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1 Introduction

The revelation principle asserts that if a social choice function is imple-
mentable in dominant strategy equilibria, then it istruthfullyimplementable
in dominant strategy equilibria (i.e., truthful revelation by each agent is a
dominant strategy equilibrium of the direct revelation mechanism). How-
ever, the direct revelation mechanism might haveuntruthful dominant strat-
egy equilibria, so it might fail to fully implement the social choice function
(e.g., see Dasgupta, Hammond, and Maskin (1979) for dominant strategy
implementation, and Postlewaite and Schmeidler (1986), Repullo (1986),
and Palfrey and Srivastava (1989) for Bayesian implementation). Since, as
is well-known, this multiple equilibrium problem depends on the possibil-
ity of indifference in preferences, the problem can arise in a classical pure
exchange economy.

Example 1. Consider a two-agent, two-good exchange economy with initial
endowment point w = ((6,4),(4,6)). Each agenti has two possible types
0;, 0. Agent 1 has preferences represented by
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(], 9);00) = x(x])” and  wy((x},x]);65) = (x) 3,

and agent 2 has preferences represented by
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uz((x%, x%); 07) = x%x% and uz((xé,xg); 0;) = ((xé) + (x%) ) .
Consider an individually rational social choice functionf defined by
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where z := ((4,6),(6,4)). The social choice function can be fully imple-
mented in dominant strategy equilibria by an indirect mechanismI' =

({ml, mi, mi’} X {mz, m’z} , g) such that
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where y := ((7.5,1.5),(2.5, 8.5)).1 In the mechanism T, agent 1’s dominant
strategy is 1y if her type is 01, and m] if 6]. Agent 2’s dominant strategy is

IThis type of indirect mechanism is called an augmented revelation mechanism (see
Mookherjee and Reichelstein (1990)).
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Figure 1: A Two-agent, Two-good Exchange Economy

my if her type is 05, and mé if 9;. Hence, I' fully implements f in dominant
strategy equilibria.

Since f is dominant strategy implementable, the revelation principle
implies that telling the truth is a dominant strategy of the direct revela-

tion mechanismI”’ = ({ 01, 81} X {92, 6;} , f) However, the direct revelation
mechanism I"” cannot fully dominant strategy implement f, because an
untruthful revelation as well as the truthful announcement is always a dom-
inant strategy of I for agent 2, and because, when she plays the untruthful
dominant strategy, the equilibrium outcome does not coincide with the
social goal ? n

Another important topic on the revelation principle is to explore the
relationship between implementation in dominant strategy equilibria and
truthful implementation in dominant strategy equilibria. The revelation
principle states that, in order for social choice functions to be implemented
in dominant strategy equilibria, it is necessary for them to be truthfully im-
plemented in dominant strategy equilibria. However, itis still open whether
truthful implementability (i.e., strategy-proofness) is a suficient condition

2The multiple equilibrium problem in dominant strategy implementation might not be
disturbing, because, to quote Dasgupta, Hammond, and Maskin (1979), “[i]n direct mecha-
nisms where telling the truth is one of several dominant strategies, it may be reasonable to
suppose that players will in fact tell the truth.” (See also Chapter 23 in Mas-Colell, Whin-
ston, and Green (1995).) However, since each agent isindifferent among dominant strategies
irrespective of messages of the other agents, there is no guarantee that she will play truthful
dominant strategies. Indeed, recent experimental results indicate that agents can choose a
spiteful strateqy (e.g., see Saijo (2004)).



for dominant strategy implementation in pure exchange economies. In
this paper, we examine the relationships among three notions of domi-
nant strategy implementation—truthful implementation, implementation
by the direct revelation mechanism, and implementation with an indirect
mechanism—in classical pure exchange economies with free disposal®

First, we search for conditions that are necessary and sufficient for a so-
cial choice function to be implemented! in dominant strategy equilibria by
the direct revelation mechanism. In Theorem 1, we show thatquasi-strong-
non-bossinessis a necessary condition for dominant strategy implementation
via the direct revelation mechanismin pure exchange economies. Quasi-strong-
non-bossiness requires that if, no matter what the other agents represent, some
agent changes her announcement but herutility remains unchanged, then
the consumption bundle of each agent should not be changed. This is a
version of non-bossiness,® the requirement that if one agent misrepresents
but her bundle is retained unchanged, then the bundle of each agent should
be unchanged. Note that quasi-strong-non-bossiness isnot a necessary con-
dition for dominant strategy implementation if indirect mechanisms can
be used. Example 1 above demonstrates the existence of a social choice
function that fails to satisfy quasi-strong-non-bossiness but which is imple-
mentable in dominant strategy equilibriavia an indirect mechanism.

