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1 Introduction

1.1 Motivation and Outline

A state space has been used as the standard tool for modeling uncertainties
since Savage [13]. He takes the state space as a primitive, which requires the
decision maker (DM) and the analyst (observer) to share the exactly same set
of uncertainties. In some situations, however, it would be hard to describe
states completely. The DM may have subjective states in her mind, which are
distinct from the primitive states, but relevant for her decisions. Hence, a state
space should be derived from preference rather than assumed as a primitive.
The derivation of subjective state spaces is addressed by Kreps [6, 7] and Dekel,
Lipman and Rustichini [1] (hereafter DLR).

In a dynamic setting, the standard modeling tool is a pair (S, {F:}i ),
where S is a state space and {F}]_, is a filtration over S. It has been taken as
a primitive, which requires the DM and the analyst to share not only the state
space, but also how uncertainties are resolving over time. However, the DM
may have subjective uncertainties and anticipate they are gradually resolving
over time. In this context, we are led to ask whether both S and {F}7, can
be subjective. The derivation of subjective decision tree, or subjective filtration
over a subjective state space is the focus of the paper.

The following table summarizes our results and the relation to previous
literature:

Subjective

S {AN - [ »
Savage v
Kreps, DLR | v
This Paper | v/ v v

In Savage [13] and the dynamic counterparts, a state space S and a filtration
{F,}., over S are primitives. They derive a probability p over S as a part
of the representation. Kreps [6, 7] and DLR derive S without assuming any
objective state space. In this paper, (S,{F}]_,) is derived from preference.
Moreover, unlike DLR, we also provide a subjective probability p over S. Thus,
the triplet (S, {F;}71_,, ) can be subjective in this paper.

Kreps and DLR consider preference over menus (or opportunity sets) of
alternatives, or menus of lotteries over alternatives. We consider preference
over menus of menus of Anscombe-Aumann acts, h : Q@ — A(Z), where § is a
finite objective state space and A(Z) is the set of lotteries over an outcome space
Z. Thus, there are two changes: (1) menus of menus rather than menus, and
(2) acts rather than lotteries. Precisely, our domain is P(P(H)), where P(X)
means the set of non-empty subsets of X. Though there are some objective
states, the DM may have other subjective states and complement the objective
state space with them.

We have in mind the following (unmodeled) timing of decisions:



Period 0: choose a menu of menus xg.

Period 17: receive a subjective signal s;.

Period 1: choose a menu 21 out of the menu of menus x.
Period 27: receive another subjective signal ss.

Period 2: choose an act h out of the menu z;.

Period 27: an objective state is realized and the DM receives the lottery pre-
scribed by h.

The DM might expect subjective uncertainties are resolved in the earlier stage.
Or, conversely, she may anticipate they are resolved later. Our domain, in prin-
ciple, can capture such distinctions about resolutions of subjective uncertainties.

We axiomatize preference on P(P(H)) having the following representation:
there exist a “full” state space S = S x Q, a filtration {Fy, F1, Fa, F3} over S, a
probability measure g on S, and a mixture linear function v : A(Z) — R such
that Uy : P(P(H)) — R represents preference, where

Ut(zt) =B, | sup Upy1(we41)

Tt4+1€ETE
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and

sup Us(zs) = E, [u(x2)|Fs].

T3ET2
This is regarded as an axiomatic foundation of subjective probability over a
subjective decision tree, (S, {F;}_,, ). Moreover, we show uniqueness of the
representation.

An interpretation of the representation is as follows: the DM behaves as if
she anticipates the time line described above and is certain about risk preference,
but not sure of beliefs about 2. In other words, subjective uncertainties are only
related to beliefs about Q.

1.2 Related Literature

Kreps [6, 7] provides an axiomatic foundation for a subjective state space. DLR
show uniqueness of the representation by imposing a richer structure on the
domain. Let A(Z) be the set of lotteries over a finite set Z of alternatives, and
let P(A(Z)) be the set of non-empty subsets of A(Z). DLR consider P(A(Z))
as the domain. Though they have several different models, we focus on the
additive representation with a non-negative measure, that is, U : P(A(Z)) — R
defined by
Ue) = [ supu(d.s)dus),
S Bex

where S is a state space, 4 is a non-negative measure on .S, and u(-, s) : A(Z) —
R is a state-dependent mixture linear function. They show that the set of ex-post



preferences induced from each u(-,s) is uniquely determined from preference.
This set is called the subjective state space.

Our domain P(P(H)) can be regarded as an extension of the DLR domain
P(A(Z)) in two directions. One is the hierarchical part, i.e., considering a menu
of menus rather than a menu as a choice object. This direction is important
for deriving subjective decision trees. The other direction is to admit objective
states. That is, we consider H rather than A(Z). This extension is important
for deriving meaningful subjective probabilities.

Rustichini [12] addresses the multi-period extension of DLR. Let C' be the set
of consumptions and C*° be the set of infinite consumption streams. His domain
is P(C*°). He fails to derive a subjective decision tree, because it is essentially
a static model in the sense that all subjective uncertainties are resolved in the
next period. Modica [8] also considers a menu of menus within the Kreps’s
framework, i.e., his domain is P(P(Z)). By the same reason as Kreps [6],
however, this framework cannot pin down the representation. Kraus and Sagi [5]
take a different approach to address the problem by allowing incompleteness of
preference.

We may be tempted to interpret p associated with DLR’s additive represen-
tation as the belief of the DM with regard to subjective uncertainties. However,
1 is not unique because of the state-dependence of the ex-post utility functions.
Precisely, there may exist distinct (S, u(-, s), u) and (S, (-, s"), u’) representing
the same preference but satisfying u # /. Thus, their model fails to derive a
subjective probability over a subjective state space.

The special nature of the domain H helps us to derive meaningful probabil-
ities. Unlike preference on A(Z), a SEU preference on H has two components:
risk preference u and belief p over €. In our model, subjective uncertainties are
related to beliefs over €2, and do not affect her risk preference u. This state-
independence of risk preference is the reason why we can pin down a subjective
probability.

The domains consisting of menus with some objective states are not new.
Epstein [3] introduces the domain P(H). He provides non-Bayesian updating
models by considering preference over acts from an objective state space (4
into P(H). Nehring [9] and Ghirardato [4] consider a set-valued Savage act,
called opportunity act. Ozdenoren [10] adopts a set-valued AA act as a choice
object. The difference between the domains in the above three literatures and
P(H) is the timing of decisions. As has been pointed out, P(H) implicitly
suggests the following: (1) the DM chooses a menu of acts, (2) after receiving
a subjective signal, she chooses an act out of the menu, and (3) an objective
state is realized and she receives the outcome prescribed by the act. Hence, in
this domain, subjective states are realized first, and objective states are resolved
later. In the other domains, this order is converse. That is, (1) the DM chooses
an opportunity act, (2) an objective state is realized and she receives the menu
prescribed by the act. (3) after receiving a subjective signal, she chooses an
outcome out of the menu. Hence, the difference is related to in what order
subjective and objective uncertainties are going to resolve.

Finally, notice that, on the sub-domain P(P(A(Z))) € P(P(H)), our rep-



resentation collapses to the following functional form without any subjective
states,
U(zp) = sup sup u(f),
r1€T0 BEXTT

which does not coincide with the DLR’s additive representation. In the sense,
our representation is not a generalization of DLR. As shown below, the gener-
alization can be achieved by the similar argument to our main result if one of
our main axioms is dropped.

2 Model

2.1 Domain

Let € be a finite objective state space with # = n. Let Z be a compact metric
outcome space. Let A(Z) be the set of all Borel probability measures over Z
and H the set of all functions, h : Q@ — A(Z), called Anscombe-Aumann acts
(henceforth acts). Notice that A(Z) is a compact metric space under the weak
convergence topology and H is compact metric under the product metric.

Let P(H) be the set of all non-empty subsets of H. Generic elements are
denoted by z1, y1, -+, and interpreted as menus or opportunity sets of acts.
Endow P(H) with the Hausdorff topology. Details are relegated to Appendix
A.

Let P(P(H)) be the set of all non-empty subsets of P(H). Our domain is
D = P(P(H)). Generic elements are denoted by g, yo, - - -, and interpreted as
menus of menus of acts. The assumptions about the timing of decisions are in
Introduction. Endow D with the Hausdorff topology.

2.2 Axioms for Static Choice

Let > be a binary relation on D. The following five axioms on > are formally
identical to those of DLR, but are imposed here on P(P(H)) rather than on
P(A(Z)).

Axiom 1 (Order): > is complete and transitive.

Axiom 2 (Continuity): For all z¢g € D, {zp € D|zo = 20} and {zp € D]z =
xo} are closed.

AxioMm 3 (Strong Nondegeneracy): There exist [,l’ € A(Z) such that {{l}} >~
{}

Define the mixture
Az1 4+ (1= N2y ={ M+ (1= NA|h ez, b €z},
for any 1,2} € P(H) and A € [0,1], and

Az + (1 = Nzh = {Az1 + (1 — Nzl |71 € o, 2 € 2},



for any zg,zj € D and A € [0,1]. The convex hull of ¢ or x1, denoted by co(zg)
or co(x1) respectively, is defined by these mixture operations.

Axiom 4 (Independence): For all z,z(, z(; € D and for all A € (0, 1],

zo = xy & Arg+ (1= N)zg = Azg + (1 — Nz .

Independence is justified as in DLR. First, consider a mixture space X and
hypothetical preference =* on the set of lotteries over menus of X, i.e., A(P(X)).
Suppose that >=* satisfies the standard independence axiom, which implies,

Sp =% 8,y € Mg + (1= N5 =% A5, + (1 — A)6.,

where A € (0,1] and d,, d, and ¢, denote the Dirac measures at z,y,z € P(X),
respectively. Furthermore, suppose that >=* satisfies timing indifference, i.e.,

Adz + (1 = A)b2 ~" St (1-2)2)-

This condition is appealing if the DM is sure all ex-post preferences on X are
mixture linear, because, for any ex-post preference, she will end up with the same
choice out of the above two menus. Consequently, Independence is justified on
P(X). Now, since H and P(H) are mixture spaces, Independence on P(H) or
P(P(H)) is justified.

The next axiom says that a bigger menu is always weakly preferred.

AxioMm 5 (Monotonicity): For all g,z € D, zg C z(, = x{, = Zo.

This axiom is interpreted as preference for flexibility.

2.3 Axioms for Dynamic Choice

The axioms proposed here are related to the multiperiod setup. Thus, they have
no counterparts in DLR.
For any xy € D, let

co1(zg) = {co(z1) € P(H)|x1 € zo}.

