define a choice structure (%, C) on X by B = {{z,y},{y, 2}, {z, z}},
C{z,y}) = {z}, C{y,2z}) ={y}, and C({z, z}) = {z}. Show that (£, C) satisfies the weak
axiom but not the strong axiom of revealed preference.

Exercise 2.3.3 Let X = {z,y,z}. Define a choice structure (#,C) on X satisfy & =

. yh Ay, 2h {z 2 {z . 23} C{ayd) = {a}, C({y 2}) = {y}, and C({z,2}) = {2},
Show that (regardless of what C({z,y,z}) is) (#,C) does not satisfy the weak axiom of
revealed preference.
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2.4 Relationship between Preference Relations and Choice Rules

Let £ be a set of non-empty subsets of X.

2.4.1 Definition Let R be a binary relation and assume that for every B € £, there exists
an x € B such that xRy for every y € B. Define a mapping C' of # into the set of the
non-empty subsets of X by C(B) = {z € B | 2Ry for every y € B}. Then (#,C) is the

choice structure of R.

Definition 2.4.1 makes sense only if R is reflexive (because, otherwise, the assumption that
for every B € 2, there exists an « € B such that xRy for every y € B may well fail). For an
irreflexive R, the following definition of thee choice structure makes sense.

2.4.2 Definition Let R be a binary relation and assume that for every B € %, there exists
an x € B such that yR°z for every y € B. Define a mapping C' of & into the set of the
non-empty subsets of X by C(B) = {x € B | yR°x for every y € B}. Then (%,C) is the
strict choice structure of R.

Exercise 2.4.1 Prove that the choice structure of every complete and transitive relation
satisfies the strong axiom of revealed preference.

The following theorem claims that the converse is also true, although we shall not prove it
here:

2.4.3 Theorem (Richter) For every choice structure (A,C) satisfying the strong aziom of
revealed preference, there exists a complete and transitive relation of which the choice structure
coincides with (A,C).

As can be seen from Exercise 2.3.2, the weak axiom is, in general, not sufficient for the
conclusion of Richter’s Theorem, that is, the existence of an underlying complete and transitive
preference relation. However, it can be shown that if % contains all subsets of X of up to
three elements, then the weak axiom is indeed sufficient for the existence of an underlying
complete and transitive relation. Moreover, such a binary relation is uniquely determined.

Exercise 2.4.2 Assume that # contains all subsets of X of two elements and let 2= be a
complete and transitive relation. Let (£, C) be the choice structure of - and R be the
revealed preference relation of (%, C). Prove that 7= R.

2.5 Afriat’s Approach

In this section, we briefly review an alternative approach, originally due to S. Afriat, on the
possibility of recovering an underlying preference relation from observed choices. In Afriat’s
approach, the choice structure (%, C) is such that C(B) is a singleton for every B € %, and
the question is whether there is a complete and transitive relation 77 on X such that C(B) 7 y
for ever y € B and every B € A. The interpretation is that alternative C'(B) is chosen when
the alternatives in B are available.

The difference between this and the preceding approaches is that, in this approach, we
have less information, in the sense that although we know that C'(B) is a most preferable
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choice in B, we do not know whether there is any other equally preferable choice in B.
This difference can be made clearer by comparing the notion of an underlying preference
relation. In the preceding approach, a preference relation underlies the choice structure (%, C)
if C(B) ={x € B|x 7y for every y € B}, while, in Afriat’s apporach, a preference relation
underlies the choice structure (#,C) if C(B) € {x € B | x 7 y for every y € B}.

This notion of an underlying preference may well be superior to the preceding one for
the purpose of empirical studies, as we often have a data set of, say, household consumption
behavior, but we do not have any data that indicate whether households had equally desirable
consumption choices within their budgets. However, since the notion of an underlying relation
in Afriat’s approach is weaker than that in the preceding apporach, it is easier to guarantee
its existence in Afriat’s approach. Indeed, the total indifference relation (the relation - such
that = 77 y for every x € X and every y € X) underlies every choice structure (%, C) in
Ariat’s sense. For this reason, in Afriat’s approach, it is common to ask whether a given
choice structure (%, C) has an underlying relation within some restricted class of complete
and transitive relation defined on X.
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[1 300 Consumer Theory

3.1 Introduction

In this lecture note we present the classical theory of a consumer. The materials are taken
from Chapters 2 and 3 of MWG. Debreu gives a succinct account of some of the concepts
introduced below. Kreps has a somewhat different, and yet very nice, treatment.

3.2 Commodities and Commodity Space

A commodity is defined in terms of its physical characteristics, as well as the time, location,
and even contingency when uncertainty is present, at which it is available for consumption or
production.

Throughout this lecture course, we denote by L the number of types of commodities. The
commodity space is the set of all combinations of quantities of the L commodities (called
commodity bundles) that are regarded as physically feasible. It is therefore a subset of R,
and indeed often taken as R’ itself. It can however be Z, where Z is the set of all integers,
if all commodities are indivisible. For simplicity, we take the commodity space to be RE.

3.3 Consumption Set

The consumption set of a consumer is the set of all commodity bundles with which the
consumer can survive. We denote it by X. It is on this set where the consumer’s preference
relation is to be defined. It is a subset of the commodity space and often taken to be RJLF. It
can however be Z£ or other subsets of Ri. For simplicity, we take the consumption set to
be Ri. A commodity bundle in the consumption set is a consumption bundle.

3.4 Preference and Utility

The preference relation of a consumer is nothing but a binary relation defined in Section
2.2 of Chapter 2. We make use of other properties, which relies on the Euclidean structure of
X.

3.4.1 Definition Let 7 be a preference relation (binary relation) on X, with its strict part >
and indifference part ~. Let z and y be arbitrary consumption bundles and « be an arbitrary

number in [0, 1].
. . . . L
Monotonicity 2 is monotone if y = x whenever y —x € RY .

Strong Monotonicity - is strongly monotone if y = x whenever y —x € RJLr and y—x # 0.
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Local Non-Satiation 7 is locally non-satiated if for every e > 0 there exists a z € X such
that ||z — z|| < e and z > x.

Convexity - is convez if ax + (1 — o)y 22 z whenever z € X, x - z, and y 7 2.

Strict Convexity 7= is strictly convex if ax + (1 — a)y = z whenever z € X, x 77 2z, y T 2,
r#vy,and a € (0,1).

Continuity 7 is continuous if x 77 y whenever (z").7; and (y"),~; are sequences in X such

that ™ = y" for every n, and ™ — z and y" — y as n — oo.

3.4.2 Proposition FEvery strongly monotone preference relation on X = Ri 18 monotone.
Every monotone preference relation on X = Ri 18 locally non-satiated.

Exercise 3.4.1 Show that there is a monotone preference relation on X = ZJLr that is not
locally non-satiated. Provide appropriate extensions, to the case of a general consumption set
X, of the above definitions of monotonicity and strong monotonicity with respect to which
Proposition 3.4.2 is true.

Exercise 3.4.2 Prove that every preference relation that can be represented by a continuous
utility function is continuous, complete, and transitive.

3.4.3 Proposition FEvery continuous, complete, and transitive preference relation can be rep-
resented by a continuous utility function.

Exercise 3.4.3 Let R be the strict part of the lexicographic ordering. Prove that there is no
at most countable subset Z of X = Ri for which the property of Proposition 2.2.9 holds.

3.5 Prices, Wealth, and Budget Sets

We assume that there is a complete set of markets, so that there is a price, denoted by py,
for each commodity ¢ (¢ =1,...,L). Denote by p the L-dimensional column vector consisting
of the py. This is a price vector.

A wealth level of a consumer is presented by a real (and often non-negative or strictly
positive) number w. Under a price vector p and a wealth level w, the consumer’s budget set
is{re X |p-zx<w}.

Simple as it may look, this formulation embodies some important assumptions in economics.
First, the market is complete, so that all commodities that are relevant to preference relations
and utility functions are given prices. Second, there is only one inequality defining the con-
straint, so that a reduction in expenditure for any one commodity can be used to increase the
expenditure for any other commodity. Third, there is no rationing, in the sense that there is
no (upper or lower) bound on the amounts of commodities that can be bought. Fourth, the
price level for each commodity is unaffected by any change in the choice of the commodity
bundle z, so that the consumer is a price-taker, whose influence on the market outcome is
negligible relative to the size of the markets.
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3.6 Utility Maximization Problem

Let u be a continuous utility function representing a continuous rational preference relation
7. The continuity assumption guarantees that in the subsequent analysis, all the functions
are continuous and correspondences are upper semi-continuous on some appropriate domain
(where, for example, the wealth level is strictly positive).

The wutility mazimization problem under a price vector p and a wealth level w is

max u(z),

subject to p-x < w.

3.6.1 Proposition If p € R£+ and w > 0, then there exists at least one solution to the
utility mazximization problem. If, in addition, = is strictly convex, then there exists exactly

~

one solution.

We assume in the rest of this lecture note that there exists at least one solution and de-
note by x(p,w) the set of all solutions. Then (p,w) — z(p,w) is the Walrasian demand

correspondence. It is a function if 7 is strictly convex.

3.6.2 Proposition The Walrasian demand correspondence x has the following properties:
Homogeneity For every a > 0, x(ap, aw) = z(p,w).
Walras’ law If - is locally non-satiated, then p - = w for every & € x(p,w).

Strong Axiom of Revealed Preference x satisfies the strong axiom of revealed preference
(Definition 2.3.2).