In Theorem 2, we prove that quasi-strong-non-bossiness and strategy-
proofness together are sufficient conditions for dominant strategy imple-
mentation. Therefore, it follows from the revelation principle and Theorems
1and 2 that a social choice function is dominant strategy implementable via
the direct revelation mechanism in pure exchange economies if and only if it
satisfies both quasi-strong-non-bossiness and strategy-proofness (Corollary
1). A well-known example of social choice functions satisfying both quasi-
strong-non-bossiness and strategy-proofness is the so-calledfixed price rule
(see Barbera and Jackson (1995) for details of the fixed price rule).

Next, we look for a sufficient condition for dominant strategy imple-
mentation when indirect mechanisms are allowed to be used. In Theorem
3, employing the method of selective elimination developed by Mookherjee
and Reichelstein (1990), we construct an augmented revelation mechanism
similar to the one that Jackson, Palfrey, and Srivastava (1994) devised for un-
dominated Nash implementation, so that we prove that strategy-proofness
is a sufficient condition for social choice functions to be dominant strategy
implemented in pure exchange economies. This theorem answers the open
question mentioned above.

Together with the revelation principle, Theorem 3 leads to Corollary
2: every strategy-proof social choice function is dominant strategy im-

%In general, these notions of dominant strategy implementation are equivalent if indif-
ference in preferences is not allowed.

“The term “implement” should be interpreted as “fully implement” hereafter.

SNon-bossiness was first introduced by Satterthwaite and Sonnenschein (1981).
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plementable in pure exchange economies. This reveals a stark contrast
between the set of social choice functions that can be implemented in dom-
inant strategy equilibria with an indirect mechanism, and that of social
choice functions that can be implemented in dominant strategy equilibria
without indirect mechanisms. An important social choice function that
satisfies strategy-proofness but violates quasi-strong-non-bossiness is an
inversely dictatorial social choice function? i.e., one where there exists some
agent who always receives nothing. It might appear that inversely dicta-
torial social choice functions cannot be implemented in dominant strategy
equilibria. But, Corollary 2 indicates that they are dominant strategy im-
plementable by a certain indirect mechanism.

The Related Literature

This paper closely relates to both Jackson, Palfrey, and Srivastava (1994) and
Sjostrom (1994), which showed that almost all social choice functions are
implementable in undominated Nash equilibria by a bounded mechanism.
One might guess that all of the strategy-proof social choice functions are im-
plementable in dominant strategy equilibria by their mechanisms. Indeed,
for almost every strategy-proof social choice function, it is easy to check that
the truthful revelation of types by each agent is the unique dominant strat-
egy equilibrium of the mechanisms; thus the mechanisms can implement
it in dominant strategy equilibria. However, not all strategy-proof social
choice functions are dominant strategy implementable by the mechanisms.
In fact, the mechanisms cannot dominant strategy implement inversely dic-
tatorial social choice functions, because the mechanisms cannot implement
any social choice function that gives the zero consumption bundle to some
agent.” In contrast, our mechanism constructed in the proof of Theorem
3 can implement every social choice function whenever the social choice
function satisfies strategy-proofness.

This paper is also related to implementation in undominated equilib-
ria with a bounded mechanism. In fact, our mechanism can implement
strategy-proof social choice functions via undominated equilibria in pure
exchange economies. Jackson (1992) considered implementation in undom-
inated equilibria with a bounded mechanism, and showed that strategy-
proofness is a necessary condition for implementation in undominated
equilibria with a bounded mechanism. Thus, combining the result of Jack-
son (1992), we can conclude that strategy-proofness is both necessary and

¢Inversely dictatorial social choice functions are considered important in the sense that
Zhou (1991) conjectured that it is only inversely dictatorial social choice functions that satisfy
both strategy-proofness and Pareto eficiency in pure exchange economies with three or more
agents.

"This is why it has not yet been proved that strategy-proofness is a sufficient condition
for dominant strategy implementation in pure exchange economies.



sufficient for implementation via undominated equilibria by a bounded
mechanism in pure exchange economies (Theorem 4). The result indicates
that, in pure exchange economies, dominant strategy implementation is
equivalent to implementation in undominated equilibria with a bounded
mechanism, in the sense that every dominant strategy implementable so-
cial choice function can be implemented in undominated equilibria with
a bounded mechanism, and vice versa. This is the same result as in vot-
ing environments with only strict preferences (e.g., see Jackson (1992) and
Jackson and Srivastava (1996) for details).