This set consists of the convex hulls of all menus in zg. Notice that coq(xg) and
co(xg) are distinct objects.

AxioMm 6 (Ex-Post Randomization Indifference): For all zo € D, g ~
co1 (o).

This axiom expresses the assumption that the DM is sure her preference in
period 2 is linear. Indeed, as long as she believes so, a menu z; and the convex
hull co(z1) should be indifferent in period 1 no matter what subjective signal
she receives then. Hence, she should be indifferent between 1 and co;(zp) in
period 0.



Axiom 6 and some static axioms have a relation. Suppose that > satisfies
Order, Continuity and Independence. Since the restricted preference on P(H)
also satisfies all these axioms, we know {x1} ~ {co(z1)} = co1({z1}) by DLR!.
Ex-Post Randomization Indifference requires more than that.

For any x¢ € D, let

cli(xo) = {cl(z1) € P(H)|z1 € 20},

where cl(z1) is the closure of z1. Thus, cly(zg) is the set of the closures of all
menus in zg. Notice that clj(xg) and cl(zg) are distinct objects.

AxioMm 7 (Ex-Post Continuity): For all 29 € D, 2 ~ cly(zo).

This axiom reveals that the DM is sure her preference in period 1 is con-
tinuous. Indeed, as long as she believes so, a menu x; and the closure cl(xy)
should be indifferent in period 1. Hence, she should be indifferent between
and cly (xp) in period 0.

The next axiom says that the DM prefers not to commit to a smaller menu
as long as possible.

AxioMm 8 (Aversion to Commitment): Forallxg, z € D, 2{U{Uy,cxo21} =
/
Ty U To.

The axiom implicitly reveals that she is sure her preference in period 1
satisfies Monotonicity, i.e., bigger menu is always preferred. In other words, she
anticipates preference for flexibility in period 1.

Define

O(h) = {1’ € HI{{h(w)}} = {{h(w)}} for all w},

for h € H. Thus, O(h) € P(H) is the set of acts dominated by h state by
state in terms of the restricted preference on A(Z). For each 2y € P(H), let
O(z1) = Upes, O(h) € P(H). Formally, the operation O is a mapping from
P(H) into itself. Let

01(.130) = {O(J?l) € P(H)ll‘l S l‘o}.
That is, O1(zo) is the image of zg under the operator O : P(H) — P(H).
AxioMm 9 (Risk Preference Certainty): For all z¢ € D, 29 ~ O1(zo).

Suppose that, though she has subjective uncertainties about her preferences
in the future, the DM is sure of her risk preference on A(Z). If so, it should
coincide with the restricted preference on A(Z). Hence, she does not care about
the dominated acts in terms of the restricted preference on A(Z), which implies
21 and O(x1) should be indifferent in period 1 no matter what subjective signal
she receives then. Consequently, the DM should be indifferent between 1y and
O1(xp) in period 0.

IDLR show that Order, Continuity and Independence on P(A(Z)) imply Indifference to
Randomization, i.e., 1 ~ co(z1) for any z1 € P(A(Z)).



3 Representations

In this section, we provide the main representation theorem.

3.1 Additive SEU Representations

First, we examine the “static” domain, that is, P(H). Consider the functional
form Uy : P(H) — R defined by,

Ui(xy) E/ sup Uz(h, s2)dp1(s2)
So h€xy

and
Us(h,s2) = Y u(h(w))pa(w, s2),
weN

where S, is a state space, up is a finitely additive Borel probability measure
over So, p2 1 S2 — A(Q) is a conditional probability system, and u: A(Z) — R
is a mixture linear function.

Take any functional form U; with components (Sa, 111, 12, u) as above. The
preference =, induced on H given sy € Ss is

h ESQ RN UQ(h,SQ) > UQ(h//,SQ).
Let So(S2, p12, u) be the set of all induced preferences, that is,
Sa(Sa, pro, u) = {=s, |s2 € Sa}.

Given (Ss, p1, pi2, u) with finite Sy, say that =, € So(Sa, g, u) is relevant if
there exist x1,y; € P(H) with 21 7 y; such that

Sup UQ(h7 8/2) = Sup UQ(h7 8/2)
hex; heyy

for any s, € Sy with o, F sy

Now we are ready to define a representation of preference on P(H). The
following is the analogue of the additive EU representation provided by DLR
for menus of acts?:

Definition 3.1. Preference = on P(H) admits an additive SEU representation
if (i) there exists a functional form with components (Sa, p1, 2, u) representing
=, (i) every state sz € Sa is relevant, and (iii) sy F sy if S2 F Sh.

An interpretation of this representation is as follows: the DM behaves as if
she is certain about risk preference u, but not sure of beliefs about Q. This
subjective uncertainty is captured by pg : So — A().

?Details about the additive EU representations are provided in Section 6.2, Definition 6.1.



3.2 Second-order Additive SEU Representations

Now we describe a representation of preference on the “dynamic” domain P(P(H)).
Consider the functional form Uy : D — R defined by,

Uo(xo) E/ sup Uj(x1,s1)duo(s1),
s

1 T1EX0

where S; is a state space, uo is a finitely additive Borel probability measure
over Sy, and each Ui (-, s1) : P(H) — R is a functional form with components
(Sa(s1), t1(vy 1), pa(-, 81), u), where u is common across sj.

For each s; € Sp, the preference =, induced on P(H) is defined by U (-, s1).
Let S1(S1,U;) be the set of all induced preferences, that is,

Sl(Sl,Ul) = {tsl |81 S Sl}
Relevance of =4, can be defined as above.

Definition 3.2. Preference = on D admits a second-order additive SEU rep-
resentation if (i) there exists a functional form with components (S1,Us, po, )
representing =, (ii) every =5, admits an additive SEU representation, (iii) every
=g, s relevant, and (iv) me F s if 51 F sy

An interpretation is as follows: The DM behaves as if she is certain about
risk preference w, but not sure of future beliefs about 2. Thus, subjective
uncertainty concerns beliefs about Q. However, unlike P(H), where the DM
receives a signal once, she may receive subjective signals twice. In other words,
subjective uncertainties may not be realized at once, but resolving gradually
over time.

Any second-order additive SEU representation (Si, U, f0,w) has the recur-
sive form as in Introduction. Define So = U, es,52(82), S = S1 x S and
S = 95 x Q. We can regard gy on S; as the marginal distribution. The con-
ditional probability systems p; : S1 — A(S2) and pg : S x Sy — A(Q2) and
the marginal po jointly determine the Borel probability measure p over S. The
set S redefined as the support of u is called the subjective state space. The
subjective filtration {Fo, F1,Fo, F3} over S is defined by

Fo = {S},

Fio = {({s1} x 52 x Q)N Sls1 € supp(po)},

Fo = {({(s1,52)} x Q)N Sls1 € supp(po), s2 € supp(p1(s1))},

Fz = {{(s1,82,w)}[s1 € supp(o), s2 € supp(p1(s1)),w € supp(u2(s1,s2))},

where supp(v) means the support of a measure v. Then, the second-order addi-
tive representation can be rewritten as the recursive form with (S, {F}3_q, i),
that is,

Ut(zt) =B, | sup Upy1(we41)

Tt4+1€ETE
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and
sup Us(zs) = B, [u(z2)]F3].

T3ET2

The following is the main theorem:

Theorem 3.1. The following statements are equivalent:

(a) Preference = on D satisfies Order, Continuity, Strong Nondegeneracy, In-
dependence, Monotonicity, Fx-Post Randomization Indifference, Ez-Post
Continuity, Aversion to Commitment, and Risk Preference Certainty.

(b) Preference = on D admits a second-order additive SEU representation.

4 Uniqueness

First consider P(H) and an additive SEU representation.

Definition 4.1. An additive SEU representation Uy : P(H) — R with (Se, i1, f2, v)
is canonical if (i) So C A(Q), (i) p1 € A(S2), (i) ue : So — A(Q) is the iden-
tity map, and (iv)

Ui (1, p1) E/ sup Uz (h, p)dp1(p)
So hexy

and

Us(h,p) = Z u(h(w))p(w), for each p € Ss.

weN

Given any additive SEU representation U; with components (Sa, fi1, pi2, u),
there exists also a canonical representation. Let

P(S2, p2) = {p2(s2) € A(Q)|s2 € S2}.

Let puj € A(P(S2,u2)) be the probability measure induced by us : (S2, 1) —
A(R). Then (P(Sa, p2), pf,id, u) is canonical, where id means the identity map.
Next consider D and a second-order additive SEU representation.

Definition 4.2. A second-order additive SEU representation Uy : D — R with

(S1, U, o, w) is canonical if (i) S1 C A(A(R)), (ii) po € A(S1), (i) Ur(-, p1)
is a canonical SEU representation for each py € S1, and (iv)

Uo (o) = /5 sup U (1, o2 )l ().

1 T1E€T0

10



Given any second-order additive SEU representation Uy with components
(S1,Uy, po, u), there exists a canonical representation. For each additive SEU
representation Ui (-, s1) with (S2(s1), p1(+]s1), p2(+, $1), ), let

P(S2(s1), p2(s1)) = {p2(s2,51) € A(Q)[s2 € Sa(s1)}-

Let i (s1) € A(P(S2(s1), 12(s1))) be the probability measure induced by po(s1) :
(Sa(s1),p1(s1)) — A(Q). Then, Uj : P(H) — R defined by,

Ui (21, 1) = / sup Ua(h, p)dut (p, 51),
P(S2(s1),p2(s1)) h€x

is canonical.
Define
P(S1,U1) = {1i(s1) € A(AQ)]s1 € S1}.

Let p§ € A(P(S1,U1)) be the probability measure induced by p1 : (S1, o) —
A(A(R2)). Then (P(S1,Ur), Uy, 1§, w) is canonical.

Given a canonical second-order additive representation (Si, Uy, po, u), there
exists a canonical subjective decision tree and subjective probability measure.
Define Sy = Us,es,52(s1) € A(2) and

S=51 xS xQC A(A(Q)) x A(R2) x Q.

The marginal distribution po on S, the conditional probability systems id :
S1 — A(S2) and id : So — A(R) jointly determine the Borel probability measure
wover S, which is called the canonical subjective probability. The set S redefined
as the support of p is called the canonical subjective state space. Finally, the
canonical subjective filtration {Fo, F1, Fa, F3} over S is defined as before.

The next theorem ensures that, under suitable conditions, all second-order
additive SEU representations of preference have the same associated canonical
representation. Thus, the canonical filtered probability space (S,

{F:}3_o, i) is uniquely determined from preference.

Theorem 4.1. Suppose that = on D admits second-order additive SEU repre-
sentations (Sy, Uy, po,u) and (S1,Uf, po,w'). Then:

(i) uw and v’ are cardinally equivalent.