Exercise 3.6.1 Give an example of a strictly convex and locally non-satiated (but not nec-
essarily monotone) preference relation on X = Ri such that the demand function x is not
continuous at p = (0,1) and w = 0.

The value function of the utility maximization problem is the indirect utility function and
denoted by v. Then v(p,w) = u(z) for every z € x(p, w).

3.6.3 Proposition The indirect utility function v has the following properties:
Homogeneity For every a > 0, v(ap, aw) = v(p, w).

Monotonicity v is non-decreasing in w and non-increasing in every pe. If 7 is locally non-

satiated, then v is strictly increasing in w.

Quasi-Convexity v is quasi-convez, that is, v(ap + (1 — a)p’,aw + (1 — a)w’) < v(q,b)
whenever v(p,w) < v(g,b), v(p/,w') <wv(g,b), and a € [0,1].
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3.7 Expenditure Minimization Problem

The expenditure minimization problem under a price vector p and a utility level u is

min p-x
zeX

Y
subject to u(x) > u.

3.7.1 Proposition If p € RJLr+ and there exists an T € X such that u(x) > u, then there

exists at least one solution to the expenditure minimization problem. If, in addition, 7~ is

~

strictly convex, then there exists exactly one solution.

We assume in the rest of this lecture note that there exists at least one solution and denote by
h(p,u) the set of all solutions. Then (p,w) — h(p,u) is the Hicksian demand correspondence.
It is a function if 7 is strictly convex.

3.7.2 Remark The expenditure function e is differentiable with respect to p at (p, @) if and
only if h(p,u) is a singleton.

3.7.3 Proposition The Hicksian demand correspondence h has the following properties:
Homogeneity For every a > 0, h(ap,u) = h(p,u).

No Excess Utility If - is continuous and monotone, p € RJLFJH and @ > u(0), thenu(z) = a
for every T € h(p,u).

Compensated Law of Demand For any two price vectors p and p', and any T € h(p,a)
and @' € h(p!, @), (o —p) - (& — ) 0.

Exercise 3.7.1 Prove the Compensated Law of Demand.

The value function of the expenditure minimization problem is the expenditure function
and denoted by e. Then e(p,u) = p- & for every T € h(p, u).

3.7.4 Proposition The expenditure function e has the following properties:
Homogeneity For every a > 0, e(ap,u) = ae(p, ).

Monotonicity e is non-decreasing in u and every py. If 7~ is monotone, then e is strictly

increasing in u > u(0).

Concavity e is concave in p, that is, e(ap+ (1 —a)p',u) > ae(p,a)+ (1 —a)e(p’,a) for every
a € [0,1].

Exercise 3.7.2 Show that the no excess utility property of Proposition 3.7.3 and the strict
increasingness in @ of Proposition 3.7.4 need not be satisfied by a locally non-satiated, but

not monotone, preference relation.
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3.8 Characterization of Walrasian and Hicksian Demands

3.8.1 Proposition For every price vector p and utility level u,
h(p,u) = Vpe(p, a). (3.1)

Exercise 3.8.1 For a price vector p and a utility level u, consider the following maximization
problem:

max e(pv ’l_L),
p

subject to p- h(p,u) < e(p,u).

Show that p is a solution to this maximization problem, and also that the Kuhn-Tucker
condition for the solution implies equality (3.1). (Hint: Use the homogeneity of e in p to show
that the multiplier in the Kuhn-Tucker condition equals one.)

3.8.2 Proposition For every price vector p and utility level u, Dyh(p, ) is symmetric, neg-
ative semi-definite, and satisfies Dph(p,u)p = 0.

3.8.3 Proposition (Roy’s Identity) For every price vector p and wealth level w,

1
z(p,w) = —=——<V,u(p,w).
( ) vw U(p, w) p ( )
Exercise 3.8.2 For a price vector p and a wealth level w, consider the following minimization
problem:
min v(p,w),
(p,w)

subject to p-x(p,w) < w.

Show that (p,w) is a solution to this minimization problem, and also that the Kuhn-Tucker
condition for the solution implies Roy’s Identity.

3.9 Duality

3.9.1 Proposition For every price vector p € RJLFJr and wealth level w > 0,

h(p,v(p,w)) = z(p, w)

and
e(p,v(p,w)) = w.

For every price vector p € RL | and utility level i > u(0),

z(p, e(p,u)) = h(p, u)

and
v(p, e(p, u)) = .

Exercise 3.9.1 Give examples to show that if ~ were not locally non-satiated, then it may
not be true that h(p,v(p,w)) = z(p,w); and that if p ¢ RL, (but still p € RY and p # 0)
and w = 0, then it may not be true that x(p, e(p,u)) = h(p, ).
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3.9.2 Proposition (Slutsky Equation) For every price vector p € Rir and wealth level
w > 0,
Dy (p, @) = Dyph(p, v(p, @) — Du(p, @)z (p, @)

Hence Dyz(p, w) + Dyz(p, w)z(p,w)" is symmetric and negative semi-definite.

3.10 Taxonomy of Properties

No Change in Constraints or Objectives z is homogeneous of degree zero in (p,w); v
is homogeneous of degree zero in (p,w); h is homogeneous of degree zero in p; and e is
homogeneous of degree one in p.

Monotone Changes in Constraints or Objectives v is non-increasing in p and non-decreasing
in w; and e is non-decreasing in p and .

Arbitrary Changes in Constraints or Objectives x satisfies the strong axiom of revealed
preference; v is quasi-convex in (p,w); h satisfies the Compensated Law of Demand; and

e is concave in p.

Exercise 3.10.1 Use Proposition 3.9.1 to derive the monotonicity and concavity of e from the
monotonicity and quasi-convexity of v; and also derive the monotonicity and quasi-convexity

of v from the monotonicity and concavity of e.

3.11 Welfare Measures of Price Changes

Suppose that the current price vector p now changes to p', while the wealth level w is
unchanged. The change is preferable if and only if v(p', w) — v(p®,w) > 0.
Now take another price vector p. If e is strictly increasing in u, then the above inequality
is equivalent to
e(p,v(p',w)) — e(p, v(p°, w)) > 0. (3.2)

The function (p, w) — e(p, v(p,w)) is the money metric (indirect) utility function (under p).

Exercise 3.11.1 Prove that the money metric indirect utility function under any p does not
depend on the choice of a utility function to represent the preference relation, that is, if u and
4 represent the same preference relation, and v, e, v, and € are the indirect utility functions

and the expenditure functions derived from w and 4, then e(p,v(p,w)) = é(p, v(p,w)) for

every (p,w).
If we take p = p°, then the left hand side of (3.2) is

e(poav(plvw)) - e(p())U(pO’w)) = e(poval) - w,

V= v(p',w). This is the equivalent variation of the change from p° to p* with wealth

where @
level w, and denoted by EV (pY, p',w). On the other hand, if we take p = p!, then the left

hand side of (3.2) is

e(pla U(p17w)) - e(pl,v(po,w)) =w-— e(p17a0)7

where @’ = v(p®,w). This is the compensated variation of the change from p° to p' with

wealth level w, and denoted by CV (p°, p!, w).
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3.11.1 Proposition For every p°, p', and w, z'fp? = p% for every £ > 2, then

2

EV(p°,p',w) = /1 hi(p1,p—1,a") dpi,
p
10
0 1 71 0
CV(p',p,w) = 1 hi(p1,p-1,4°) dpi,
Py

where p_1 = (pg, .. ,pOL) = (p%, . ,pi), ’ = v(p°,w), and u' = v(pt,w).

Exercise 3.11.2 Prove Proposition 3.11.1.

27

Another commonly used measure of price changes is what MWG called the area variation

measure: o
Py
AV(pO,pl,w)—/ z1(p1,p—1,w) dp;.

pi

In general, this measure cannot be interpreted as a change in utility levels, but if the preference

relation is quasi-linear with respect to a commodity other than the first one, and if the

consumption levels of the numeraire are always strictly positive for the relevant range of

prices, then
AV (p°,p',w) = EV(P°,p',w) = CV(p°,p', w).

Exercise 3.11.3 Let p¥, p!, p?, p? be four price vectors and w be a wealth level.

1. Prove that

EV(pY,pt,w) = EV(°, p*,w) + EV (p*,p',w) = EV(p°, p*,w) + EV(p*,p', w),
CV(@°,pt,w) = CV(°,p*w) + CV(p?, ptiw) = CV(p°, p?,w) + CV (p?, p', w).

2. Assume that p? = p} = p% = pg’ for every £ > 3, p? = p:{’ > p% = p%, and pg = pg > pl =

p3. Give an example in which

AV (%, p* w) + AV (p*, p',w) # AV (P°, p*, w) + AV (p*, p', w).
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140 Producer Theory

4.1 Introduction

In this lecture note we start the classical theory of a producer. We spell out some basic
definitions for productions sets and formulate the profit maximization and cost minimization.

4.2 Productions Set

To describe production activities in the commodity space R”, we use the convention that,
in a vector R, the amounts of outputs are measured in positive quantities and the amounts
of inputs are measured in negative quantities. A production set is the set of all vectors of R”
that are technologically feasible.

Production sets do not presume the availability of inputs. For example, with L = 2, the
fact that (—100,100) € Y merely means that if 100 units of good 1 are used as inputs, then
100 units of good 2 can be produced. It does not imply that there are 100 units of good 1
available for production.

The following assumptions are often used for a production set Y.

Non-emptiness Y # .

Closedness Y is a closed subset of RE.

No-Free Lunch Y N RY C {0}.

Possibility of Inaction 0 €Y.

Free Disposal Y — Ri cY.

Irreversibility Y N (-Y) C {0}.