This paper is organized as follows. Section 2 describes the model and
gives some definitions. We explore dominant strategy implementation by
the direct revelation mechanism in Section 3. In Section 4, implementation
by anindirect mechanism is considered. Section 5 contains some concluding
remarks.

2 The Model

Consider a pure exchange economy with free disposal Let N := {1,2,...,n} be
the set of agents, where 2 < n < +oo. Let L := {1, 2,...,1} be the set of goods,
where 2 <[ < +oo. The set of feasible allocations is

A= {(al,az,...,an)eIR’+><]Rﬂ><---><IR’+

FosLof

ieN ieN

where g; € R}, denotes agent i’s consumption bundle and w; € R}, denotes
agent i’s initial endowment.

Foreach agenti € N, let ©; be the set of all types, each of which prescribes
her preference over R.,. Each agenti € N is equipped with a utility function
ui: R, x ® — R. For each agenti € N, let @f C O; be agent i’s set
of admissible types: 0; € @f if and only if u;(-; 0;) is (i) continuous, (ii)
strictly increasing, and (iii) strictly quasi-concave. A type profile is a list O =
(61,0,,...,0,) € OF, where OF := @’15 x@g x---x@g.

A social choice functionis a single-valued function f: ®F — A thatassigns
a feasible allocationa € A to each type profile 6 € ©F.

Let M; denote a message or strategy space of agenti € N. We call m; € M;
a message or strateqy of agenti € N. A mechanism is a pair I' = (M, g), where
M := My XMy X---XM, and g: M — A is an outcome function. Given a social
choice function f, a mechanism I' = (M, g) is the direct revelation mechanism
it M; = @f foreveryi € N and g = f. A message or strategy profile is denoted
by m = (m,my, ..., my,) € M.

A strategy m; € M; is a dominant strategy of mechanism (M, g) at 6; € ©F
if ui(g(m:;, m-); 0;) = ui(g(m;, m-;); 0;) for all m; € M; and all m_; € M_;. For
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each agenti € N, let DS{(Gi) C M,; be the set of her dominant strategies of
mechanism I at 0; € G);.E.

A strategy profilem™ = (m], my, ..., my,) € Misadominant strategy equilib-
rium of mechanism (M, g) at O € ©F if, for any agenti € N, ui(g(m:, m-;); 0;) >
ui(g(m;, m_;); 0;) for any m; € M; and any m_; € M_;. Let DSE'(6) :=
DS{(91) X DSE(GZ) X -ee X DS£(9n) C M be the set of all dominant strat-
egy equilibria of mechanism I' at 6 € ®F. With an abuse of notation,
we write DSE"(0) = (DS}(61), DSy(62), ..., DS(6y)) for any 0 € OF. Let
g(DSEF(G)) = {a €A ' a = g(m) for some m € DSEF(G)} be the set of domi-

nant strateQy equilibrium outcomes of mechanism T = (M, g) at 6 € ©F.

A mechanism I' = (M, g) dominant strategy implements a social choice
function f if g(DSE'(6)) = f(6) for any 6 € ©F8 A social choice function
f is implementable in dominant strategy equilibriaif there exists a mechanism
T = (M, g) such that g(DSE' (6)) = £(6) for all 6 € @F,

Remark 1. The single-valuedness of a social choice function, say f, implies
thatif amechanismI' = (M, g) implements f in dominant strategy equilibria,
then, for each 0 € ©F, g(DSEr(Q)) is a singleton, i.e., g(m) = g(m’) for any
m,m’ € DSE(6).

Remark 2. If a social choice function f is implementable in dominant strat-
egy equilibria by the direct revelation mechanismI’ = (M XM X - - XMy, g)
where M; = @f for everyi € N and g = f, then Uei&-@lg DSl-r(Qi) = @f = M;
for any i € N, because truth telling is a dominant sltrategy of the direct
revelation mechanism for all 6; € @f and alli € N.

Now we introduce two properties of social choice functions. Strategy-
proofness is an incentive compatibility requirement that no agent should be
able to misrepresent her types in a way that results in a direct gain to her,
irrespective of the other agents’ representations.

Definition 1 (Strategy-proofness). A social choice function f satisfies strategy-
proofness if, for all 6 € ®F and alli € N, there is no 0 € @f such that

ui(f(0;,0-:); 0;) > ui(f(0); 0)).

Quasi-strong-non-bossiness, which is a version of non-bossiness, requires
that if a change in one agent’s types does not dfect her utility regardless
of the other agents’ types, then it does not change the consumption bundle
everyone receives.