(ii) If the supports of po, pg, pi(-|s1)’s, and p (+|s}) ’s are finite, pfy = p/'5. Con-
sequently, the associated canonical filtered probability spaces (S,{F:}i_g, 11)
coincide.

Proor: (i) Since v and u’ are mixture linear representations of = [a(z),
they are cardinally equivalent by the standard argument.

(ii) Since u and u' are cardinally equivalent, (S7, U7, ug,u) also represents
>=. Furthermore, we can assume u(A(Z)) = [0,1]. Let Uy and U} be the
representations associated with (S, U1, o, w) and (S7, Uy, 1y, u), respectively.

11



Let Py = Py (S1,U1) UP1 (S}, Uy). Then, uf and uf," are regarded as probability
measures on Py.

Suppose g # . Then, there is a partition of P; consisting of two non-
empty subsets P! and P? such that

{ #o(pa) > g (), Vo € Py,
pg () < pp” (p1), Y € PR

For any p1 € Py, since Ui (-, p1) is relevant and mixture linear on P(H), there
are positive utility levels U, such that the intersection of lower contour sets
associated with U, is a non-empty compact convex set of P(H), and that
each lower contour set coincides with a non-trivial part of the boundary of the
intersection. Let zg be this intersection, i.e.,

zo = Nyyer, {21 € P(H)|Ur (21, 111) < Uy}

From continuity of U{, there exists an ¢,, > 0 satisfying U}(Z¢) > Uj(zo),
where
Ty = mmeﬂ“%{xl € P(H)lUl(wlaul) < UHl - 5#1}'
Since
Yo = ﬂmepl{l‘l S P(H)|U1($1,,U1) < UH - 5#1} C+ xo,

U (xo) > Ul(yo). Since Uj(Zo) > Uj(x0) > Ui (yo), continuity of U} ensures the
existence of a compact convex menu of menus y§ such that yo C y§ C Zo and
U (zo) = Uj(ys). Since

max Ul(xl,,ul) > max Ul(xl,,ul),
x1€XQ T1€Y

for all p; € Py, and

max Uy (1, 1) > max Uy (zy, p1),
T1€Yy T1€TO

for all uy € Po,

Uan) = Uan) = 3= (max U ) i) = 50
peEPy

= 3 (e o)) )~ w50

T1E€EXT0
pneP]

+ Z (max Ul(wl,u)> (ko (1) = 15 (1)

T1E€TO

> 3 (ma GG ) (o) = 500

T1€Y,
pneP]

3 ((max Ustoaom) (500 = 050

pnep?

12



= 3 (e o)) )~ 500

peEPy T1EY5
= Uo(ys) — Us(wo)-

Hence, Up(zg) > Uo(ys). This contradicts that both Uy and Uy are representa-
tions of the same preference >. g

5 Comparative Subjective Decision Trees

In this section, we compare two preferences admitting second-order additive
SEU representations and give a behavioral definition capturing distinct attitudes
toward resolution of subjective uncertainties.

Consider two preferences =1 and >3 on D admitting second-order addi-
tive SEU representations denoted by (Si, U, ub, u), i = 1,2. In order to ensure
uniqueness of subjective decision trees, assume that the representation is canon-
ical and that p} and put(|si)’s have the finite supports. (See Theorem 4.1.)

5.1 Purely Subjective Decision Trees

For any canonical second-order additive representation (51, Uy, po, u), recall the
notation, So = U, es, supp(p1) C A(Q2) and

S=81 xS, C A(AQ)) x A(Q).

Unlike S, S does not include the objective state space 2. The marginal distri-
bution po on S; and the conditional probability system id : S1 — A(S2) jointly
determine the Borel probability measure i over S. The set S redefined as the
support of i is called the canonical purely subjective state space. The purely
subjective filtration {Fo, F1, Fa} over S is defined by

Fo = {S}v
Fi = {({s1} x S2) N S[s1 € supp(uo)},
Fo = {{(s1,52)}|s1 € supp(po), s2 € supp(p1(s1))}-

From Theorem 4.1, we know that (S, {F;}?_,, i) is uniquely derived from pref-
erence.

Consider 19 € A(A(A(R))) with a finite support {ui, -, uT'} C A(A(Q)).
Say that pg satisfies the distinct supports property if

supp(uh) Nsupp(]) = 0,

for any i,j7. Obviously, this property holds generically, that is, the set of g
satisfying the distinct supports property is an open dense subset of A(A(A(Q))).

Take g satisfying the distinct supports property. Notice that, for any canon-
ical representation (Si, Uy, po,u), S can be identified with S;. Furthermore,
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Fo,F1 and Fy are regarded as partitions of Ss. Especially, Fy is the null-
partition and F» is the discrete partition. Only F7 is a non-trivial partition and
identified with the set,

{supp(u)|pe € S}

5.2 Behavioral Definitions and the Implications

Assume that pf associated with »=; satisfies the distinct supports property. The
following behavioral definition captures distinct attitudes toward resolutions of
subjective uncertainties.

Definition 5.1. >3 is more averse to commitment than =1 if, for any x1 €
P(H) and x9 € D,

(1) {x1} =1 zo implies {x1} =2 x0.
(ii) {x1} =1 zo implies {x1} =2 xo.

These behavioral differences between two agents can be attributed to the
differences between subjective decision trees.

Theorem 5.1. If >5 is more averse to commitment than >=1, then:
(i) u' and u? are cardinally equivalent.
(ii) Both agents have the same state space, that is, Sz = S3.

(iii) Fi is finer than FZ, that is, for any E' € F}, there exists E* € F? such
that E* C E?. (See Figure 1.)

(52, {7} (53, {F¢})

Figure 1: Theorem 5.1
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Proor: (i) First of all, we can show the following:
Lemma 5.1: For all z1,2] € P(H), {z1} =1 {«} if and only if {z1} =2 {z|}.

Proor: From Definition 5.1 (i), {x1} =1 {«}} implies {z1} =2 {z{}. In
order to show the converse, suppose that there exists z,x} € P(H) such that
{z}} > {z1} and {z1} > {z}}. This immediately contradicts Definition 5.1 (ii).
1

From Lemma 5.1, for any l’,l € A(Z), {{I'}} =1 {{l}}ifand only if {{I"}} =2
{{l1}}. Hence, u' and u? are cardinally equivalent. g

(i) First, from Theorem 5.1 (i), we can assume u! = u? = .

We will claim the following lemma:

Lemma 5.2: If {z1} > {2}} implies {x1} =2 {z}} for all z1, 2} € P(H), then
Sic S5

Proor: Suppose S} ¢ S2. Then, there exists p* € S \ S3. For p € A(Q),

let
Us(h,p) = Y u(h(w))p(w).
w

Since each Us (-, p) is relevant among S3U{p*} and mixture linear on H, there are
positive utility levels v« and ¥, such that the intersection of lower contour sets
associated with v,- and v,’s is a non-empty compact convex subset in H, and
that each lower contour set coincides with a non-trivial part of the boundary of
the intersection. Let x; be this intersection and #; be the intersection of those
lower contour sets except for Uz (-, p*). By construction,

I;Lréail( U2 (h/7p) = 1}}163531{ UQ(h/7p)a

for all p € S3. Hence, the associated representation implies {1} ~2 {#1}. Also,
we have
max Uz (h,p) < maxUs(h, p)
hez

hexy

for all p € S, and, especially,

max Uz (h, p*) < max Us(h, p*).
hez

hexy

Since Us(-,p*) is relevant, the associated representation implies {1} »1 {z1}.
This is a contradiction. g

From Lemma 5.1, {z1} > {#]} if and only if {z1} =2 {z]} for all z1,x} €
P(H). Hence, Lemma 5.2 implies S3 = S3. g

(iii) Suppose the contrary. Then, there exists u'* € St such that supp(u'*) ¢
supp(p?) for all u? € S?. Fix any p? € S? and choose p* € supp(u'*)\supp(p?).
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As Lemma 5.2, define 1 by the intersection of appropriately chosen lower
contour sets associated with Uz (-, p*) and Us(-,p) for p € S32. If #5? = 1, we
have a contradiction as Lemma 5.2. Hence, assume that #S7 > 2. For each
u? € S%, choose each one point out of the boundaries associated with supp(p?).
Let x1(u?) be the convex hull of the selected points. Clearly, z1(u?) C z1. Let
2o = {x1(p?)|u? € S3}. Since, for each pu? € S%,

max Us (h, p)du?(p) = max max Us (h, p)du?(p),

52 h€r zi€xo Jg2 hexy

{z1} ~2 x¢. On the other hand, since

max Us (h, p)du*(p) > max max Us (h, p)du* (p),
51 h€ zi€xo Jg1 hexy

for each p! € S} and the strict inequality holds for p'*, we have {z1} =1 0.
This contradicts the fact that =5 is more averse to commitment than =;. g

6 Special Cases

6.1 Extreme Subjective Decision Trees

We can come up with two extreme cases of subjective decision trees. One
extreme is that the DM expects no subjective information arrives in period 1.
Precisely, #51 = 1. The other extreme is that the DM anticipates all subjective
uncertainties are resolved in period 1. In other words, subjective signals in
period 1 are fully informative. Formally, #S55(s1) = 1 for any s; € S;. Figure
2 illustrates these two cases.

= e
S S —

(1) No signal in period 1 (2) Fully informative signals in period 1

Figure 2: Two extreme subjective decision trees

6.1.1 No Signal in Period 1

The next axiom says that the DM does not have preference for flexibility in
period 0.

Axiom 5’ (Strategic Rationality): For any z(,zo € D, z( = zo implies
xH ~ xH U zo.
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Kreps [6] show that > on P(Z) with a finite Z satisfies Strategic Rationality
if and only if there exists a utility function u: Z — R such that U : P(Z) — R
defined by,

U(z) = max u(a),

represents . That is, the DM is sure her ex-post preference over Z is u. In
other words, the DM anticipates no subjective signal arrives. Similarly, Strate-
gic Rationality in our setting is interpreted to mean that the DM expects no
information arrives in period 1.

If > satisfies Order, Strategic Rationality implies Monotonicity. Indeed, take
any o,y with g C zj. From Order, zo = xj or x{ > x¢. Since x{, = xo U xJ,
Strategic Rationality implies x{, ~ zg.

If Monotonicity is replaced with Strategic Rationality in Theorem 3.1, the
following is obtained as a corollary:

Corollary 6.1. The following statements are equivalent:

(a) Preference = on D satisfies Order, Continuity, Strong Nondegeneracy, In-
dependence, Strategic Rationality, Ex-Post Randomization Indifference,
Ez-Post Continuity, Aversion to Commitment, and Risk Preference Cer-
tainty.