Non-Increasing Returns to Scale ay € Y for every y € Y and every a € [0, 1].
Non-Decreasing Returns to Scale agy € Y for every § € Y and every a > 1.
Constant Returns to Scale ay € Y for every § € Y and every a > 0.
Additivity §+ % €Y for every § € Y and every i € Y.

Convexity Y is a convex subset of R,

Convex Cone Y is a convex cone in RF, that is, aj + o/ € Y for every § € Y, every
iy €Y, every a > 0, and every o > 0.
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Polyhedral Cone Y is a polyhedral cone in RY, that is, there exists a finite subset {gt, ..., gM }
of R¥ such that for every ¥ € R, § € Y if and only if there exists an (a, ..., an) € Rf
such that § = Zi\n/[:l amy™.

Exercise 4.2.1 Prove that:

1. If Y is convex and satisfies the possibility of inaction, then it exhibits non-increasing
returns to scale. The converse does not hold.

2. Y is a convex cone if and only if it is convex and additive and satisfies the possibility of
inaction.

3. Y is a convex cone if and only if it is additive and exhibits constant returns to scale.

4. If Y is a polyhedral cone, then it is a convex cone. The converse holds only if L = 2.

4.3 Transformation Function and Production Function

4.3.1 Definition Let Y be a production set.

1. If a function F' : RY — R satisfies Y = {g € R* | F(y) < 0}, then F is a transformation
function of Y.

2. Suppose that Y satisfies g < 0 for every § € Y and every ¢ < L. If a function
f: RJerl — R, satisfies Y = {g € R* | 41, < f(—¥1,...,—¥r_1)}, then f is a
production function of Y.

4.4 Profit Maximization Problem

The profit mazimization problem under a price vector p is

maxp -,

The set of solutions to this maximization problem is denoted by y(p). This defines a
correspondence ¥y, the supply correspondence of Y, on a set of price vectors p for which the
problem has at least one solution.

Just as in the case of a consumer’s budget constraint, this formulation of the profit max-
imization. First, the markets are complete, so that all inputs and outputs are given prices.
Second, the profit is defined as a single inner product, which means that any increment in
revenue can, however far distant in the future it will be realized, be counted towards profit,
even when the associate cost must be paid immediately. Third, there is no rationing, so that
the firm can buy inputs and sell outputs as much as it wishes. Fourth, the price levels are
not affected by the any change in the input-output combination y, so that the firm is a price
taker in the input and output markets.

4.4.1 Proposition The supply correspondence y has the following properties:

Homogeneity y(ap) = y(p) for every price vector p and every o > 0.
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Production Efficiency y(p) C 9Y for every non-zero price vector p.

Law of Supply (p' —p) (¥ —7) <0 for any two price vectors p and p', every y € y(p), and
every 5 € y(p').

The value function of the profit maximization problem is the profit function of Y and
denoted by m. Then 7(p) = p- g for every gy € y(p).

4.4.2 Proposition The profit function m has the following properties:
Homogeneity w(ap) = an(p) for every price vector p and every o > 0.

Convexity 7 is a convex function, that is, m(ap+ (1 —a)p’) < an(p)+ (1 —a)n(p’) for every

a € [0,1] and any two price vectors p and p'.
4.4.3 Remark For every p, 7 is differentiable at p if and only if y(p) is a singleton.

4.4.4 Lemma (Hotelling) If 7 is differentiable at p, then y(p) = {Vn(p)}. Ify is a contin-
wously differentiable function around p, then Dy(p) is symmetric and positive semi-definite,
and satisfies Dy(p)p = 0.

4.5 Cost Minimization Problem

Suppose that Y satisfies g, < 0 for every § € Y and every £ < L. Let f : RJL:I — Ry be
the production function of Y. The cost minimization problem under a vector w € RY™1 of
input prices and an output level ¢ is

min w-Z,
zeRY ™!

subject to  f(z) > q.

The set of solutions to this minimization problem is denoted by z(w,q). This defines
a correspondence z, the conditional factor demand correspondence of Y, on a set of price
vectors w and output levels g for which the problem has at least one solution.

Let Y = {y € R" | g < f(=4,...,—4r—1)}. It § € y(p), then (=i1,...,—yr-1) €
c(p1,...,pr—1,yr). That is, profit maximization implies cost minimization. The converse,
however, does not hold, that is, even if z € z(w, q), there need not be any py, such that (—z, q) €
y(w,pr). Although cost minimization is a weaker condition than profit maximization, an
advantage of the notion of cost minimization over that of profit maximization is that there
may be a cost-minimizing input-output combination even when there is no profit-maximizing

one.

Exercise 4.5.1 Prove that if Y exhibits non-decreasing returns to scale and if y(p) # @,
then m(p) = 0.

4.5.1 Proposition The conditional factor demand correspondence z has the following prop-
erties:

Homogeneity z(aw,q) = z(w, q) for every factor price vector w and every o > 0.
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No Excees Output If f is continuous and f(0) = 0, and if w € R{;jrl and g > 0, then
f(2) = q for every z € z(w, q).
Law of Conditional Factor Demand (w'—w)-(z'—Zz) < 0 for any two input price vectors

w and w', every z € z(w,q), and every z' € z(w', q).

The value function of the cost minimization problem is the cost function of Y and denoted
by ¢. Then c(w,q) = w - z for every z € z(q,w).

4.5.2 Proposition The cost function ¢ has the following properties:

Homogeneity c(aw,q) = ac(w,q) for every price vector p and every a > 0.
Monotonicity c is non-decreasing in q and every wy.

Concavity cis a concave function of w, that is, c(aw+(1—a)w’, q) > ac(w, q)+(1—a)c(w’, q)
for every « € [0,1] and any two input price vectors q and ¢'.

4.5.3 Remark For every (w,q), m is differentiable with respect to w at (w, q) if and only if
z(w, q) is a singleton.

4.5.4 Lemma (Shephard) If ¢ is differentiable with respect to w at (w,q), then z(w,q) =
{Vuwc(w,q)}. If z is a continuoulsy differentiable function of w around (w,q), then Dyz(w,c)
is symmetric and positive semi-definite, and satisfies Dy,z(w, q)w = 0.

4.6 When Profit Maximization is Justfied

Imagine that a firm has a production set Y and a consumer has an indirect utility function
v, which is strictly increasing in wealth, and owns a share 8 > 0 in the profit of the firm. If
a production plan g € Y is chosen, p is the price vector, and his wealth from other than the
shareholding in the firm, then he attains the utility level u(p,w + 0p - 7).

4.6.1 Proposition If p and w does not depend on the choice of a production plan §y € Y,
then the following two maximization problems have the same solutions:

maxp -y
gEY Py,
and

max v(p,w + 0p - 7).
yey
4.7 Price Normalization

Suppose now that the price vector p depends on the choice of a production plan § € Y, and
the wealth w depends on the price vector p. Denote the dependence by p(y) and w(p). When
a production plan 7 € Y is chosen, the consumer attains the utility level

u(p(y), w(p(y)) + 0p(y) - v)-
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Hence the production plans that are most desirable for the consumer are the solutions to the

maximization problem:

max v(p(y), w(p(y)) + 0p(y) - 7). (4.1)
If v can be written as _
_ w
v (p, W

- Bipr+ -+ BLpr

and w(p) = 0 for every price vector p, then

v(p(®), w(p(®)) + Op(y) - ¥)
_ p(®) -y
Bip1(y) + - Brpr(¥)
1

(ﬁlﬁ(ﬂ) 4. ﬁLpL(gj)p(g)) 7.

Thus the consumer would like the firm to maximize the profit with respect to the price

vectors for which the consumption vector (31, ..., ) is the numeraire. The solution to the
maximization problem (4.1) typically depends on the choice of (51,...,0L).

4.8 Conflict of Interest among Shareholders

If there are two consumers who have shares in the same firm but have different coefficients
(B1,--., L), then there may be a conflict of interest, in that they may like the firm to choose
different production plans. For example, suppose that L = 2, the first commodity is the
input, the second commodity is the output, and Y is given by the production function f.
Suppose moreover that the first consumer’s indirect utility function equal w/p; and the second
consumer’s indirect utility function equal w/ps. Then the first consumer would like the firm
to choose the input level that solves

p2(—21, f(21))

5120 p1(—21, f(21)) fla1) =21,

while the second consumer would like the firm to choose the input level that solves

max (Zl) _ pl(—Zl,f(Zl))

i pa(—z1, f(z1)

The solutions are typically different.
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5.1 Introduction

In this lecture note, we give an introduction to a consumer’s utility and choice under
uncertainty, covering topics such as the independence axiom; expected utility; absolute and
relative risk aversion; and stochastic dominance. The materials of this section can be found
Section 6.B of MWG.