8To simplify notation, we write g(DSE' (0)) = {£(0)} as g(DSE" (0)) = f(0).
?A social choice function f satisfies non-bossiness if, for all i € N and all 6;, 0! € @f, if

£(0) = £(07,0-), then £(6) = £(0), 0-,).



Definition 2 (Quasi-strong-non-bossiness). A social choice function f sat-
isfies quasi-strong-non-bossiness if, for all i € N and all 0;, Glf € @f, if
ui(f(0); 6;) = ui(f(0;,0-i);0;) forall 6_; € @’fi, then

f(6) = £(0;,0-;) forall 0_; € OF,.

Remark 3. Quasi-strong-non-bossiness is weaker thanstron (fg—non-bossimfss,1011

which is a stronger version of non-bossiness.

3 Implementation by the Direct Mechanism

In this section, we identify a necessary and sufficient condition for a so-
cial choice function to be dominant strategy implemented via the direct
revelation mechanism in pure exchange economies.

We begin by providing a necessary condition for dominant strategy
implementation via the direct revelation mechanism.

Theorem 1. If a social choice function f is dominant strategy implementable
by the direct revelation mechanism in pure exchange economies, then it satisfies
quasi-strong-non-bossiness.

Proof. Suppose to the contrary that there is a social choice functionf that is
dominant strategy implementable by the direct revelation mechanism and
which violates quasi-strong-non-bossiness. Since f fails to satisfy quasi-
strong-non-bossiness, for somei € N and some 0;, 9; € @f, it holds that

ui(f(0); ;) = ui(f(6;,6-y); 6;) for all O_; € OF, 1)
and
£(6,6-;) # f(6),0-;) for some 6_; € OF . ()

Since f is implementable in dominant strategy equilibria via the direct
revelation mechanismT = (©F, f), it holds that

f(DSE"(0)) = f(0) for all 6 € ©F, 3)

where f(DSE'(0)) = {a € A|a = f(0) for some 0 € DSE'(6)}. Substituting
(3) for f in (1), we obtain

ui(f(DSE™(0)); 0;) = ui(f(DSE" (0}, 0-,)); ;) for all 6_; € OF . (4)

10A social choice function f satisfies strong-non-bossinessif, for alli € N and all 6;, 6, € ©F,
if ui(f(0); 0;) = ui(f(0:,0-); 0;), then f(0) = f(0:,0-,).
Ritz (1983) first introduced the notion of strong-non-bossiness, callednon-corruptibility.
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Suppose 0; € DSZ.F(GI’. ). Then, it follows from (4) and Remark 1 that
ui(f(DS; (6), DSL(6-9)); 0;) = ui( (DS} (6), DSL(6-1)); 6y)
= u;(f(0;, DS' (6-)); ;)
for all 0_; € ®F . This implies that
ui(f(0;,0_); 0;) = ui(f(DS} (0;), 0;); ;)

for any 0_; € @i. = 1} (Ueje(af DSJF.(QJ-)) by Remark 2, so we obtain 0; €
DS (6;). Therefore, DS; (6}) € DS} (6;).
Since DS} (6}) € DS; (6;), we have

f(DSH(©;), DS (0-))) € f(DSF(6;), DS",(0-)) forall 0_; € ©F,.  (5)
Substituting (3) for f in (5), we have
f(0;,0-;) € f(0)

forall 6_; € @‘Ei. By the single-valuedness of f, this implies that

f(6:/ 6—1') = f(@)
for all 6_; € ®F , which contradicts (2). m

Next, we look for sufficient conditions for dominant strategy implemen-
tation by the direct revelation mechanism. If a social choice function satis-
ties both quasi-strong-non-bossiness and strategy-proofness, then there is
always a unique dominant strategy equilibrium outcomein the direct revelation
mechanism (although there may exist some dominant strategy equilibria
in the mechanism). So, since the direct revelation mechanism rules out
undesired equilibrium outcomes, the mechanism can implement the social
choice function in dominant strategy equilibria!?

Theorem 2. If a social choice function f satisfies both quasi-strong-non-bossiness
and strategy-proofness, then it is implementable via dominant strategy equilibria
by the direct revelation mechanism in pure exchange economies.

2Laffont and Maskin (1982) proposed the notion of strictly truthful implementation, which
requires that the direct revelation mechanism should have no untruthful dominant strategy
equilibria. Tt is easy to see that not all strategy-proof and quasi-strong-non-bossy social
choice functions are strictly truthfully implementable in dominant strategy equilibria be-
cause the direct revelation mechanisms may have untruthful dominant strategy equilibria.