(b) The restricted preference = |p(x) admits an additive SEU representation
Uy : P(H) — R with (S2, p1, 2, u), and Uy : D — R defined by,

Uo(xo) = sup Uy (1),

T1E€TO

represents =, where

Ui(xq) E/ sup Us(h, s2)dpy(s2).
So hexy

Proor: (a = b) From Theorem 3.1, there exists a second-order additive SEU
representation (Sy,Ut, po,u). It suffices to show that #5; = 1. For simplicity,
assume that S; is finite. Since each Uj(+, s1)’s are relevant and mixture linear,
there exist positive utility levels v,, such that the intersection of lower contour
sets associated with vs,’s is a non-empty compact convex subset in P(H), and
that each lower contour set coincides with a non-trivial part of the boundary
of the intersection. Let zyp € D be this intersection. Suppose #S51 # 1. Then,
there are two states s; and s]. Let xo(s1) be the intersection of the above lower
contour sets except for replacing v, with vg, + € for sufficiently small ¢ > 0.
Likewise, xo(s}) can be defined. Then, we have

xo(s1) Uzo(s]) = z(s1) and xo(s1) Umo(s)) = z(s)).

On the other hand, Order implies, zo(s1) = xo(s}) or zo(s]) = xo(s1). Thus,
from Strategic Rationality,

xo(s1) ~ mo(s1) Uzo(s)) or zo(s]) ~ xo(s1) Uzo(s)).

This is a contradiction. g
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6.1.2 Fully Informative Signals in Period 1

The next axiom says that neither flexibility nor commitment is valueless in
period 1.

AxioMm 8 (Neutrality to Commitment): Forall xg, z( € D, 2{U{Uz, cxo®1} ~
/
Ty U To.

This axiom reveals that the DM expects all subjective uncertainties are
resolved in period 1. In other words, since signals in period 1 is fully informative,
there remains no subjective uncertainty in period 2.

Clearly, Neutrality to Commitment implies Aversion to Commitment. If
Aversion to Commitment is replaced with Neutrality to Commitment in Theo-
rem 3.1, the following is obtained as a corollary:

Corollary 6.2. The following statements are equivalent:

(a) Preference = on D satisfies Order, Continuity, Strong Nondegeneracy, In-
dependence, Monotonicity, Fx-Post Randomization Indifference, Ez-Post
Continuity, Neutrality to Commitment, and Risk Preference Certainty.

(b) Preference = on D admits a second-order additive SEU representation Uy :
D — R with (S1,Us, po,u) satisfying #S52(s1) = 1 for all s € S1. That
is, Uy : D — R defined by,

Uo (o) = / sup Us (w1, 51)dpo(51),
S1 T1€To

represents =, where

Ui(z1,51) = sup Ua(h, ps,),
hexy

for some ps, € A(Q).

Proor: (a = b) From Theorem 3.1, there exists a second-order additive
SEU representation (S, Ut, po,u). Let S2 = Ug,es,52(s1). From Neutrality to
Commitment,

Uo(zo) = UO({UHC1€$0$1})7

= sup
/Sl ~/52(31) hEleexoxl (Z

w

= /5 sup (Z u(h(W))p(w)> du*(p),

2 hEleechxl w

u(h(w))p2(w, s1, 82)) dpa (s2]s1)dpo(s1),

where p* over A(Q) is the “mean” probability with respect to ug. Redefine py
as pu* and Sy by the support of p*. For each p € Sy, let

Uz(h,p) = ) u(h(w))p(w).

w
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Then,

Un(zy) = /5 sup  Us(h, p)duo(p),

1 h€Uz, ez @1

= / sup sup Uz (h,p)duo(p),
S

1 T1€x0 h€xy

which is the required result. g

6.2 Special Sub-domains
6.2.1 Menus of Acts

One of the special sub-domains is P(H), that is, menus of acts. If preference on
D admits a second-order additive SEU representation, the restricted preference
on P(H) admits an additive SEU representation with the “mean” probability
11 with respect to py.

Now, take preference > over P(H) as a primitive. A question is what axioms
on = are necessary and sufficient for an additive SEU representation. The
static axioms in Section 2, that is, Order, Continuity, Strong Nondegeneracy,
Independence, and Monotonicity can be translated into this setting directly.

The next axiom is essentially same as Risk Preference Certainty on D. The
similar interpretation is applicable.

Axiom 10 (Risk Preference Certainty): For all x1 € P(H), z1 ~ O(x1).

We can show the following:

Theorem 6.1. The following statements are equivalent:

(a) Preference = on P(H) satisfies Order, Continuity, Strong Nondegeneracy,
Independence, Monotonicity, and Risk Preference Certainty.

(b) Preference = on P(H) admits an additive SEU representation.

Proor: See Appendix.

As Theorem 4.1, the canonical additive SEU representations are uniquely
determined from preferences. Hence, if S5 is defined as the support of ui, the
pair of subjective state space and the subjective probability (Sz, p1) is uniquely
derived from preference. However, without the hierarchical domain, we have no
subjective filtration.
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6.2.2 Menus of Menus of Lotteries

Another special sub-domain is P(P(A(Z))), that is, the set of menus of menus of
lotteries. From now on, assume 7 is finite. Then, P(P(A(Z))) is the hierarchical
extension of the DLR domain P(A(Z)).

Definition 6.1 (DLR). Preference = on P(A(Z)) admits the additive EU rep-
resentation with a non-negative measure if (i) a functional form Uy : P(A(Z)) —
R defined by

Ui(xy) E/S sup u(f, s2)du1(s2),

> BET
represents preference, where So is a state space, p1 is a finitely additive non-
negative measure on Sz, and u : A(Z) x So — R is a state-dependent mizture
linear function, (ii) every state sy € So is relevant, and (iii) s F sy if 52 # sh.

DLR show that Order, Continuity, Nondegeneracy?, Independence and Mono-
tonicity on preference over P(A(Z)) is necessary and sufficient for the additive
EU representation with a non-negative measure.

Now, consider preference over P(P(A(Z))). The following is the counterpart
of Definition 6.1 in the dynamic setting.

Definition 6.2. Preference = on P(P(A(Z))) admits a second-order additive
EU representation if (i) a functional form Uy : P(P(A(Z))) — R defined by

Un(ao) = [ sup Uaon,si)dpolsy).
S1 T1€To

represents preference, where Sy is a state space, pg is a finitely additive non-

negative measure on Sy, and each Ui(-,s1) is the additive EU representation

with (S2(s1),u(-, -, s1), u(-|s1)), (ii) every =, is relevant, and (iii) =g, #=, if

s1 #£ 8.

Notice that a second-order SEU representation over P(P(A(Z))) collapses
to the functional without subjecitve state space, that is,

Uo(zg) = sup sup u(f).
r1€T) BEXTT
Hence, subjective uncertainty does not matter on this sub-domain. This is
because Risk Preference Certainty is too strong on this sub-domain.
If we drop Risk Preference Certainty from the axioms in Theorem 3.1, the
remaining axioms on preference over P(P(A(Z))) is necessary and sufficient for
a second-order additive EU representation, which might be of interest on its

own?.

Theorem 6.2. The following statements are equivalent:

3Nondegeneracy requires that there exists « 1,y1 € P(A(Z)) such that 1 > 3.
4Precisely speaking, Strong Nondegeneracy is weakened to Nondegeneracy requiring that
there exists zo,yo € P(P(A(Z))) such that z¢ = yo
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(a) Preference = on P(P(A(Z))) satisfies Order, Continuity, Nondegeneracy,
Independence, Monotonicity, Ex-Post Randomization Indifference, Ex-Post
Continuity, and Aversion to Commitment.

(b) Preference = on P(P(A(Z))) admits a second-order additive EU represen-
tation.

Proor: See Appendix C.

As Section 4, if the canonical representation is properly defined, uniqueness
of the representation can be shown. Define S = U,,, e, supp(u1) and S = 51 x
So. The marginal distribution pg on S; and the conditional probability system
id : S1 — A(S2) jointly determine the non-negative measure fi over S. The set
S redefined as the support of p is called the canonical purely subjective state
space. The purely subjective filtration {Fo, F1,Fa} over S is defined as before.
Then, the pair (S, {F:}7_) is uniquely derived from preference. However, like
DLR, [ is not unique.

7 Conclusion

In this paper, we derive a subjective state space with a subjective filtration and
a subjective probability (S,{F;}3_, 1) from preference over menus of menus
of acts. This result is regarded as an extension of DLR to two direction: a
subjective filtration and a meaningful probability.

We introduce some concepts to compare subjective filtrations across agents.
For the preferences satisfying a generic property (the distinct supports prop-
erty), we provide a behavioral definition capturing different subjective filtration
over the same subjective state space. Hence, the comparison between different
filtrations is meaningful.

Appendices
A. Hausdorff Topology

We endow P(H) with the Hausdorff topology. Precisely, let d(h,z1) =
infpreq, d(h,h') and e(z},z1) = supp,r d(h/,x1). For each z1,y1 € P(H),

define
dn(z1,y1) = maxle(z1,91), e(y1, 71)]-

Then, dp, is a pseudo-metric. That is, dj, satisfies (i) dp(x1,y1) > 0, (ii) 21
y1 implies dp(z1,91) = 0, (iil) dn(z1,91) = dn(y1, 1), and (iv) dp(x1, 21)
dn(z1,y1) + dn(y1, 21). The Hausdorff topology is the topology generated from
e-balls with respect to dj,.

IN
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Let D = P(P(H)) be the set of all non-empty subsets of P(H). Generic
elements are denoted by zo,yo, -~ Let D(z1,70) = infycq, dn(1,27) and
E(xy,z0) = SUP./ gt D(x},x0). For each zg,yo € D, let

du(z0,y0) = max[E(zo, yo), (o, To)]-

Since dg is also a pseudo-metric, D can be endowed with the Hausdorff topology.
B. Proof of Theorem 3.1

(a = b): (i) We show that there exists a required functional form represent-
ing preference. The basic idea of the proof is essentially same as DLR.

For any z¢ € P(P(H)), since xg ~ cli(z) by Ex-Post Continuity, it suffices
to consider the sub-domain Dy = P(K(H)), where K(H) is the set of all non-
empty compact subsets of H. It is well-known that /C(H) is a compact metric
space under the Hausdorff metric dj. Notice that D; is convex, i.e., for any
xo, 20 € D1 and A € [0,1], Axo+ (1 —A)z(, € D1, because Ax1+(1—N)z] € K(H)
whenever z1, 2} € K(H). Especially, for any zq € D1, co(xg) is also an element
of Dl .