5.2 JUuUoboooood

5.2.1 Definition (00 00) C ={10..,N} 00O (consequence) 000000000 0ODOO
coooOoOooooooOdoobdn=1,...,NODOOOp,>000000000 ), pa=1
0000 NDODOOOOO (p1,...,py) 00000 (simple lottery 0000000 lottery) OO
Oooooooooooobo 0000

5.2.2 Definition (00 00) ¥000000000000000000000O00O0 compound
lotteryD OO OO0 OO sequential lotteryd O 00O O two-stage lotteryD 0 OO0 00000
KOOOOOOLy, Ly,...,. Lk O KOOOOOOO (ag,0,...,ax) 000 k=1,..., KOO
00 >000000000 ),q=10000 KOOOOOOODOOOOOODOOOOoOOoOo
k<KOOUODL,OODOO ,0000000000000000D00000000O0O

aq a2 (6724
godd
5.2.3 Definition (00 O000) 0000051000000

00000 (X, arph,....> papply) 000000000000 ayly+--+agLlxg 00000
0000510000000 (reduced lottery) D000

Exercise 5.2.1 Q={1,...,M}0000000000001,...,MO000000000000O
m,...,myO0000X:Q— ROY :Q— ROOOC = X(Q)UY (Q)U((1/2)X +(1/2)Y)(Q) =
{c1,¢2,...,ex}0000Lx 0000 X0 COOO0O0D0O000O00O0000
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ooooooboooyoOcoobooooooo

Lyz Z Tmy -« - Z Tm

meY ~1(c1) meY ~1(en)

ULyO00O0OLy 1,y 0000000000000 O000O00
2 2

1 1
glxtoly=Lixiiy

O0o0oO0oooooooooooQ={1,2},m=m=1/2000000000000000

5.3 Uuouong

D0000000%x0 0000000000000000000000000 RMO
00000000000O0OO0O0O000000ooOoOoOOO0O0O0ZzODOODOOOOOOOO
oboobooooo

5.3.1 0U0O0OO0OOOOO

5.3.1 Definition (00000) OO0 L € 0L € £0L" € £0a € (0,1]00000L &= I/
Oal+(1-a)l’ Zzall+(1—-o)l/ 0000000000 Zz000000 (Independence
Axiom) 0O O OQOOOO

0000000 000000000000 zO00DO0DO0DO0DO0D0O0ODOOODOOOOOODOOO
000000000000000LeZ, e, e ¥0ael0,]0000000O00OOO0O
1D<L L )DDDDD QD(L, ! )DDDDDDDDDDDDDDDDD@D
« -« a 11—«

00000000000 L000000000000000 « 00000000 EOO0D0OO0
0000100000 LO0O000000 200000 /OOOOOOoOoooooooooo
00 FO0O0O0O0O00O0ODOOOOOODOOCOO L"OOOOOoOoooooooo EOO00O0
Jo0o0dooooOo0oo0dd0d0ooooDoOfpO0OOOD0DOOOOO0OO 10 LO00O0O0OO
20 ’OOOOOOOOOOOO00000000000 -nO0000oooo0ooooLz /oo
Jdddoo0100dboo22000d000ddooo0ooo0doDoooooOo0oooooon
010000000 aL+(1—)l"/00000 20000000 al/+(1—-)L”7000000
al+(1-a)l"0al/+(1-)Ll’00000000000000O000O0O0O0OOO0OOOOO
0Jo0ddoopDooooOoo00oooooooooooooo

1. 0000000 00000000000 znO0OCcOO00oooooooooooooo
googoobooboobboobuooboobboobooboboooo

2.0000000000000000DDODOCOOOO0000000 zOOOODODODODOOD

. ubobobboobooboboboooobooboboobo10bbobboobOoon
goboobooboboo 1gooboogoboboobobooboboooboon 20
uboooobooboobbooboooo

4. DOoO0oOOobOooooboobooboboOooo1bobboooboobDoboboooDUobo
gbooobooboobbooboooo
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0000000000000000000000000000000000
000004000000000000000000000000000000000000
0000000000002000000000000000000000 u(z) = min{zy, 22}
00000000 0000z =(4,4)0y=(10,2)0z=(2,10000002z0000 400y

00200000002 Zzy00000000O0O0O0OOOOOO2000000000000

1 1 1 1 1 1 1 1
O0-z+-20 -y+-20000000-s+-22Z-y+-20000000000 7?2000

27 T27 " 27" 9 27 T27~97 Ty
0000oo0O00ooO0o0oon
1 1 1 1 1
1 1 1 1 1
¥+ 572 =5(10,2) + 5(2,10) = (12,12) = (6,6)

1 1 1 1
gboobooooobog3buabooan GDDDDDDDDDDDDDDD§x+§Z§§y+§Z

gbobogoobogoboooooboboboboooooobobobooobobooboboon
gobobooobobooooobuooobobooobobooo20b0b0b0o0ooobooooonon
gooon

5.3.2 UU0OO0OOOOOO

5.3.2 Example (0000000000000 (Ellsberg Paradox)) OD00OO0O 20000
tobboobooooooobo oobbodobooooboo1bobogso0onosobbooonn
uboboobobooboooobobooo200b0b0o0ooboobbooboboobooboooonon
000000000000 00000 2000 2000 (100—x)000000000O0O0ODOO
coooooobodo

ubooooobouoooboooobooooobooooooo 1gbboooboooboon
goboobi1oboobol1l-=0b20000b000000b00bOo0bDO

T <50

100 ~ 100
000000000000
00000000000 1000000000000000000000000000 10
000001+-00200000000000000000

50 100 —

100 ~ 100
0000000000000000000000000000000000000
00000000000000000000000000000000000000000

ubboobogbbooobuodgbouoobboboobboobuoobbooboaoo

=z > 50

5.3.3 Example (0000 (Consequentialism) ) 00 2000000000000000
gbobgoob2000000000000000D 1D0D0ODOOO00O0OO0O0OO0LOOD
oo

C ={A, B}

0000000 ADQOO0ODOOOOOBOODOOOODOOOOOOODOOOOOOOODO
gbob1oobooobooboooob1bgboooboobooboooboboobobooboon
gboboobogoooo

(1,0) ~ (0,1)
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gboboobbuodobbooobbooboobboobbooboooboobboobobd
ubobooobooboboobooobbooo

(;,;) = (1,0)
(;;) = (0,1)

G ;) _ %(1,0) + %(0, 1)

gboobooobogon

(0,1) = %(0,1) + %(o, 1)

11
DDDDDDﬂﬁ%v@DDDDDDDDDDDDDDDDDD<T2>~&UDDDDD

11
gooboooooog (2,2>>(1,0)DDDDDDDDDDDDDDDDDDDDDDDD
ugbbooboobboobooboooboobooboo

5.3.4 Example (000000000 (Speed of information revelation)) 000000
200000000000000 IDDDDDDDDDDDDDDDDDDDDD%DDD 10
ggoooooooboboooobobood %Dl:ll:l 20000000bO0o0obDbooboobo
gooooono

00 20000000000000000O0DODODOODOO %l:l 100000 %D 2000
goboobodbboobbi1ocboobuoobooboboo

20000000000 bbbbodoUoUUoUDbOooUobD b bObbUo0UUUU L 2
JoooooboboboodooooooboDb 1000 200000000DO0000000DOO
gooobooboboboooboobobobob 10bo 200b0obboO0obOoUobOoboo
dodoooooooooobobobobobobobbbobtboddddooouooooo
0000000000 (recursive) 00000000 OOOOOOOOO

ugboboobooboobboobooobobon

5.3.5 Example (00000000 (State-dependent utility) ) 00000000000
0000000000000000000000000000000000000 20000
oooooo
00000000000000000000000000000000000000000
0000000000000000000000000000000

o0 50%
O 50%

O0o0oOoo0ooo0ooOoooooUooooD Cc={00,0000000 }Oo0O0O0OO0OOO
ooooono L,O L,Ooooo

;] 0O0 (©opooo) | oo (@©oooo)
'"") oo @ooo) ° ? Y ooo (oooo)
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oboobL; =L, 000000020000000000000000D0O0DODODO

oo 0O0oOo0
0.5 0.5

0o0oooo0000 zOoOo0ODOoO0OODOOO0O0OO0L; ~LL,OOO0OOOODOOOOOO
L,~-L,000000000000000000O0000000 nOoOoooDooooOoOooo
gbobobooboobooooooooooooooooooooo
ubobooboboobobooobooooboooboobbooboboooboooooboooon
000000000000000 0% 000000000000200000

, _ /2000 (@oooooo) L 0 (0DO0OO0O0D)
' 0 (0oDoooooo)’ 7 | 200 (D0O0O0O0O0O0O0)

0000000000000 00bs% 0002000000000 50% 000000000
goobooooooo Ly - LLO0b0oboboobobobobobobobobobuoboo
gbobogooooooobobgoboooooboobobooboobooooobobbobon
gbboobogboboobbooboobboobooboobobooobooan
obooboboooooooooboobwdoooonoo L0 Looogoo

2000 (00O0000O0) 0 (0oDoooon)
wOO (00DO0Oooooog) 020+w000 (00O0O0O0O0O00)

goooboooboobobobobobobooboobUo 2000 bwbhoooboOoO
gboooboo2000000000000000000DO0O00DOLOOODLOODO L0 Ly
goboooboboobooboooboooobooobooboboobooobooobooonod
goboobooboobbooboobboobooboooboon

5.3.6 Example (00 0000O000) OD0OO0OO0OOO
¢c={00000000,00000000D000OO,0000 '}

00000000000000(1,0,0) = (0,1,0) = (0,0,1) 000 00 OMark Machina (1987,

Journal of Economic Perspectives) O O
(0.99,0,0.01) > (0.99,0.01,0)

uoboooboboobobooboboooboobboobobooboooboooboboonood

0oo
(1,0,0) (0,0,1)
0.99 0.0l

0000 (0.99,0,0.01)00
0000000000000 (0.99)(1,0,0)+(0.01)(0,0,1) 0000000 00(0.99,0.01,0)00

(1,0,0) (0,1,0)
0.99 0.01

0000000000000 (0.99)(1,0,0) 4+ (0.01)(0,1,0)0000 0
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20000000000000000.9900000 (1,00)000000000000000
0000100000 (0,1,000 (0,0,1)000000000000000000000000
0oo (0,1,0) = (0,0,1)0000000000000000000000(0.99)(1,0,0) +
(0.01)(0,1,0) = (0.99)(1,0,0) + (0.01)(0,0,1) DO OO (0.99,0.01,0) > (0.99,0,0.01) 00 O
00000000D000000Machinad 000000000000000000000

0000OMachinaD0000000000000000000000000000Machina
000000000000000000000000000000000000000000O0
0000000000000000D00000000000000000000000000
000000000000000000000000000000000000000000
0CO00000000000000000000000000000000000(1,0,0)00
0O00000000(0,1,000 (0,0,1)00000000000000000

5.3.7 Example (000000000000000000) 000000
Cc={11000,10000,00 }

gobooboobboo400b00b0o0obboobon
Ly =
I, =
Ly =
Iy =

000000000 0L =100 Ly > L,00000000000000000000o0o
O00oo0o0oooOdLs=(0,0,1)00000

0,1,0)
0.1,0,0.9)

0,0.01,0.99)
0.001,0,0.999)

—~ —~

Ly =0.01L1 +0.99L3,
LY = 0.01L} + 0.99Ls.