Proof. Consider the direct revelation mechanismI’ = (M, g) where M; = @f
for everyi € N and g = f. Since f satisfies strategy-proofness, u;(f(0); 0;) >
ui(f(0],0-);6;) for all 0 € ©F, alli € N, and all 0] € ©F, implying that
0; € DSZ-F(GZ') foralli e Nand all 0; € @f; i.e., 0 € DSE'(0) for any 0 € ©F.
So, we have f(DSE'(0)) = {a € A|a = f(0) for some 0 € DSEF(Q)} 2 {f(0)}
for every 0 € ©F,

Suppose 0; € DSir(Qi). Then, since 0;, 0; € DSZ-F(QZ'),

ui(f(6:, 0-); 0;) > ui(f(0;, 6-); 6;) for all 6_; € OF,
and
ui(f(04,0-); 07) < ui(f(0;,0-y); 6;) for all 6_; € OF,.
These imply that
ui(f(0); 6:) = ui(f(0i, 0-); 67)
forall 0_; € ©F ;- S0, quasi-strong-non-bossiness implies that
£(6) = £(0;,6-;) forany 0_; € ©F,.

Thus, f(0;,0-;) = f(0) for 6; € DS} (0;) and any 0_; € ©F, which implies
that f. (DSZ.F(G,-), 0_;) = f(0) for any 0_; € @fi. Since similar arguments hold
for any 0; € @f, we obtain f(DSiF(Qi), 0_;) = f(0) for any 0; € @f and any
O0_; € @fi, ie, forany0 € ok,

Iteration of these arguments for further agents in N establishes that
f(DSE"(8)) = f(0) for all 0 € BF. O

By the revelation principle, if a social choice function is implementable in
dominant strategy equilibria, then truth telling by each agent is a dominant
strategy equilibrium of the direct revelation mechanism, so the social choice
function satisfies strategy-proofness. Therefore, combined with Theorems
1 and 2, this leads to the following corollary.

Corollary 1. A social choice function f is dominant strategy implementable via
the direct revelation mechanism in pure exchange economies if and only if it satisfies
both quasi-strong-non-bossiness and strategy-proofness.

4 Implementation by an Indirect Mechanism
In Section 3, we show that strategy-proofness and quasi-strong-non-bossiness

are both necessary and sufficient for dominant strategy implementationvia
the direct revelation mechanism. In this section, using the method of selective
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elimination introduced by Mookherjee and Reichelstein (1990), we search for
a condition that is sufficient for social choice functions to be implemented
in dominant strategy equilibria. Before proceeding, let us introduce some
assumptions on the environment and the definition of weakly dominated
strategies.

Assumption 1. There exists w = (wy,wy,...,w,) € A such that u;(g; 0;)
ui(w; 0;) for all i € N, all 0; € @f, and all a € f(©F), where f(©F) :

{aeA|a:f(6)forsome6€®E}.

v

Assumption 1 says that there exists an allocation that is always con-
sidered to be the worst allocation for any agent. For instance, by setting
w = (0,0,...,0), Assumption 1 is satisfied in our environments.

Given w € A that satisfies Assumption 1, let

Ch = {(Cl,CZ,...,Cl) eR,

" > maxw" and ¢ < Za)}.‘ forallheL ;.
ieN ! !
iEN
The next assumption is a version of strict value distinction which was
introduced by Palfrey and Srivastava (1991).

Assumption 2. For all i € N and all 0;, Glf € @f, if 0; # 6;, then there exist
¢, ¢ € C, such that ui(c; 0;) > u;(C; 0;) and u;(c; 07) < u;(; 7).

Assumption 2 requires that if types change, then indiference curves
cross somewhere in Cj;,. Note that Assumptions 1 and 2 hold in our en-
vironments, i.e., in pure exchange economies with free disposal and with
continuous, strictly increasing, and strictly convex preferences. In fact, these
assumptions are satisfied in many environments (see Jackson, Palfrey, and
Srivastava (1994) for other examples of environments where Assumptions
1 and 2 are satisfied).

A strategy m; € M; is a weakly dominated strategy of mechanism (M, g)
at 0; € @f if there exists a strategy m, € M; such that u;(g(m;, m_;); 0;) >
ui(g(mi, m-;); 6;) for allm_; € M_; and u;(g(m;, m-;); 6;) > u;i(g(m;, m_;); 6;) for
some m_; € M_;. In this case, m; is said to weakly dominate m; at 0; € @f .

We are now ready to state the main result regarding a sufficient condition
for dominant strategy implementation in pure exchange economies.