Since Independence implies g ~ co(zg), we can restrict our attention to the
sub-domain, Dy = {xg € D1|zo = co(xo)}.

Since cl(zg) is convex whenever zg is convex, it is enough to consider the
sub-domain, D3 = {z¢ € Dz|zo = cl(xg)}, by Continuity. Let K(}(H)) be the
set of all non-empty compact subsets of K(H). Since K(H) is a compact metric
space under dp, so is K(K(H)) under dg. Since D3 C K(K(H)), D3 is compact
metric and convex.

Order, Continuity and Independence ensures a mixture linear representation
U : D3 — R, because D3 is a mixture space. Let u : A(Z) — R be the restriction
of U on A(Z), i.e., u(l) = U({{l}}). Since A(Z) is compact, there exists a
maximal element [ and a minimal element [ with respect to u. Since u is not
constant from Strong Nondegeneracy, without loss of generality, we can assume

u(l) = 0 and u(l) = 1.
Say that a metric p on A(Z) is the Prohorv metric if, for any u,v € A(Z),

plu,v) = inf{e > 0|u(E) < v(U(E)) +¢, v(E) < u(U.(E)) +¢, VE € B(Z)}.

It is well-known that the weak convergence topology is metrizable by this metric.
Furthermore, the product metric on H = A(Z)" is equivalent to the topology
generated by d(h, 1) = (3, p(h(w), b (w))P)*/P for some p > 1. Hence, without
loss of generality, we can choose these metrics.

Lemma B.1:
(i) For any xg € D, cly(coi(xg)) = T01(x0) = {Co(z1)|z1 € T0}-
(ii) If zo € P(K(H)) is compact, cli(cor(zo)) is also compact.

(iif) If g € P(K(H)) is convex, cli(coi(xo)) is also convex.
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(iv) The mapping, ¢o; : D3 — D3, is Hausdorff continuous.

ProorF: (i) From Dunford and Schwartz [2, Lemma 4 (ii), p.415], cl(co(z1)) =
co(z1) for any z1 € P(H).

(ii) Consider the closed convex hull operator o(:) : K(H) — K(H). First
of all, since K(H) is compact, €o(x1) € K(H). That is, this operator is well-
defined. In order to show the claim, it suffices to show that €o(-) : K(H) —
K(H) is Hausdorff continuous. Let d be the metric on Z. Let U.(E) = {z €
Z|d(z, E) < €}. It can be shown that (1) p(au,av) = ap(p,v) for any a > 0
and p,v € M(Z), and (2) p(p+ v, 1’ + V") < p(u,v) + p(p',v') for all p,p',v
and /. Hence, the metric d on H has the similar properties.

For claiming the continuity of €o(-), it suffices to show that dj(co(x1),0(y1)) <
dh(.ﬁl, yl) for all xr1,Y1 € K(H)

Recall that let d(h, ) = mincyr d(h, h') and e(z1, 7)) = maxpeq, d(h, 77).
We will claim that, for any convex x}, d(-,z}) is a convex function. Take any
hi,hs € H, and X € [0,1]. Let h; = argming, ¢, d(hi, h'), i = 1,2. Then,

Ad(hy,x7) + (1 — N)d(ha, ),
d()\hl, /\711) + d((l — )\)hg, (1 — /\)BQ),
d(Ahy + (1 — A)ha, Ahy + (1 — A)ha),

hmin d(/\hl + (1 - /\)hg, h/),
fex)

d(Mhy + (1 — /\)hg, J)/l)

(A\VARYS

Thus, d(-,z}) is convex whenever 7} is convex.
Turn to the proof of the continuity of ¢o. By definition, for any h € 1,

d(h,T0(y1)) < e(x1,T0(y1))-
Since d(-,@6(y1)) is a convex function by the above claim, this inequality also
holds for any h € ¢o(z1). Thus,
e(co(x1),c0(y1)) < e(x1,20(y1)).

On the other hand, since ¥ C ¢o(y1),

e(z1,c0(y1)) < e(z1,y1).

Hence,
e(co(x1),e0(y1)) < e(x1,91)-
By the similar argument, this inequality still holds when z; and y; is reversed.

Hence, dj,(co(x1),c0(y1)) < dp(x1,y1). Consequently, ¢o(-) is Hausdorff contin-
uous.

(iii) From Dunford and Schwartz [2, Lemma 4 (iii) and (iv), p.415], ¢o(-) :
K(H) — K(H) is mixture linear, i.e., for any x1,y1 € K(H) and X € [0, 1],

(A1 + (1= Ny1) = Aeo(a1) + (1 — Ao (y1).
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Since the mixture linear operator preserves the convexity, €o; (o) is convex as
long as xg C KC(H) is convex.

(iv) First of all, this mapping is well-defined by Lemma (ii) and (iii). Let
xl — xo with 2,290 € D3. We want to show ¢061(z}) — €o1(xg). From
definition,

d g (co1(zg), 01 (z0))
= max[max min dp(¢o(z1),c0(y1)), max min dp(co(z1),c0(y1))].
T1€EXT[ Y1E€X0 Y1€x0 T1ETY
Since dp(€6(x1),c0(y1)) < dp(x1,y1) for all 1,11 € K(H) from the argument
in Lemma (ii),

d (€01 (2), 01 (o))
< max[max min dp(x1,y1), max min dp(z1,y1)].
T1€EXT[ Y1E€X0 Y1€T0 T1E€XTY

By assumption, this converges to zero. Hence, €6 (xf) — €01(20). g

For x¢ € D3, let
I(z1) = {2} € K(H)|z| C 1}

Let I(xg) = Uy eaol(z1). So, I(zg) is the set containing all smaller compact
menus of each menu contained in xg.

Lemma B.2:

(i) If o € P(K(H)) is compact, I(xg) is also compact.
(i) If o € P(K(H)) is convex, I(xg) is also convex.
(iii) I : D3 — D3 is Hausdorff continuous.

(iv) zg ~ I(xg) for all zg € Ds.

ProorF: (i) Since I(xp) C K(H), it suffices to show that I(xg) is closed.
Let 27 — 21 with 27 € I(xg). Then there is a sequence {4} in z satisfying
y? D z}. Since xg is compact, without loss of generality we can assume y'
converges to some point y; € xg. Suppose there is h € x; \ y;. Since yy is
compact, there is an open neighborhood U(h) with U(h) Ny; = 0. For all
sufficiently large n, there is h™ € U(h) Nz}, because 2} — x1. Since z7 C y7,
h™ € yp. This contradicts y" — y1. Thus, z; C y1. Hence, I(zg) is closed.

(ii) Take ), 21 € I(xg). Then there are y,y1 € xo such that z] C ¢} and
x1 C y1. Since zg is convex, ay) + (1 — a)y1 € xo for any a € [0,1]. Clearly,
ari + (1 —a)x; Cay] + (1 — a)y1. Hence, ax’y + (1 — a)zq € I(xo).

(iii) First of all, the mapping I(-) is well-defined by Lemma (i) and (ii). Let
xf — xo. We have a sequence {I(xf)}> . Since D3 is a compact metric space,
without loss of generality, assume I(x) — yo for some yo € D3. We want to
show I(zg) = yo.
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First, we will claim yo C I(zp). Suppose there is 1 € yo \ I(zo). There is
z1 € Yo such that y; C 2. Since I(xf) — yo, we can find a sequence 2" — 21
with 2z € I(zf). Thus, there is a sequence 2 € z{f with 2] C 2. Since the
sequence {27} is in K(H), we can assume z} — z; for some z; € K(H). Since
€ xf, xf — xo and 2} — x1, we have 21 € xo. This implies y; € I(xo),
because y; C z1 C =1, which contradicts the assumption.

Next, we will claim I(xq) C yo. Suppose there is 21 € I(zg) \ yo. There is
21 € g such that x; C 2;. Since x{] — x¢, there is a sequence 2]’ € zg with
21t — z1. It suffices to find a sequence x} C 27 such that z}' is compact, and
! — x1, because =} — x1, I(x]) — yo and a7 € I(zf)) imply z1 € yo. If 21
is finite, for each h € x1, take a sequence {k}'} such that k' — h and k}} € 2.
Let 27 = {kj}|h € x1}. Clearly, 7 — x; with 2] C 27". Next, consider the case
where z7 is a compact subset of z;. From a property of the Hausdorff metric,
there is a sequence 3" — x1 such that y7" is a finite subset of z1. Take the open
1/n-neighborhood of x1, denoted by U(x1,1/n). Without loss of generality, we
can assume 3y € U(x1,1/n) for all n > 1. Since y7 is finite, from the above
argument we can choose a finite set 2 C 2f with =7 € U(z1,1/n). Then,
27 — x1. This completes the proof.

(iv) First, we will claim that the statement holds whenever zy is finite. By
Monotonicity, it suffices to show that zq = I(z9). Denote xg = {x},---,27}.
By definition, I(zg) = U?,1(z}), where I(z}) = {z1 € DJz; C zi}. Since
Ug,e(ai)T1 = x} for each i, Aversion to Commitment implies

zo = (w0 {21}) U{z1}
= (w0 \{zi}hU {Usier@nz}

(w0 \ {w1}) UL (x7).

Y

By the same argument,

(@o \{z1}) UI(z1) = (20 \ (Ui {21})) U{zi} UI(ay)

= (w0 \ (Ui {21}) U (UL I (21)).

By repeating this argument finite times, xzq = I(xg).

Next, we will claim the general case. Since xg is compact, we can find a
sequence xgj — xo such that zff C xo and xf is finite for all n. From the above
argument, zj ~ I(x}). By compactness of D3, we can assume {I(z})} converges
to a point zo € D3 without loss of generality. If we can show zo = I(xg), the
required result follows from Continuity. One direction is easy. Since xf C xo,
I(zy) C I(xo). So, zo C I(zg). In order to show the other direction, suppose
that there is @1 € I(xzg) \ z0. Since z1 € I(xg), there is y; € z¢ with 1 C y;.
For any open neighborhood U(y1), there is 37 € U(y;) Nxy for all sufficiently
large n, because x{ — zo. Hence, we can find a sequence ¢ — y; with y" € x{.
Since x4 is compact, there exists a sequence z* — x1 such that «1* C z;1 and z7*
is finite for all m. For each fixed m, x7" is denoted as {hy",---,h}" ,--- A"} }.
Since A" € z{" C y1 and yi' — yi1, for any open neighborhood V(h;’jﬂ), there
exists 3} € V(R ) Nyt for all sufficiently large n. So, there is a sequence
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{h} } such that A} € yi and h} — hY' asn — oo. Since z7" is finite, we can
ﬁnd sequences {{h ntim such that R} €y and h — h' asn — oo for
all jp,. Let 2" = {h"m ljm =1,- } Then, 27" C yl and 7" — 2 as
n — oo. Hence, an appropriately chosen sequence =} C y} converges to z;. On
the other hand, since x1 ¢ zg and 2 is compact, there is an open neighborhood
W (z1) with W (z1) N zo = . This contradicts I(z}) — 2o, because #} — z;
with 2} € I(x}). y

Lemma B.3:

(i) If 21 € K(H), O(z1) € K(H).