0000L,»-Lj0 L= LL,O000000000000000000O0O0O0O0O0OO

L,0 0000000, 00001000000000000 0000000 11000
oooooUooo0DO0oDOoUOUOUD 1O ;0000000000000 0OLO LY O
oooooooooooobobgoed Lsooooobooboboooooooooob
00001000000 L0 00000

L-L\0 L= LLO000000000000O00O0O0O 0990 000000000000
gobooboooobooobooooboobboobbooboboooboooboonood
goboobooooobon

54 0O0OOOOO

0000000000000 0ooO00000O0000 zOODODODOOOoOoOOOOoOoOO
0000000000z 000000000000 000000000000000 (Expected
Utility Theorem) 00000 0000000000000 0OOOOOOODODOO

5.4.1 Theorem (000000 (Expected Utility Theorem) ) — 0 200 200000
O0-00000000000000D0000D0000O000000 (ul,...,uN)ERNDD
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0000000 L= (p,...,pn) € L0000 L =(p),...,p) € 200000

N N
L?\:L/<:>anun > Zp;lun

n=1 n=1

gooboobooooboooo

noooooYY pw,00LO000000000000000000UDODO0000000
00000000000000000000000000000

0000 (w,...,uy) € RNOODOOOOOOO0OU: ¥ — ROOOOL=(py,...,pn) €
£0oooo

N
U(L) =) patin
n=1
goooogdg
L=l < U(L)>U(L)

00000000~z 00000000O0000DOOO00D0ODOODO00D0ODOOOOOOOOZ
0000000000000 0O0OzO000O0OD0OO00OOOO0OO0O0DOOODOOOOODOOOO
gbbooboobbooboobobooboboobooobbooboooboooobooobooo
0000000000000 0O0O000ooooooooODvUoOoOOOOOOOOO0OOo
gboobobobobobobo

(i) N<ooODO zOOOOOODODODODDOOOD LOOOOLZLOOOOLOOO
000000000 LOO0OO0OO0 L L0000 LO00000LO LO0O000000
gboboooobooboobobobobooboobo

(i) D00 LOOOODO
L~aL+(1-a)L

000000000 ae€l0,1)]00000000 «0 U(L)D0O0O0OOOOOO
(ili) zO0OODUO0O0O0OO0O0O0O00O000000 Lex0l e¥000a€el0,1]0000
U@L+ (1—-a)l')=aU(L)+ (1 —a)U(L)
goooono
(iv) 000 n=1,...,NOODOOO
un = U ((0,...,0,1,0,...,0))

ooooooooo (o,...,0,1,0,...,0000r 00000000 1000000 000
000000000000-00000000 1000000000000000000
00000000 LOOO0O00

N
U(L):anun
n=1
ugooon
Exercise 5.4.1 0000000000 O0OODOODOOODO

Exercise 5.4.2 U0 0000000000z 000D0O00COO0OO0O0ODODOOOOOOOO
gboobooobgon
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5.5 UUUOooooooon

5.6.1 UU0OO0OOOOOOO0OOOOOO0OO0

Ce{R,R,,R,,}000000000000DO0OO0OO00OUOODO0OO0wODOOODOOO
2°0000CO000000000000000000000000000000000 22*0
goo

5.5.1 Proposition (0 0000 (certainty equivalent)) 000 v e °0000 Pe &
gooon

u(x):/cu(z)dP(z)

ooboo00odbzeCcOUOnO 000D00O0O0ODOOODzOO0PDODwDOOOODOOOOOO
gooon

Proof of Proposition 5.5.1
¢ = maxsupp P € C

¢ =minsupp P € C
goooooooo
u(e) < / w(2)dP(2) < u(?)
C

DDDDDDuDDDDDDDDDDDDDDDumy_/u@mmammmmmmmxekﬂ
C
00000000 «0000000000000000000«0CO0000000000///

DDDDDDDx:c(P,u):u1</u(z)dP(z)>DDDDDDDDDD
C

5.5.2 Definition u; € Z°0u, € #° 0000000 Pe 2*00000¢(P,u1) < c(P,uy)
D00000000w 0w l00O0D0D00000000000000 (u; is at least as risk
aversre as ug) 0 000

5.5.3 Remark v, 0 w2, 0000000000000 0DOOOO0DOOOODOO0OODOOODO
UbooboobobDbw 0w 00d0oooooooooooonoonooonDn wld u
goboobobooboboobboobooobooboboobboobbooobooooba
gbobodobodan

5.5.4 Example C ={R, } 00020000 P 0O PO

A({1}) = h({3}) =

N = N

B({3}) = ({5}) =
0000000000000 w0 w0

¢  (0<z<20000

u(x) = 1
(@) st+1 (2<<000)
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x (0<z<40000O

U\ ) = 1
2(v) 5T+2 (4<000)

ooobooobooooob0 pOOOODOOOOOOOODOO

1 1 5 7
dPi(z) = = 14--2=1*
Lme)lk) SRR R
1 1
ug(2)dPi(z) = --14+--3=2
g 2 2
DDDDDDDDDDDDDDDDDDDdﬂwQ:ZDdﬂwg:QDDDDdRmﬂ<

¢(PLbu) 0000000000000 0 RLOOODODOOOUOOODOOOOOe(Py,up) =40
C(PQ,UQ):%DDDDC(P27U1)>C(P2,UQ)DDDDDD

vy 0w 000000000000 DOO000000O0O0O0ODODO0O0O0O0 Pe 00000
c(Puy) < ¢(Pu) 0000000000000 0000000P =P, 0000 (Puy) <
¢(Puz)00000P=P0000 ¢(Pyuy) > c(Pup) 0000000000000 0uw; 0 ug
goooooobbobobbotbdooooooooobobobboooooooooooooo

U0 000000000000

/ u(2)dP(z) = / zdP(z)=P0O00 =c¢(P,u)
C

C
gooooo

5.5.5 Remark u(z) =ax+ 4000000000000 «O00000¢(P,w)0 POOODO
goo

5.5.6 Definition v c 000000 «0d000000000000O0O00D0DOOO0O0O
O00000«00000000000000000000 PeZ00000¢(P,u)<(POO
0)000000000«w0000000 (risk-averse) JO0O0O0O0OO0

00000 Pez00000¢(Puw)>PO000 0000000000 000000 (risk-
laving) 00 00 000¢(Pu)=PO00 000000000« O000000O00O (risk-neutral)
gogooooa

5.5.7 Proposition w1 0 v, 0000 000000000000000000000000
DDDDDDDDDDamEODDDDPe:@DDDDDummgh/m@MH@DDD
C

ug(z) < /CUQ(Z)dP(z) oooooo

Exercise 5.5.1 14700000000

oo, -ROU,: ->RO0ODO0OO0OO0OO0OO

Ul(P):/Cul(z)dP(z)

@@:AW@M@

006,06,({z})=100000000000000000w0wd0000000000
000000000000U(6,) <U(P)OODOODODO Ux(d,) <Up(P)DDODODODODDODOO
U1(0,) <UL(P)O P16, 00U(6,) <Ux(P)O P76, 0000000000000O0O00
-0 - 00000000000000000000000000000000
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5.5.2 UUO0O0ODLOOOO0OO0OO0OODOOOOOLOOOO

00000000000000000000000000 w O wDO0OO0OO0OO000O0
00000000000000000000 Pe2*0000 ¢(P,w)<c(Pw) 00000
D00000000000000000000000000000000000000000
0000000000000000000000000

000w € Z°00 up € 2°00000 ¢ : up(C) — w(C)0 ¢ = wyouy,' 0000
o(z) =u(uy; () 000000000P€2*00000000Q=Pow,' 0000000
O0Dwu(C)00000000000 ADODOO

Q(A) = P (uy ' (4))
godooooooogd

Exercise 5.5.2 QU w(C)0000000000000O0O0OOOOOO

5.5.8 Definition (0000000 (Change-of-Variable Formula)) f : us(C) — ROO
QUOO0O00O00ODO0O0O0ODOODOD0ODO fouw:C—- RO PODOOODOODOODOO

/ F(2)dQ(z) = / (f o uz)(x)dP(x)
u2(C)

C
000000000 (foug)(w) = fluz(x))0DDDO

O00O00000DQODO OO Patrick Billingsley, “Probability and Measure ,” 3rd ed. (Wiley-
Interscience, 1995) 0000000