Theorem 3. If a social choice function f satisfies strategy-proofness, then it is
implementable via dominant strateqy equilibria in pure exchange economies.

Proof. For the strategy-proof social choice functionf, pickw = (wy, wy, ..., wy,) €
A in a way that satisfies Assumption 1. Let

— 1 2 ! 1
Chtr:= {(c ,c5,..,0)ER,,

s> maxw? and ¢ < E a)? forallh e L}.
ieEN
ieN
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Now we construct an augmented revelation mechanismI' = (M, g),
where M := M; X M X -+ X My, by using ideas similar to those of the
mechanism constructed by Jackson, Palfrey, and Srivastava (1994) for un-
dominated Nash implementation. Agenti’s message space is

M;=OFU(Cl,xCh).

That is, each agent announces either own type or a pair of consumption
bundles. A typical message for agenti € N is denoted by m; = 6; or (¢', ).
The outcome function g is defined as follows.

Rule 1: Tf all agents announce their types, i.e.,m; = Qf € @f foralli € N, then
g(m) := f(6],65,...,6:). Note that, by Assumption 1,u;(g(m); 6) > u;(w; 0})
foralli € N and all 0! € ©F.

Rule 2: Suppose only one agent, say agenti, announces her type and all other
agents j # i announce a pair of consumption bundles, i.e.,m; = Qf € @f and
mj = (c/,&)) € Cj, x Cj; for any j # i. Then,

gi(m) := arg max ui(c; 0%), where C := {cj, ie C;;| j# i},

and, for any j # i,

f1
W'
gj(m) = zj, where 2= max{ ! [Z wlt — g’7(m)] ,0} forany h € L.
j Z ] wh ' i i

J#Fi % \ieN
Note that ties are broken in some arbitrary manner unless arg max.¢ u;(c; (95)
is a singleton, and that w’] / Lz w’; = 0 if Xjs w? = 0. Note also that
gi(m) > w; because ¢ > w; for all ¢ € C, and that g;(m) < w; for all j # i by
construction.

Rule 3: In all other cases, g(m) := w.
We want to show that DSZ.F(QZ-) ={6;} foralli e Nand all 6; € @f.

Step 1: For each agent, announcing a pair of consumption bundles is
weakly dominated by the truthful revelation of own types.
Suppose that the true type profile is 0" = (67, 0,,...,0;). Let m; € M; be
such that m; = (¢, &') € Cj, X Cj, and m] € M; be such that m! = 6.
Case 1-1: mj = 9; € @;.5 forall j # 1.
We have g(m;, m_;) = w and g(m;, m_j) = f(@;, 9:2) by Rule 3 and by Rule 1,
respectively. Since u;(f(6;, 6:;) ;07) = ui(w; 07) by Assumption 1, we obtain

ui(g(m;, m_;); 67) = u(g(m;, m_;); ;) for any m_; € ©F .

Case 1-2: mj = (c/,&/) € C}, x C for all j # 1.

12



We have g(m;, m_;) = w by Rule 3, while g;(m’, m_;) = arg max ¢ u(c; 0) by
Rule 2, where C := {cj, &ec | j# i}. Since ¢ > w; for all ¢ € C by construc-
tion, we obtain g;(m’, m_;) > gi(m;, m-;), which implies u,(g(m, m-;); 07) =
ui(g(m;, m-;); 0;) for any m_; € (CExCHy=!. In particular, sincec > w; for all
¢ € Cby constructionifm; = (c/, &) € (C;;* X C3)") € (C, X Cfp) forall j # i, we
have gi(m},m_;) > gi(mj, m_;), implying u(g(m;, m_;); 07) > u;(g(m;, m_;); 07)
for m_; € (Cht x Chry=1,

Case 1-3: m; = 6; € @;5 for some j # i and my = (f,&) € Cf, x CJ, for all
ke N\ {i j}.

It follows from Rule 2 that g;j(m;, m_;) = argmax.c u;(c; 65), where C =

wh

{Ck, &ect | k # j}, and g;(m;, m_;) = z;, wherez! = max {—‘ (ZieN w! - g;‘(m)),O}

Zi#'w?
for any i € L. On the other hand, g(mlf, m_;) = w by Rule ]3. Since w; > z;,
we get u;(g(m!, m_;); 0?) > u(g(m;, m_;); 0?) for any m_; € @;.5 X(Ch x Chy =2,
Case 1-4: All other cases.
Rule3impliesg(m;, m—;) = wand g(m;, m_;) = w, implying u;(g(m;, m_;); 07) =
ui(g(mi, m-;); 07).
The above cases together establish thatm; is weakly dominated by m.. Thus,

announcing a pair of consumption bundles is weakly dominated by telling
the truth.