(ii) If z1 € K(H) is convex, O(z1) is also convex.

(iii) If zg € P(K(H)) is compact, O1(zg) is also compact.
(iv) If g € P(K(H)) is convex, O1(xg) is also convex.

(v) Oy : D3 — Ds is Hausdorff continuous.

ProorF: (i) We want to show O(z) is compact. Since D is a compact metric
space, it suffices to show that O(x) is closed. Let A" — h with h™ € I(x).
Then there is a sequence {k"}>° ; in x satisfying {k"(w)} > {h™(w)} for all w.
Since A(Z) is compact, for each w, the sequence {k"(w)}22, has a convergent
subsequence {k"i(w)}°, with a limit point (, € A(Z). Define k* € H by
k*(w) = (. From the finiteness of {2, we can find a subsequence {k™}2°_, of
{k™}52, satisfying k™ — k*. Notice that k* € z. Since {k"(w)} = {h™(w)}
for all w, {k*(w)} = {h(w)} because of Cont. Thus, h € O(k*) C O(x).

(ii) We will claim that O(z) is convex whenever x is convex. Take h,h’ €
O(z). Then there are k, k' € x such that {k(w)} = {h(w)} and {k'(w)} =
{h(w)} for all w. Since x is convex, Ak + (1 — Ak’ € x for any A € [0, 1]. From
Order and Independence,

ME@)} + (1= M{F (@)} = M)} + (1= ){P (@)},

for all w, which is equivalent to

{Me(w) + (1 = NE (W)} = {A(w) + (1= NI (w)}-

Hence, Ah + (1 — M)A € O(x).

(iil) It suffices to show that O(-) : K(H) — K(H) is continuous with respec-
tive to the Hausdorfl metric. Let 27 — 1. We want to show O(z™) — O(x1).
Since K(H) is compact, the sequence {O(z})}%2; has a convergent subsequence
{O(x)}2o_, with a limit y1 € K(H). Suppose O(xl) # y1. We have two cases;
(a) O(x1) ¢ 11 or (b) y1 ¢ O(x1). First, let us consider case (a). Suppose there
is h € O(z1) \ y1. Since y; is a compact subset of H, there is an open neighbor-
hood of h, U(h) C 'H, satisfying U(h)Nyy = . From the definition of Hausdor{f
metric, U(h) N O(z}) = 0, for all sufficiently large n. On the other hand, since
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h € O(z1), there exists h € xq such that {{h(w)}} = {{h(w)}} for all w. Since
o — x1, we can find a sequence {h™}°°_, in H satisfying h™ € 27" and h™ — h
in the sense of the metric on H, equivalently, for all w, h™(w) — h(w) in the
sense of the metric on A(Z). Now we are going to construct a sequence {h"}>°_;
in H with A" € O(z}") satisfying h™ — h. Let us fix an arbitrary w. There
are two cases; (1) {{h(w)}} = {{h(w)}}, and (2) {{h(w)}} ~ {{h(w)}}. If case
(1) holds, from Continuity, {{A™(w)}} = {{h(w)}} for all sufficiently large m.
Hence, define h™(w) = h(w) for all sufficiently large m, and A™ (w) can be taken
to be an arbitrary point, otherwise. If case (2) holds, define h™(w) = h(w) as
long as h™(w) = h(w) ~ h(w). Otherwise, let k > 1 be the first natural number
satisfying h(w) ~ h(w) = h¥(w). Let I, (\) = Ah*(w) + (1 — A)h(w). Continuity
ensures that there is ™ such that I, (\™) ~ h™(w). Define h™(w) = I,(A™).
From case (1) and (2), we now have a sequence {h™}2°_; such that A™ — h
and {{h™(w)}} = {{h™(w)}} for all w, i.e., h™ € O(zf*). This contradicts
U(h) NO(z*) = 0, for all sufficiently large m.

Next consider case (b). Take h € y \ O(z1). Since O(x1) is compact as
long as x; is compact, there exists an open neighborhood of h, U(h), such that
U(h) N O(x1) = 0. Then, we can find a sequence h"* € O(z}) with h™ — h in
the sense of the metric on H. By definition of O(x}), there is h® € x7 such
that {{h"(w)}} = {{h"(w)}} for all w. Since H is compact, we can assume
{h"} converges to a limit h* € H without loss of generality. Since h™ — h* and
2P — xy with A" € 27, h* € z1. From Continuity, {{h*(w)}} = {{h(w)}} for
all w. Thus, h € O(z1). This is a contradiction.

Since we have contradictions in the both cases, it must be the case that
O(z1) = y1. That is, O is Hausdorff-continuous.

(iv) It suffices to show that O(-) : K(H) — K(H) is linear, i.e., for any
z1,27 € K(H) and A € [0, 1],

AO(z1) + (1 = N)O(x)) = O(Azy + (1 — N)a)).
Take any h"" € AO(x1)+(1—=A)O(x}). Then, there are h € O(z1) and b’ € O(z)

satisfying " = Ah+(1—\)R'. By definition of O(z1) and O(z}), there are h € x1
and h' € o) such that

{hw)}} = {hw)}} {{A (W)} = {h (@)}
for all w. Consider Ah + (1 — M)A’ € Az + (1 — \)z}. By Independence,

{Ah(w) + (1 = M (W)},
= M{a@)}H+ 0= N{R (W)},
= M{Aw)} + (1= N{{A (@)},
(w)

= {{M(w)+ (1 =N (w)}}.

w

Thus, A" € O(Az1 + (1 — X)x}). B
~ Conversely, take any h"” € O(Ary + (1 — A)z}). There are h € z; and
K € af satisfying {{\h(w) + (1 — M)A (w)}} = {{h"(w)}} for all w. We are
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going to find h € O(z1) and A" € O(z]) satisfying A" = Ah + (1 — A)h/. Let us
consider an arbitrarily fixed w. For a while, assume {{h(w)}} = {{F/(w)}}. By
Independence,

{A(w)}} = {Ah(w) + (1= MR (W)} = {{F (@)}

We have the following two cases; (1) {{}/(w)}} = {{h"(w)}} and (2) {{R(w)}} =

{n"(w)}} = {{I' (w)}} ) )
If case (1) holds, define h(w) = b/ (w) = b/ (w). Since {{h(w)}} = {{h'(w)}},

{hw)}} = {{h(w)}} and {{F'(w)}} = {{F'()}},

and b (w) = A(w) + (1 — M)A/ (w) hold. B
If case (2) holds, Continuity ensures the existence of [, ~ h'(w) such that
W' (w) = ah(w) + (1 — a)l, with a € (0, 1]. From Independence, A > «. Define

h(w) = %B(w) + (1 - %) o,

and h/(w) = 1,. Then, we have

{hw)}} = {{h(w)}} and {{F'(w)}} = {{F'(0)}},

and h' (w) = Ah(w)+(1=A)H (w). The similar argument works when {{A/(w)}} >
[{h@)}). ) i

By the construction, it is easy to see that h € O(h) C O(zy), ' € O(h') C
O(z}), and " = Ah 4+ (1 — A\)I. Therefore, h” € AO(z1) + (1 — A\)O(z)).

(v) From Lemma (i), (iii) and (iv), O1 : D3 — Ds is well-defined. Let
xl — xo with zf, x¢ € D3. We want to show O1(zf) — O1(x). From definition,

dp (O1(zg), O1(0))
= max[max min dp(O(x1),0(y1)), max min dp(O(x1),0(y1))].

T1€XT[ Y1E€X0 Y1€x0 T1ETY
We have to show that, for any € > 0, there exists N such that

max min dp(O(x1),0(y1)) < e, and max min dp(O(x1),0(y1)) < €,

T1€EXT[ Y1E€X0 Y1E€x0 T1E€XY
for all n > N. Suppose that there exists an € > 0 such that

max min dp(O(z1),0(y1)) > €

T1€EXT[ Y1E€X0

for any n. There exists zf € xf satisfying ming, ey, dp(O(2]),O(y1)) > e.
Since KC(H) is compact, without loss of generality, we can assume that the
sequence {z]} converges to a limit zj. Since z} — zo and z} — z7 with
27 € xf, 27 € 2°. From the Hausdorff continuity of O : K(H) — K(H) (See the
argument in Lemma (iii).), O(z}) — O(z7). Since dp(O(z}),0(y1)) > ¢ for all
n and y; € xg, we have dp(O(z7),0(y1)) > € for all y; € xg, which contradicts
] € xo.
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Next, suppose that there exists an € > 0 such that

max min dp(O(z1),0(y1)) > €

Y1E€x0 T1E€XY

for any n. There exists yi' € z¢ satisfying ming, c.p dn(O(71), O(y1')) > € for
all n. Since z( is compact, without loss of generality, we can assume that
the sequence {y}'} converges to a limit yj € z¢. Since zj — =z, we can find
a sequence z} € zf such that a2 — yi. By the continuity of O, O(z}) —
O(yy) and O(y}) — O(y7). Since dp(O(z7),O0(y})) > e for all n, we have
0 = dn(O(y37),0(y37)) > &, which is a contradiction. Therefore, we have the
required result. g

Thus, from Lemma (iv), Ex-Post Randomization Indifference, and Risk Pref-
erence Certainty, we can consider

Dy = {xo € D3|z = O1(co1({(c01(20))))}

as the domain. Since the function O1(¢61(I(61(-)))) on D3 into itself is Haus-
dorff continuous from Lemma, Dy is compact. From Lemma (ii), any z1 € xg €
D, is convex.

Let So = A(Q). Since #Q = n, S is identified with the (n — 1)-dimensional
unit simplex. Let C(S2) be the set of real-valued continuous functions on S,
with the sup-norm metric. Let

K*(H) = {z1 € K(H)|z1 = O(co(21))}-

From Lemma 1-(i) and 2-(i), K*(H) is well-defined. From Lemma (ii), any
x1 € K*(H) is convex. Since €0 : K(H) — K(H) and O : K(H) — K(H) are
Hausdorff continuous and mixture linear from the argument in Lemma, K*(H)
is compact and convex. For each z1 € K*(H) and p € Ss, let

Uz(h,p) = Y u(h(w))p(w)

weN
and
€z, (p) = max Uz (h, p).
hexy
This defines a mixture linear and continuous function ¢ : K*(H) — C(S2).