5.5.9 Proposition 00 o0 0000000

/ 0(2)dQ(z) < ¢ (/ de(w)) (5.2)
u2(C) u2(C)
oooooobbbobh ououobboon
/ 0(2)dQ(2) > ¢ (/ de(m)) (5.3)
uz(C) u2(C)

gooooo

do0dodoooooooooooooogoood
/ 2(2)dQ(z) = / (p 0 us) (2)dP(x)
u2(C) C
:/ul(x)dP(x)D
C

O00000004d(2)=2000000000000000000000

i 2dQ(z) | = id(z)dQ(x)
u2(C) u2(C)
= </C(zd o ug)(:z:)dP(a;)>
=g (/C ug(x)dP(:r)>
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/C i (2)dP(z) < ¢ < /C uQ(:U)dP(x)>

DDDDDDD@ZU10u51DDDDDD

upt ( /C ul(x)dP(a:)> <ug? ( /C uz(x)dP(:c))

DDDDDDDDDDDDDDDDDDDDDD%J(/uﬂ@ﬂ%@):cGMMD@JQLuﬂmM%@>:

c
¢(Pup)000000000000000(5.2)0 ¢(P,u1) <e(Pup)0000000000 (5.3)
0 ¢(Pu1) > ¢(Puy) 0000000000000 0O0O0O0O00D0D000000000000O0O

000000 (5.2) 00

5.5.10 Proposition 00 o 00000000 w Juwp, 000000000 OOOCOOOODO
Ub0Db00 00000000 wd vuyODOOD0DDOO0DOO000O0O00bOo00DO
U0o00b0o0bobbooib0oibb0Oeb00b0bboub0b0wbDwbOOdDOOnOOOd
uobobooobobooobboooboooooibD oobbooobbodibbDwdwvwwodooo
gboobooboobbooboobbooboobo

00000000000000000w 0w 00000000000000000000
000000 z€eup(C)02 cup(C)D00DD0000 ae0,1]00000

plaz+ (1 —a)) > ap(z) + (1 — a)p()

0000000000000000z=u,'(2)02' =u;'(z)000000000 PO P({z}) =
a0 P{z'})=1-0000000

c(Pyur) = u 1</CU1 ))

o1 (au1 (1 —-a)ui(x ’))
1(

ap(z 1—®¢@D

ogooooooo

c(Pus) = uy ' (az + (1 — a)2)
O000000000wOwO0000000000000000000000 ¢(P,u1) < c(P,us)
ogooooooo

ur! (ap(z) + (1 —a)p(2)) <uyt (ez+ (1 —a)d).

p=wujouy ' 000
ap(z) + (1 - a)p(?) < ¢ (az + (1 —a)?)
00000 »00000000000000
0000«w00000000000000w000004d000000000000000
0000000000000000000000 000000000000 p=uoid™'=u
0000000000 «00000000000000w0000000000000000
000000000000000000

5.5.11 Proposition D000 « 000000000000 0«.000000000
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5.56.3 UU0UOOOOO0OOO

*020000000001000000000000000000000000w; €220
uge%QDDDDDDDDDgo:ulou;lD 200000000000
O00000wOwi000000000000000000000 00000000 ¢"<0
0000000000000 000000¢e0 vy 0w 0000000000000¢" <00
00000 w0 wOO0000D000000000000000 ¢"<000000=xzeCO
goo
_uy(z)  un(a)
ui ()~ up()
0000000000000 000000000000000U000Y(2)0 ¢'(z)00000
UuwOwOOODODOOO0ODOOOO0OO

¢'(2) = (urouy ") (2)

/1 u/ (u ( )) ul/(“ ( )) u/Q/(u ( ))

ui(uy'(2)) by (2))

Wy (2)) _ w3 ()
wh(037(2) ~ by ()

gboboobogood ugl(z):xDDDDDDDDDDD xreCOooono

_u(z)  uy(x)
uy(x) = uh(x)

gobooboooboooo

5.5.12 Definition (00 0000000000000 00O0)we?0xcCO0D0OO
oo

r(z,u) = —

00«0 20000000000000000000000 (Arrow-Pratt measure of absolute
risk aversion of w at ) D000 00O

ubobooboooobooboooooboog

5.5.13 Proposition v, 0 v 00000000000 O0O0OO0O0DODOOCOOOOO0OC00xeC
gooog

r(z,ur) > r(z,ug)

goboobooooboooo
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5.5.14 Definition v € 20z CO0xz>000000000

_u'(z)x
u/(z)

O0uw0 20000000000000 (Arrow-Pratt measure of relative risk aversion of u at
7)000000

ubboobuoobboobooboboobaoaoo

d
r(x,u) = 1 log v/ (x)

d
gooooobooooon d—logu’(m)DDu'(x)DDDD[lDDDDDDDDDDDDDD
x
00000000000 00000r(r,w) 0020 1000000000000 O0OOOOO
gooooooooobooo
ugdaooooooooboodod
u'(x)e  du'(z) [u'(x)
u'(z)  dx x
0000000000 W(x)0000000000000000000DO0ODO0O0OOOOO0

U020 100000000000000000O000O000O0DO0O00OO00ODO0On0
gboobooooooooooooobogoobobgno

00000000 (risk tolarance) 000000

5.5.15 Definition The utility function u over money exhibits decreasing (constant, increas-

ing) relative risk aversion if rr(x,u) is a decreasing (constant, increasing) function of x.

5.5.16 Proposition For each monetary value x > 0 and cumulative distribution function F
on R, define

R(Fu) =u! ( / u(zx)dF(z)).

Then u exhibits decreasing (constant, increasing) absolute risk aversion if and only if

T
cif (F,u)

is a decreasing (constant, increasing) function of x.

5.6 UUUOOooogdg

5.6.1 Example (00000000000 (CARA)D0OOO0) 0000 «0000000
000000000 (CARA)DODOO z€ ROOOOOr(z,u)=a000000 a>000
0ooooooo
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gooodoooobooood
log/(z) = —ax + K

ooboobodn Kpboooooobuoobuoooboobo
v (z) = exp(—az + Kp)
— exp(Ko) exp(~az)
= Kj exp(—ax)

000000000 Ky=exp(Ky) >000000000000000000K,0000000
oon

1
u(z) = _&Kl exp(—azx) + Ko
000000000 CARAOOOODODO
u(z) = —exp(—ax)

oono

u(zx) = —é exp(—ax)

00000000000000000000000 Y/(z)=exp(—azr) 0000000000
gbooboooboooon

5.6.2 Example (00000000000 (CRRA)DOOOO) D000 «00000ODO
000000 (CRRA)DODOODOOOze R 00000

u'(z)x _
(@)

ugbobodoby>00000000000

u'(z) v

u'(z)  x

OO0000O0O0000OO0O00O000oD0oDOOOO00bODOO0O0O0ODOOoCRRAODDOOODO
0000000000000 (Hyperbolic ARA)DOOODOODOOOOOODOOOOOOOO
gboboobodgbood

d
—%logu’(a:):%
gooodoooobooood

—logu/(x) = ylogx + Ko
0o0odooobono KeOOOOOoooooOoooooooooo

' (z) = exp(—ylogz — Ko)
=Kz

000000000 Ky =exp(—Kp)>0000000000O0O0D0OOODOO

u(z) = Ky —7$1_7+K2 a#D

Kilogz + Ko (v=1)
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000000 K; 0K, 0000000
x
u(lx)=<¢ 1—=7

uboboodoboooobooooo

' (y <)
u(z) = 10g137 (v=1
= (v>1)
oooo
11—y _ 1
u(@) = =
-y

gbooboobooaboo

O0000000~=10000000 000000000000y —10000u(x)=1logx
1-v _

1
1 O0~00000000000u(l)=00

0000000 (z)=2"0000u(z)=
04/(1)=10000

5.6.3 Example (0000000000000 0O00O0O0OQO (linear risk tolarance) D000 0)
O00 ke ROODODOnpe ROODODOO(z,u)=ke+n000000zeCO0000O0OO
O000000«.0000000000000000000000000 (linear risk tolarance)

goad

1
000000000000 0OD0D0O0OD0CARAO k=000n=—-00000000CRRA
o

1
Ok=-007n=000000000000¢z,u)=rr+n000 r(z.u) = oooQ
Y KT + 1)

O00000000000000 (Hyperbolic ARA)DOOODODDOOOOOOODOOOODO
kx>00000¢:t00000 ﬁx+7]>ODDDDx>—QDDDDDDDDDDDDDD
K

C:(—im&DDDDDDDn<ODDDD—Q>ODDDD—QDDDDDDDD(mmmmn

K K K

memwmeDDDDDDxD(—QMQDDDDDDDDDDDDDDDDDxDDD
K

DDDDDDDDDn>ODDDD—f<ODDDD$D (—f 0>DDDDDDDDDDDDD
gooog :UDDDDDDDDDU—ODDDDDDDDDDDDDDDDDDDD

Exercise 5.6.1 000000000000 0O0OOOOOOOODOOO

k< 00000¢t0D000D0 Iil‘+77>0|:||j|:||]$<—QDDDDDDDDDDDDDD
K

C:( oo——)DDD[IQDDDDDD (quadratic utility function) D 0000000000

1
O0000k=-100000r(zu) =
n
%logu'(m) = %log(n—x)

goooooooon
logu/(z) = log(n — z) + Ko
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000000K,0000000000000000000
u'(z) = Ki(n — x)

0000000000000000000000000000K,; =exp(Kp)>0000000
oobooooboob0oK, 0bOo0ouooooo

gbbogboobboobooboobbooboo

u(@) = —(n - x)?

goo

gbooooo
XOooooobooooboooox:Q—-Ccoopooooooboooobooogoo
gbooboooooooog

/ u(z)d(P o X 1) (x)
C

_ /Q w(X (@))dP(w)

=E(u(X))

E(-X*+ 22X —n°)

= — E(X?) +2nE(X) — n?