Step 2: For every agent, misrepresenting own types is weakly dominated
by the truthful announcement of own types.

Suppose that the true type profile is 0 = (67, 6,...,0;). Let m; € M; be
such that m; = 6;: € @f \{67}, and m] € M; be such thatm’ = 0.

Case 2-1: m; = 6 € ©F forall j # i

Rule 1 implies g(m;,m_j) = f(6,07%) and g(m],m_;) = f(6;,67)). Since
strategy-proofness implies u;(f(67, 67);67) = wu,(f(6',07%);67), we obtain
ui(g(m;, m-;); 07) = ui(g(m;, m-;); 0;).

Case 2-2: mj = (c/,&/) € C}, x C} forall j # i.

It follows from Rule 2 that g;(m;, m_;) = arg max ¢ u;(c; 9;) and gi(m;, m_;) =
arg max_cc 1(c; 07), where C = {cj, & eC | j# i}. Since agenti’s true type is
0;, we obtain u;(g(m;, m_;); 0;) > ui(g(m;, m-;); 0;) for any m_; € (C}; X Chy1,
Also, when her true type is o, ui(g(m;, m-;); 0%) < u(g(m;, m-;); %) for any
m_; € (C}, x Ci)""L. Especially, by Assumption 2, we have

ui(g(m;, m-;); 07) > ui(g(m;, m—;); 07)

13



and
wi(g(m, m_); 0%) < ui(g(mi, m_y); 67)

for some 1mi_; € (C}, x Ch)'™1; otherwise, for any /m_; € (C} x CH)*™L, (i) if
ui(g(my, m-); 07) > uig(m;, mi); 0), thenuy(g(m;, m—;); 0}) = uig(mi, m—); 05),

(i) ifui(g(m;, m-;); 0%) < ui(g(m;, m-;); 02), thenu;(g(m’, m-;); 07) = ui(g(m;, m-;); 07),
or (iii) u(g(m;, m_;); 07) = ui(g(m;, m_;); 0;) and u;(g(m, m_;); 0%) = ui(g(m;, m_;); 0%),
all of which contradict Assumption 212

Case 2-3: All other cases.
By Rule 3, we have g(m;,m_;) = w and g(mlf,m_i) = w, which implies
ui(g(my;, m—;); 07) > ui(g(mj, m-;); 07).

The above cases together establish thatm; is weakly dominated bymg. Thus,
misreporting own types is weakly dominated by truthful reporting.

Steps 1 and 2 together imply that the truthful revelation of own types
weakly dominates both announcements of a pair of consumption bundles
and false reports of own types. Thus, we establish thatDSir(G,-) = {0;} for
alli e Nand all 6; € @f; ie., DSEF(G) = {0} for all 6 € OF. Therefore, we

can conclude from Rule 1 that g(DSE" (8)) = £(0) for all 6 € ©F. O

Note that our mechanism works not only forn > 3 but also forn = 2, as
the mechanism of Jackson, Palfrey, and Srivastava (1994) works. Note also
that Theorem 2 is critically dependent on Assumption 1. This is because it
is impossible to punish agents who do not announce their truthful types if
Assumption 1 does not hold.

The following corollary follows immediately from the revelation prin-
ciple and Theorem 3.

Corollary 2. A social choice function f is dominant strateqy implementable in
pure exchange economies if and only if it satisfies strategy-proofness.

Corollary 2 tells us that every strategy-proof social choice function is
implementable in dominant strategy equilibria if indirect mechanisms are
allowed to be used. This is in stark contrast to Corollary 1, because it states
that only quasi-strong-non-bossy and strategy-proof social choice functions
are dominant strategy implementableby the direct revelation mechanism.

A well-known social choice function that satisfies strategy-proofness
but fails to satisfy quasi-strong-non-bossiness is aninversely dictatorial one,
which was introduced by Zhou (1991). So, it follows from Corollaries 1 and
2 that inversely dictatorial social choice functions are not implementable in

BThis is because, in any case, there are noc, ¢ € C;,

& such thatu;(c; 67) > u,(T; 07) = ui(w; 07)
and u,(; 0%) > ui(c; 0)) = u;(w; 7).
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dominant strategy equilibria by the direct revelation mechanism, but are
implementable in dominant strategy equilibria by theindirect mechanism
constructed in the proof of Theorem 3.