Lemma B.4: ( is injective.

ProoF: Take any z1, 2} € K*(H) with z; # z}. Then, there is h € 2} \ 71.
Let 4 = (u(h(w)))wea € R™ and u(z1) = {(u(h(w)))wen € R™|h € x1}. Since u
is continuous and mixture linear, u(x1) is a compact and convex set in R™.

Suppose that (u(z1) — ) N R} # (). Since there exists h € x; such that

u(h(w)) — u(h(w)) > 0 for all w, we have h € O(x1), which contradicts O(z1) =
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x1 # h. Hence, (u(x1) — ) N R} = (. By the separating hyperplain theorem,
there is p € A"~ ! strictly separating @ and u(z1). That is,

> ulh@)pw) > Y ulh(w)pw),

weN weN

for any h € x;. Hence,

gg;;fweg u(h(w))p(w) > ﬁi’fwm“(h(w))ﬁ(”)'

This means (u1 # Cuy- g

Since Sy is a compact metric space, A(S3) is also a compact metric space
under the weak convergence topology. Let S C A(Sz) be the set of probability
measures on Sy with finite supports. It is well-known that S; is dense in A(Sz).
For each z7 € K*(H) and p € S1, define

Ul(xlaﬂ)E/SQ ey (p)dp(p) = S, gglcUz(h,p)du(p)

Thus, each p defines a mixture linear functional on C*(H).
Let C(S1) be the set of bounded real-valued continuous functions on S;. This
space is endowed with the sup norm metric. For each xg € Dy, let

O (1) = max Ui (a1, p).
Since any 1 € xg € Dy belongs to K*(H), 04,(1) is well-defined. This defines
a function o : Dy — C(S1).

Lemma B.5: ¢ is injective.

Proor: Let zg # x(. Then, there is Z; € x( \ xo. Since ¢ : L*(H) — C(S2)
is injective by Lemma, (z, € ¢(z()\((z0), where ((zo) and {(x}) are the images
of z¢ and z(, under (, respectively.

We will claim that there exists a positive linear functional A on C(S3) strictly
separating (z, and ((zg), that is, A((z,) > A((y,) for all ¢, € ((x0). Suppose
that there exists (z, € ((zo) such that {z,(p) > (z, (p) for all p € Sy and
Gi, (p) > (g, (p) for some p € So. Then, ; C #;. From the construction of the
domain D, Z; € xo. This contradicts 7, € xy \ ®o. Therefore, it must be the
case that ¢(z0) N (C4+(S2) + {Cz }) =0, where C1(S2) C C(S2) is the set of non-
negative continuous functions on S2. Equivalently, (¢(zo)—{Cz, }) NC+(S2) = 0.
Let A= ((x0) — {(z,} and M = C;(S2) — A. We know that A is compact and
convex and that M is closed and convex.

It is easy to see that the origin is not in M. Indeed, suppose that 0 € M.
Then there are f, € C4(S2) and x1 € g such that 0 = f, — ({z, — (5, ). After
rearrangement, (;, — Cz, = f4. This contradicts ({(wo) — {Cz, }) NC4(S2) = 0.
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Since 0 ¢ M, by the separation hyperplain theorem (See Schaefer [14, p.65,
Theorem 9.2 (Second Separation Theorem)]), there exists a linear functional A
on C(S2) strictly separating 0 and M. That is, A(f) > 0 for all f € M. Since
0 € C4+(S2), we know that A(Cz, ) > A(Ce,) for all ¢, € ((z0).

The remaining task is to show that A is positive. That is, A(f4) > 0 if
f+ € C4(S2). Since A(f) > 0 for all f € M, A(f+) > A(Ce, — Cz,) for all
f+ € C4(S2) and (., € ((xp). This means that A is bounded from below on
C+(S2). Take a lower bound o € R. Then A(fy) > « for all fi € C4(S2).
Suppose that A is not positive. There is fi € C4(S2) with A(fy) < 0. Since
0f, €CL(Ss) for all @ > 0, A(Of,) = OA(f,) diverges to —oc as 6 tends to oo.
This contradicts A(fy) > « for all f € C4(S2).

The Riesz Representation theorem (See Rudin [11, p40, Theorem 2.14]) as-
sures the existence of positive measure v on Sy satisfying

A(f) = : f(p)dv(p) for all f € C(S2).

Let i € A(S2) be the normalization of v. Since A(Cz,) > A((y,) for all {,, €
¢(zg), we have

Sa Sa

for all ¢, € ((xzp). Since S; is dense in A(Ss), there is p* € S satisfying
Ur(z1, 1) > Ur(w1,p*) for all 21 € xg. This implies max,, cuy Ur (w1, 1) >
maxy, eq, U1(x1, u*). Hence, o : Dy — C(S1) is injective. g

Let C' C C(S1) be the range of 0. We will see several properties of C.

Lemma B.6:

(i) C is convex.

(ii) The zero function, i.e., f(u) = 0 for any pu € Sy, isin C.
(iii) The unit function, i.e., f(x) = 1 for any p € Sy, isin C.

(iv) The supremum of any two points f, f/ € C'isalso in C. That is, max[f(u), f' ()]
is also in C.

(v) f=0forall feC.
ProoF: (i) At first, we will claim that, for all z{, z¢ € Dy,
Aoz + (1= N0y = 00, (@01 (I(\x)+(1-N)z0))) -

For each p € S, let 7 and z7* satisfy Ui (2], n) = maxy, eqoy Ur(z1, 1) and
Up(z3*, 1) = maxy, ex, Ur(z1,1). Since Azt + (1 — Naf* € Aaj + (1 — N)zo,

31



mixture linearity of Uj (-, 1) implies,

Aoy (1) + (L= Now,(p) = AUi(a1, p) + (1 = Ui (21", 1)
= Uiy + (1= Nzi", )
= max Ur(z1, )

z1€01 (%1(10@64‘(1_)\)%0)))
= 00, (@ (I +(1-N)zo)) (1)-
Hence, the claim holds.
Take any f, f € C and A € [0, 1]. There are z(,zo € Dy satisfying f' = o,/
and f = 0,,. From the above claim,
A+ =Nf = Aoz + (1= Aoy,

= 00, (@1 (I(a)+(1-N)zo))) € Da.

Hence, C' is convex.
(11) Let o = O1({{l}}) € D4. Since u(l) =0, o4, (1) = 0 for all 4 € ;.
)

(iii) Let zo = O1({{I}}) = {H} € Dy4. Since u(l) = 1, oy,() = 1 for all
e S

(iv) Take any f’,f € C. There exist x(,x9 € D4 such that f = o,, and
f''= 04 Let 25 = 01(c01(I(c01(z0 U xp)))) € Dy and f” = 0,y € C. Then,

[ (1) = max(og, (1), 0y (11)]-
(v) Since each x1 € ¢ € D4 contains the constant act [,

max (Z u(h(w))p(w)) > > ul)p(w) =

weN weN

for any p € So. Hence, 0., > 0.

Since o is injective, define W : C' — R by W(f) = U(c~!(f)). Notice that
W(0) = 0 and W (1) = 1, where 0 and 1 are identified with the zero function
and the unit function, respectively. Since U and o is continuous, so is W under
the sup norm metric. Furthermore, W is linear in the following sense:

Lemma B.7: W(af +8f") = aW(f)+ W (f) as long as f, f',af + 5f € C,
where o, 8 € R,

Proor: First of all, we will claim that W : C — R is mixture linear. Take
any f,f € C and A € [0,1]. There are xg,x{ € D such that f = o,, and
f' = 04;. Since U is mixture linear,

WA +(1=Nf) = Wayy + (1= Nay,),
(07 Aoy + (1= Naw,)),
(0™ (004 @1 1A+ (1-N)z0)))
(O1(01 (I(Azp + (1 = N)z0)))),
= Uzy+ (1= N)ao),
= AU(zp) + (1 = A\)U(z0),
AW (f) + (1 = NW(f).

o
QQQ
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Next, for any « € [0,1], W(af) = W(af+(1—a)0) = aW(f)+ (1 —a)W(0) =
aW (f), where 0 is the zero function. For any o > 1, let [ = af. Since

1774 (lf//) — iW(f/l),

(07

aW(f) =W(af). Finally,

WO+ 1) =20 (34 30) = W)+ W ().
This completes the proof. g

By the same argument as DLR, we will extend W to C(S1) by several steps.
For any r > 0, let rC' = {rf|f € C}. Let H = U,»orC. At first, we will extend
W :C — R to H. For any f € H \ 0, there is r > 0 satisfying (1/r)f € C.
Define W(f) =rW((1/r)f).

Lemma B.8: W : H — R is (i) well-defined, (ii) monotonic, and (iii) linear.

Proor: (i) We want to show that rW((1/r)f) = W ((1/r")f) even if there
is another 7 > 0 satisfying (1/r')f € C. Without loss of generality, assume
r’ > r. From the linearity of W on C,

W (%f) =7r'w (i/lf> = ’I“/L/ (lf> =rW (lf> :
r ' r r r

(ii) Take f’, f € H with f' > f. There is r > 0 such that f* € rC. Since
f > f, ferC. Hence, (1/r)f',(1/r)f € C and (1/r)f" > (1/r)f. Since W is
monotonic on C, W((1/r)f") > W((1/r)f), which implies W (f") > W (f).

(iil) Tt is easy to see that W on H is mixture linear. Take any f, f’ € H and
A € [0,1]. Without loss of generality, we can assume there exists r > 0 such that
W(f) =rW((1/r)f) and W(f") =rW((1/r)f’). Since A\f + (1 = \)f € rC,

WAf+A=Nf) = W (A£+(1_/\)f_/>

r

AW (i> =AW (f_>
— AW() + (1= NW(f).

By the same argument in Lemma, W is linear. g

Let
H*=H—-H={fi— fo €C(S1)|f1,f2 € H}.

Since 0 € H, H C H*. For any f € H*, there are fi, fo € H satisfying
[ =1 = fo. Define W(f) =W(f1) - W(f2).
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Lemma B.9: W: H* — R is (i) well-defined, and (ii) linear.

ProoF: (i) Suppose that fi, fa, f3 and fy in H satisfy f = f1 — fo = f3— fa.
Since f1+ fa = fo+ f3, W(f1) + W(fs) = W(f2) + W (f3) by the linearity of W
on H, which implies W (f1) =W (f2) = W(f3) —W(f1). Thus, W is well-defined
on H*.