— — (B(X))? = Var(X) 4+ 2nE(X) — n?

gboboboboboboxgoooooooooooooobooooooogno

5.7 UUULLOLUOOOLODbLOO

000000 Ce{R,R,,}00000000ve?0000000000000000
g200000000000o0bobO0boboobobobobooboooboooboobobooboooooo
OO00000bbOweCcOnOOO

coooolrgoboooobooolgoooo1+-00000000000-00000000
ugbbr=0000000000000100000000100000 000000000
0000000000000 ROOOODDOOOOOOODOOOO (support)J00O0OOO

wOOO«O0DOOOO0DOOOO0O000DOO000DOO000D1I0000 az+b000
gbooooo

gboboobooboobboobooboobbon

E (u(az + b))
gogoooooooon
max F (u(az 4+ b))

a,b

subject to a+b<w
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O00O0e<00b<0DDOO0OOOODDOOOOOaz+beC00000nnooodC =Ry
O00aeX+0>000000C=R,0000ax+0b>0000000000 az+b=00
gobogoooboobobooboboob11o0oboooboooboooboobobooonoo
O1l10aez+b>0000000000000

b=w—-aO0O0O0ODOOODOOOO

E (u(az + (w—a))) = E(ula(z — 1) + w))

uboooobooobbee0bbOOoOonoooboooon
O0e=c¢"0000000000

d . B
%E(u(a (z—1)4+w))=0

goobb0000 ROODODOODOODOODOODOODODLDOODODLDOODODODODODOD
gboobobobobobob

E(W(a*(z—=1)+w)(z—1)) =0 (5.4)
D0D000W () <000 (+—1)2>00000
E(u'(a*(z — 1) + w)(z — 1)?) (5.5)

00000000000E (W(a*(z—1)+w)(z—1)0 «00000000000 (5.4)000
e=¢*000000000000000

5.7.1 Remark E(z)>1000 a*>00E(z)=1000 ¢* =00 E(z) <1000 a* <00
0000000000000000000

5.7.2 Remark 00000 wwOw 000000000000 O00O0O00000 ej0e;0000
0000w OwOOOO0OO0OOOO0O00000000000000e; <es000000

5.7.3 Definition The utility function u over money ezhibits decreasing (constant, increasing)
absolute risk aversion if r4(z,u) is a decreasing (constant, increasing) function of x.

5.7.4 Proposition For each monetary value x and cumulative distribution function F, define

A(Fu) =u! </ u(x + z)dF(z)) :
Then u exhibits decreasing (constant, increasing) absolute risk aversion if and only if
z — A (F,u)
is a decreasing (constant, increasing) function of x.

5.7.5 Definition The Arrow-Pratt measure of relative risk aversion of u at x > 0, denoted
rr(x,u), is defined by
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5.7.1 Comparison of Risks

5.7.6 Proposition Let F' and G be two cumulative distribution functions, then the following

two conditions are equivalent.
1. F(z) < G(x) for every z.
2. For every non-decreasing utility function u over money, we have [u(z)dF(z) > [u(z)dG(z).

When one (and hence both) of them holds, we say that F' is first-order stochastically dominates
G.

5.7.7 Proposition Let F' and G be two cumulative distribution functions such that F(x) =
G(z) =0 for some finite z, F(T) = G(T) = 1 for another finite T, and [ zdF(x) = [ 2dG(z).
Then the following two conditions are equivalent.

1. f; F(z)dz < fg G(z)dz for every x.

2. For every concave utility function u over money, we have [u(z)dF(z) > [u(z)dG(x).

When one (and hence both) of them holds, we say that F' is second-order stochastically dom-

inates G.

Both the first- and second-order stochastic dominance admit equivalent conditions in terms
of random variables. In particular, the equivalent condition for the second-order stochastic

dominance involves mean-preserving spreads, which are often used in applications.
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6.1 Introduction to General Equilibrium Theory

Gerard Debreu’s “Theory of Value” (Wiley and Sons) is an excellent introduction to general

equilibrium theory.

6.1.1 Purpose and Motivation

e Gather consumers and producers in a unifying framework and analyze how the “price

mechanism” will lead to an “equilibrium”.

e Emphasize the analysis of the interaction between markets for different commodities.

6.1.2 Methodology

e Start from the description of the fundamentals (such as endowments, preference rela-

tions, and production possibilities) of the economy.
e Assume the price-taking behavior.

e Take a somewhat “abstract” and “mathematical” approach to the analysis of equilibria.

6.2 Economy, Efficiency, and Equilibrium

The following materials can also be found in 16.C of MWG.

6.2.1 An Economy

We assume that there are L commodities. We study an economy consists of I consumers
and J firms. Each consumer i = 1,...,1, is characterized by his consumption set X; C R
and a preference relation 7-; defined on X;. Each firm j = 1,...,J is characterized by its
production set Y;. The endowments in the economy for the L commodities is denoted by
w € R

A feasible allocation of this economy is a vector (z1,...,z7,91,...,ys) in X3 X ... X X

Y1 - x Y; such that
I

J
in :E—FZyj.
1 j=1

1=
What we shall call a “Walrasian allocation” is a feasible allocation of this economy led to
by the “price (or competitive) mechanism”. Other trading mechanisms would lead to other

feasible allocations.
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6.2.2 Pareto Efficiency

We shall judge the desirability of an allocation, and hence of the price and other mechanisms
that lead to them, with respect to the following criterion on efficiency.

6.2.1 Definition A feasible allocation (z1,...,21,y1,...,ys) is Pareto efficient if there is no
feasible allocation (z,...,27,v},...,y;) such that «} Z; z; for every ¢ and z} >; ; for some
i.

6.2.3 A Private Ownership Economy

A private ownership economy is nothing but an economy with a list of specifications regard-
ing who owns what. More specifically, a private ownership economy is defined, in addition
to the economy as defined in Section 6.2.1, by the consumers’ endowments w; € R for
¢ = 1,...,I and shareholdings ¢;; > 0 in the J firms for ¢ = 1,..., 7 and j = 1,...,J. We
assume that ZZ'I:1 w; = w and Zfil 6;; = 1 for every j. This list of specifications of the private

ownership determines to whom various profits and revenues are paid.

6.2.4 Walrasian Equilibrium

We assume that there is one price for each good. A price vector thus belongs to R,

6.2.2 Definition A feasible allocation (z7,...,2},y],...,y}) and a price vector p constitute

a Walrasian equilibrium if:
1. For every j and every y; € Yj, we have p-y; <p-y;.

2. For every i, p-af <p-w; + Z‘jjzl 0ijp - y; and, for every z; € Xy, if p-a; < p-wi+
J
> j—10ijp -y, then z7 Z; ;.

An Walrasian equilibrium allocation (z7,....27,%7,...y%) is a feasible allocation led to
by the price “mechanism”, though the definition does not give any concrete idea on what
the mechanism is like. The price vector p determines the “exchange rate” between any two
commodities. If the “value” of a commodity is defined to be what it can buy in terms of other
commodities, the value of a commodity is nothing but its price. General equilibrium theory
can then be said to be a theory of value with no explicit trading mechanism.

Another notion of an equilibrium, with no ownership specification, is useful when discussing

efficiency properties of Walrasian equilibria.

6.2.3 Definition A feasible allocation (z7,....x7,y],...y}) and a price vector p constitute
a price equilibrium with transfers if:

1. For every j and every y; € Yj, we have p-y; <p-y;.

2. For every i and every z; € X;, if p-x; <p-a}, then 2] 77; x;.

’LNi

It is easy to check that this definition is equivalent to Definition 16.B.4 of MWG. The above
definition is closer to the definition of an equilibrium in Chapter 6 of Debreu’s “Theory of
Value”.
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Exercise 6.2.1 Prove that feasible allocation (z7,....27,y],...y%) and a price vector p con-
stitute a Walrasian equilibrium if and only if they constitute a price equilibrium with transfers
and p-z] <p-w;+ ijl 0ijp - yj for every .

6.3 Two Fundamental Theorems of Welfare Economics

The materials of this sections can also be found Section 16.D of MWG.

6.3.1 First Fundamental Theorem of Welfare Economics

6.3.1 Definition The pair (X;, ;) of the consumption set X; and the preference relation =—;

1y ~U

is locally non-satiated if, for every z; € X; and every € > 0, there exists an z; € X; such that
~

|z} — x;|| < e and x} =; x;. We may also say, more simply, that the preference relation 7-; is
locally non-satiated.

6.3.2 Theorem (First Fundamental Theorem of Welfare Economics) Suppose that the
preference relations are locally non-satiated. If a feasible allocation (x7,..., 27, y1,...,y}) and
some price vector constitute a price equilibrium with transfers, then (z7,...,x7,y7,...,y%) is
Pareto efficient.

6.3.2 Second Fundamental Theorem of Welfare Economics

The following definition is a weaker notion of an equilibrium, termed “quasi-equilibrium”.
Although it plays only a technical role in the second welfare theorem, it is worth presenting
because it will appear again in the existence problem of a Walrasian equilibrium.

6.3.3 Definition A feasible allocation (z7,...,z},yi,...,y}) and a price vector p constitute

a price quasi-equilibrium with transfers if:
1. For every j and every y; € Y;, we have p-y; < p-y;.