As mentioned above, the mechanism constructed in the proof of The-
orem 3 appears to be similar to the one devised by Jackson, Palfrey, and
Srivastava (1994). Indeed, their mechanism as well as the mechanism con-
structed by Sjostrom (1994) can dominant strategy implement almost all
social choice functions whenever the social choice functions satisfy strategy-
proofness. However, an important difference is that our mechanism can im-
plement inversely dictatorial social choice functions in dominant strategy
equilibria, whereas their mechanisms cannot dominant strategy implement
the social choice functions!* Thus, our mechanism has the advantage of
being able to implement strategy-proof social choice functions that assign
someone the zero consumption bundle.

We conclude this section with a brief discussion of implementation in an-
other equilibrium concept. Since our mechanism constructed in the proof of
Theorem 3 can implement strategy-proof social choice functions even in un-
dominated equilibria, Theorem 3 implies the following theorem when cou-
pled with Corollary 1 in Jackson (1992) which says that strategy-proofness
is necessary for implementation in undominated equilibria by a bounded
mechanism.

Theorem 4. A social choice function f satisfies strategy-proofness if and only if
it is implementable via undominated equilibria with a bounded mechanism in pure
exchange economies.

Theorem 4 indicates that, in pure exchange economies, implementation
in dominant strategy equilibria is equivalent to implementation in undom-
inated equilibria with a bounded mechanism, in the sense that the set of
social choice functions implementable in dominant strategy equilibria co-
incides with that of social choice functions implementable in undominated
equilibria by a bounded mechanism.

5 Conclusion

In this paper, we have considered the relationships among three notions
of dominant strategy implementation in classical pure exchange economies
with free disposal. First, in Theorem 1, we have shown that quasi-strong-
non-bossiness is necessary for social choice functions to be dominant strat-
egy implemented by the direct revelation mechanism; besides, in Theorem
2, we have proved that quasi-strong-non-bossiness and strategy-proofness
together are sufficient for dominant strategy implementation by the direct

H“The difference stems from the fact that Jackson, Palfrey, and Srivastava (1994) and
Sjostrom (1994) needed a slightly stronger assumption than Assumption 1.
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revelation mechanism. Next, by using an augmented revelation mecha-
nism which is similar to the mechanism of Jackson, Palfrey, and Srivastava
(1994), we have proved that strategy-proofness is sufficient for dominant
strategy implementation (Theorem 3).

Since there exists a social choice function that is strategy-proof but which
is not quasi-strong-non-bossy (e.g., an inversely dictatorial social choice
function), Theorems 1-3 together with the revelation principle imply the
following relationships: in classical pure exchange economies with free
disposal, (i) dominant strategy implementation via the direct revelation
mechanism implies, but is not implied by, dominant strategy implemen-
tation by an augmented revelation mechanism, and (ii) dominant strategy
implementation via an augmented revelation mechanism is identical to
truthful implementation in dominant strategy equilibria. Thus, we have
obtained a dominant strategy version of augmented revelation principle: if a
social choice function is dominant strategy implementable, then it can be
implemented in dominant strategy equilibria by an augmented revelation
mechanism.!?

As noted in footnote 3, three notions of dominant strategy implemen-
tation are equivalent if indifference is not possible. Therefore, in this case,
the revelation principle has a powerful implication: in order to find out
dominant strategy implementable social choice functions, it is necessary
and sufficient to search for social choice functions that are truthfully im-
plementable in dominant strategy equilibrial® But, if indifference is pos-
sible, the equivalence does not in general hold. So, the implication of the
revelation principle becomes even weaker, because not all truthfully im-
plementable social choice functions can befully implemented in dominant
strategy equilibria not only by the direct revelation mechanism but also
by any indirect mechanism. Yet, our theorems indicate that, in classical
pure exchange economies with free disposal, the revelation principle has
the same powerful implication as in the case where indiference is impossi-
ble.'”

As mentioned before, the mechanism constructed in the proof of The-
orem 3 makes frequent use of Assumption 1 to punish agents who do not
truthfully announce their types. Assumption 1 is consistent with pure ex-
change economies with free disposal, but would hardly seem consistent
with ones without free disposal. It is an interesting topic for further research
to identify a necessary and sufficient condition for social choice functions
to be dominant strategy implemented by an indirect mechanism in pure

15A Bayesian version of augmented revelation principle is due to Mookherjee and Re-
ichelstein (1990).

18This is because every social choice function that is truthfully implementable in dominant
strategy equilibria can be fully implemented in dominant strategy equilibria.

7This is because every truthful implementable social choice function can befully imple-
mented in dominant strategy equilibria by a certain indirect mechanism.
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exchange economies without free disposal.
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