2. For every i and every z; € X;, if p-x; < p- 2}, then z] 77; x;.

i~

A price equilibrium with transfers is a price quasi-equilibrium with transfers. In general,
the converse does not hold. Roughly speaking, however, if every consumer ¢ can “survive”
under p with an wealth smaller than p -z}, then the quasi-equilibrium is also an equilibrium.
Note that if p- x} is equal to the minimum wealth necessary for survival, then Condition 2 in
Definition 6.3.3 is trivially met.

6.3.4 Theorem (Second Fundamental Theorem of Welfare Economics) Suppose that
the preference relations are convex and locally non-satiated and that Y is convex for every j. If
a feasible allocation (x7,...,x7,yi,...,yYy) is Pareto efficient, then there exists a price vector

p such that (z7,...,27,y7,...,y7) and p constitute a price quasi-equilibrium with transfers.
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6.4 Examples of Private Ownership Economies

6.4.1 An Edgeworth Box Economy

The materials in this section can also be found in Section 15.B of MWG.

An FEdgeworth Boxr economy is an economy such that L = 2, I = 2, X; = X = R%r,
Yy = =Y; = {0}, and w = (w1,w2) € R%,. This is an exchange economy with two
consumers and two goods. Since the feasibility condition for an allocation is reduced to
ro = W — x1, the set of feasible allocations can be identified with a rectangle with length oy
and height ws. This economy is a simplest possible framework in which we can see how the
prices co-ordinate different consumers’ demands to arrive at a feasible allocation. Exercises
15.B.1 and 15.B.2 of MWG are routine but recommended.

6.4.2 A Robinson Crusoe Economy

The materials in this section can be found in Section 15.C of MWG.

A Robison Crusoe economy is an economy such that L =2, I =1, J =1, X; = R%r, and
w = (w1,w9) € Ri. It is often considered that one of the two commodities is an input, whose
endowment is positive, and the other is an output, whose endowment is zero. If we let the
first commodity is the input and the second the output, then @ lies on the positive part of
the horizontal axis and Y; is included in the left half space of R?. The feasibility condition
is reduced to x; € Y1 + {w}. This economy is a simplest possible framework in which we can
describe how the production and consumption decision are made separately and yet the price
mechanism leads to a feasible allocation.

6.5 Excess Demand Function

The materials of this section can also be found Section 17.B of MWG.

In the rest of this lecture note, we consider an exchange economy (Y7 = --- = Y; = {0})
and assume that X; = Ri or X; = RJLrJr for every ¢, and w = Zle w; € RJLFJF. We also assume
that the preference relations —; are continuous, strictly convex, and strongly monotone.

The excess demand function of this exchange economy is a mapping z : Ri i R’ defined
by

I
2(p) = Z (zi(p,p - wi) — ws),

=1
where each x; is the demand function of consumer 4. A price vector p is a Walrasian equilibrium
price vector if and only if z(p) = 0.

6.5.1 Proposition The excess demand function z has the following properties.
Continuity z is continuous.

Homogeneity z is homogeneous of degree zero.

Walras’ Law p - z(p) = 0 for every p € R_LH.

Boundedness from Below z is bounded from below.
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Boundary Behavior If a sequence p',p?, ... in R£+ converges to a price vectorp = (p1,p2,...,PL) €
Ri with pg > 0 for some £ and py = 0 for some other £, then

max {z1(p"),...,zL(p")} — o0

as n — oo, where zg (p") is the {-th coordinate of z (p™).

6.6 Existence of a Walrasian Equilibrium

The materials of this sections can also be found Section 17.C of MWG.

6.6.1 Theorem Under the assumptions stated in Section 6.5, there exists a Walrasian equi-

librium.

This is a consequence of the fixed point theorem, but the intermediate value theorem is
sufficient for the case of L = 2, which admits many insightful graphical presentations.

6.7 Sonnenschein-Mantel-Debreu Theorem

The materials of this sections can also be found Section 17.FE of MWG.

The SMD theorem asserts that if there are as many consumers as commodities, then the
continuity, homogeneity, and Walras’ law in Propositions 6.5.1 exhaust all the implications
of consumers’ utility maximization behavior on the excess demand function of an exchange
economy over any compact subset of RJLr ey

To see why the number of consumers matters, let’s assume that the x; are continuously
differentiable. Then

Dzi(p) = Si(p,p - wi) — Dwzi(p,p-wi)zi(p,p-w;)' € REXE

where S;(p,p-w;) € R¥*! is the Slutsky substitution matrix and z;(p, p-w;) € R* (a column
vector) is the excess demand of consumer i. (Note that this notation is different from that of
Proposition 6.5.1.) Then Dz;(p) is negative semi-definite on the linear subspace

{UGRL|p'U:Zi(p,p'u)i)~U:O}.

Hence Dz(p) = 3.1, Dz;(p) is negative semi-definite on the linear subspace

I
ﬂ{veRL]p-U:zi(p,p-wi)-v:()}
i=1

= {UERL|p'v=21(P,P'wz‘)'U:"'ZZI(P,P'%‘)'U:O}-

If p is an equilibrium price vector, then the dimension of this linear subspace may be L — I
but not higher. Hence, if there are fewer consumers than commodities, then there is at least
one direction of price variations along which Dz(p) is negative semi-definite.

6.7.1 Theorem (Sonnenschein-Mantel-Debreu) Let z : Ri L= R™ be an arbitrary
function that satisfies the continuity, homogeneity, and Walras law of Proposition 6.5.1. Let
C be a compact subset of R_LH. Then there is an exchange economy consisting of L consumers
whose excess demand function coincides with z on C.
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6.8 Generic Determinacy of Walrasian Equilibria

6.8.1 Regular Equilibrium

The materials of this and next sections can also be found Section 17.D of MWG.
In the rest of this lecture note, we assume that the consumers’ demand functions are con-
tinuously differentiable.

6.8.1 Definition A Walrasian equilibrium price vector p is regular if rankDz(p) = L — 1.
An exchange economy is reqular if all of its Walrasian equilibrium price vectors are regular.

Exercise 6.8.1 Show that the regularity is equivalent to each one of the following two con-
ditions:

1. The column space of Dz(p) is equal to the hyperplane normal to p going through the

origin.
2. Define Z : RJL;I — RE1 by
2(]/)\) = (Zl (ﬁa 1) yee ey AL—1 (]/?\7 1)) )

for every p € Rijrl, where z; (p, 1) is the ¢-th coordinate of z (p,1). Then the (L — 1) x
(L — 1) matrix Dz (p1/prL,.-.,pL—1/pL) is invertible.

6.8.2 Proposition For cvery regular Walrasian equilibrium price vector p there exists an
e > 0 such that if a price vector p' is not proportional to p and satisfies ||p’ — p|| < e, then p/
18 not a Walrastan equilibrium price vector.

6.8.2 Genericity Analysis

We now consider a class of exchange economies parameterized by ¢ € @), where () is an open
subset of RS and S is a positive integer. Denote by 2(+,q) : Ri L= R’ the excess demand
function of the exchange economy of parameter g € ). This defines the parameterized excess
demand function z : Rf; IXQ — R". Note that the domain of z has been expanded to include
the parameter space Q.

6.8.3 Example We assume that the preference relations 7—; (i = 1,...,I) of all consumers
and the endowments w; (i = 2,...,I) of all consumers but the first one are prespecified.
The economy is parameterized by the (strictly positive) endowments w; € Ri o of the first
consumer. The parameter space (Q is thus equal to Ri 4

6.8.4 Example We assume that the preference relations 27; (¢ = 2,...,I) of all consumers
but the first one and the endowments w; (¢ = 1,...,I) of all consumers are prespecified.
The preference relation 71 of the first consumer is represented by the Cobb-Douglas utility
function u(z1) = ar‘flxél_a, where 1 = (211,221) and a € (0,1). The parameter space @ is

thus equal to the open unit interval (0, 1).
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6.8.5 Definition The parametrization by () is regular if the following condition is satisfied:
the parameterized excess demand function z : Ri L XQ— R” is continuously differentiable
and, for every (p,q) € Ri 4 X @, if pis a Walrasian equilibrium price vector of parameter g
then rankDz(p,q) = L — 1.

Since Dz(p, q) = [Dpz(p,q) Dqz(p,q)], the regularity of the parameter space @ is a weaker
requirement than the regularity of the exchange economy with every parameter ¢ € Q. It can
be shown that Examples 6.8.3 and 6.8.4 are both regular parameterizations.

Given a parameter space (Q, we say that a property holds for almost every exchange economy
in @ if there exists an open and full-measure subset Q' of Q such that the property holds for

every exchange economy in @Q’.

6.8.6 Theorem If the parametrization by Q is reqular, then almost every economy in Q is
reqular.

6.8.3 Comparative Statics Analysis

Given a parameter space ( and a parameterized excess demand function z : Ri IXQ — R,
define 2: RY x Q — RE~! by

Z(pa) = (2 (1), 9) -, 201 (9, 1), 9))

for every (p,q) € Rijrl x Q. If (p*,1) is a regular Walrasian equilibrium price vector of ¢*,
then rankD3;Z (p*,¢*) = L — 1 and hence the implicit function theorem implies that there
exist an open subset V of Rijrl, an open subset @’ of @, and a continuously differentiable
mapping p : V. — @' such that (p*,¢*) € V x Q' and, for every (p,q) € V x @', (p,1) is a
regular Walrasian equilibrium price vector of ¢ if and only if p(q) = p. The implicit function
theorem also implies that

Dp(q*) = —Dpz (0",4") ™' DyZ (7", 4") -