(i) Let f, f' € H*. There are fi, fo, f1, f4 € H satisfying f = f1 — fo and
f'=fi — f5. Since afy + Bf], afe + Gf5 € H for any «, 8 € Ry, linearity of W
on H implies,

W(af +6f) W((afi + Bfi) — (afe + B13))
W(afi+6f) —W(afz+ 8f)
aW (f1) + BW(fi) — aW (f2) — BW(f3)

aW (f) + BW(f)a

We will see that H* is dense in C(Sh).
Lemma B.10: H* is dense in C(S).

Proor: From the Stone-Weierstrass theorem, it is enough to show that (i)
H* is a vector sublattice, (ii) H* separates the points of Sy, i.e., for any two
points p, 1 € Sq, there is f € H* such that f(u) > f(i'), and (iii) H* contains
the constant functions equal to one.

By the exactly same argument as Lemma 11 (p.928) in DLR, (i) holds.

In order to show (ii), take u, u’ € Sy with p # p/. Suppose that Uy (z1, 1) =
Uy (z1, ') for any z1 € P(H). Then, trivially, for any z1,y; € P(H), U (w1, p) >
Ui (y1, p) if and only if Uy (z1, ') > Ui (y1, '). Thus, these two functional form
on P(H) represent the same preference.

Let S5 = supp(u) Usupp(') C A(Q). Since

1
m {’UE [0,1]"|v-p < 5}
PESS
is non-empty and u(A(Z)) = [0,1], the menu z; € P(H) defined by,

T = ﬂ {hEH

pES;

1
UQ(h/7p) S 5 } )

is a non-empty, compact and convex menu such that each lower contour set
coincides with a non-trivial part of the boundary of z;. By the same ar-
gument as Theorem 4.1 (ii), we must have p = g/, which is a contradic-
tion. Hence, there exists Z; € P(H) such that Uy (Z1, ) > Ui (Z1,p’). Let
To = 01(@1(I(El({i‘1})))) Then,

0o (1) = Ur(Z1, ) > Ur(Z1, 1) = 00 (1)
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Since oz, € C, (ii) holds.
Finally, (iii) directly follows from Lemma B.6 (iii) and the definition of H.

By the same argument as Lemma 12 (p.929) in DLR, it can be shown that
there is a constant K > 0 such that W(f) < K||f|| for any f € H*, because D,
is compact. By the Hahn-Banach theorem, we can extend W to W : C(S;) — R
in a linear, continuous and increasing way. The uniqueness of this extension
follows from Lemma B.10. Now we have the following commutative diagram:

D, U, R

LA

C(S1)

Since W is a positive linear functional on C(S7), the Riesz representation
theorem ensures that there is a unique non-negative measure n on .S satisfying

W(f) = g S()dn(p),

for all f € C(S1). Especially,  can be taken to be a probability measure. Thus,
for any g € Dy,

T1E€ET0 he€x;

Ulxo) = W(o(0)) = /5 max /S max (Zuww))p(w)) du(p)dn(p).

This is the required result. g

(ii) Tt is easy to see that, for any finite subset S; C S; and any p € S5,
Us(-,p) is relevant. Hence, (ii) holds obviously. g

(iii) Take any finite subset S7 = {u',---,ud,---,u’} C Sp. It suffices to
show that any p/ € ST is relevant. Let

S5 = Uj_isupp(p!) C A(9).

Let m = #S3. Then, each p/ is regarded as an element of (m — 1)-dimensional
unit simplex. We can find {a',---,a”} C R™ such that y/a’ > p/a* for any j
and k # j. Without loss of generality, the absolute value of each coordinate ag;
of each a’ is sufficiently small.

The menu z; € P(H) defined by,

z1= ) {hEH‘UQ(h,p)S%},

peS]
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is a non-empty, compact and convex menu such that each lower contour set
coincides with a non-trivial part of the boundary of 1. For each j, define

. 1 .
x) = m {hEH‘UQ(h,p) < 54—%} € P(H).

pES;

Since each ag; is sufficiently small, each lower contour set still coincides with
j

a non-trivial part of the boundary of le Then, xl is a unique maximizer of
Ui (-, p?) among {zi,---, z{}. Indeed,
Ur(z],p?) = > maxUs(h,p)
» hex]
1 . .
= X (5re)
P
_ l+z J
= 3 Aplp
P
> g+
5 apHp
P
_ L
- Ul('rluu/ )a

for any k # j.
Let ' o
xo = Nyiesr{z1 € P(H) U (1, 7)) < Ur(a1, 47)} € D.

From the above argument, xy is a non-empty, compact and convex menu of
menus such that each lower contour set coincides with a non-trivial part of the
boundary of zg. Now, any u/ € S§ is relevant because z¢ and v} defined by

W= Mwg{z € POH)|UL (2, iF) < Uy (28, 1)}
N{z1 € P(H)|Us (1, p7) < Ur (], p?) + €7},

where &/ > 0 is a sufficiently small number, satisfy the required condition. g

(iv) Tt is enough to show that Uy (-, 1) and Uy (-, ') generate distinct prefer-
ences whenever p # (/. This is the direct consequence of Theorem 4.1. g

C. Proof of Theorem 6.2

(a = b) Since the procedure of the proof is almost same as Theorem 3.1, we
provide the sketch of the proof.

(i) We show that there exists a required functional form representing pref-
erence. From Lemma B.1 and Lemma B.2, we can consider

D, = {xo € D3|zo =c01(I(c01(x0)))}
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as the domain. Since the function €4 (/(c0:1(-))) on D3 into itself is Hausdorff
continuous from Lemma B.1 and B.2, D} is compact. Notice that any z; €
o € D, is convex.

Order, Continuity, Nondegeneracy and Independence ensure a non-constant
mixture linear representation U : D3 — R, because Dj is a mixture space. By
abuse of notation, the restriction of U on D, is also denoted by U.

Let So = {u e R"| X" ju; =0, Y0 |u| = 1}. Let C(S2) be the set of
real-valued continuous functions on Sz with the sup-metric. Let K(A(Z)) be
the set of compact subsets of A(Z) and K.(A(Z)) be the set of compact and
convex subsets of A(Z). Notice that K.(A(Z)) is compact and convex. For each
21 € K(A(Z)) and u € Sy, let

Cay (u) = maxu(f).

BETy

DLR show that ¢ : K.(A(Z)) — C(S2) is injective, continuous, and mixture
linear.

Let S; C A(S2) be the set of probability measures with finite supports.
Endow A(S3) the weak convergence topology. It is well-known that S; is dense
in A(S3) under this topology. Let C(S7) be the set of bounded real-valued
continuous functions on S;. For each xg € D; and pu € Sy, let

Ur(w1,p1) = g Gy (w)dp(u) = g ggfu(ﬁ)du(u)

For each g € D; and p € Sy, let

Oz () = max Uy (21, p).

T1E€EXT0

As Lemma B.5, we can show that the function o : D} — C(S7) is injective. Let
C C C(S1) be the range of 0. Since o is injective, o : D; — C is bijective.

Lemma C.1:
(i) C is convex.
(ii) The zero function, that is, f(u) = 0 for any p € S, is in C.

(iii) There exists ¢ > 0 such that the constant function equal to ¢, that is,
f(p) = cfor any p € Sy, isin C.

(iv) The supremum of any two points f, f/ € C'isalso in C. That is, max[f(u), f' ()]
is also in C.
Proor: (i) At first, we will claim that, for all z{, zo € Dy,

Ao+ (1= N0y = 05, (I1(Az+(1-N)z0))-
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For each p € S, let x7 and 7™ satisfy Ui (2], n) = maxy, ery Ur(z1, 1) and
Ur(z3*, 1) = maxy, eqo Ur (21, p). Since Azt + (1 — N)zj* € Az + (1 — Mo,
mixture linearity of Uj (-, u) implies,

)\O'xf)(:u) + (1 - )‘)Oxo (:u) = /\Ul('rIa /.L) + (1 - )‘)Ul (x»{*, /.L)
U (A2 + (1 - Nz, )
Ur(1, 1)

max
x1€co1 (I (Az(+(1=N)zo))

= oo, (I(Axh+(1-N)o)) (1)-

Hence, the claim holds.
Take any f, f* € C and A € [0, 1]. There are x4, vo € D satisfying f' = o,/
and f = 0,,. From the above claim,

A +A=Nf = Aoy + (1= Nog,,
055, (I(Aa)+(1-N)z0)) € Dy -

Hence, C' is convex.

(i) Let o = {{(1/n,---,1/n)}} € Dy . Since u((1/n,---,1/n)) = 0 for all
u € Sy, 04(n) =0 for all p € 5.

(iii) Let 21 be the intersection of A(B) and the closed c-ball at (1/n,---,1/n)
for a sufficiently small ¢ > 0. Let o = {z1}. Since maxges, u(8) = ¢ for all
u € Sy, 04,(pn) = c for all p € Sy.

(iv) Take any f’, f € C. There exist x(,x9 € D, such that f = o,, and
' = oy Let x5 = coi(I(co(xg Uxg))) € D and f’ = o,y € C. Then,
7 (1) = ax(ay (1), 02y ()]

Since o is injective, define W : C' — R by W(f) = U(c~!(f)). Notice that
W(0) = 0 and W(c) = ¢, where 0 and ¢ are identified with the zero function
and the constant function equal to ¢, respectively. Since U and o is continuous,
so is W under the sup norm metric. As Lemma B.7, we can show W is linear.

We extend W : C' — R on C(S) by several steps. First, restrict W on Cy. =
{f €C|f>0}. For any r > 0, let rCy = {rf|f € C+}. Let H = U,>orC and

H*=H—H={fi— fo €C(S1)|f1,f2 € H}.

For any f € H \ 0, there is r > 0 satisfying (1/r)f € C4. Define W(f) =
rW((1/r)f). As Lemma B.8, W : H — R is well-defined, monotonic, and
linear. For any f € H*, there are fi, fo € H satisfying f = f1 — fo. Define
W(f) = W(f1) — W(fz). As Lemma B.9, W : H* — R is well-defined and
linear.

In order to show that H* is dense in C(S}), we prepare the following Lemma:

Lemma C.2: Assume that U;(-, ) and Uy (-, ') generate the same preference

on K.(A(Z)), that is, Uy (x1, u) > Ui (y1, 1) if and only if Uy (w1, ') > Ui (y1, 1))
for any x1,y1 € K(A(Z)). Then, p = .
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Proor: Suppose p # i/. Let S C S5 be the union of the supports of i and
1'. Then, there exists the partition of S consisting of two non-empty subsets
S1,Sg, such that
w(w) > p'(u), Yu € Sy,
{ w(u) < p(u), Yu € S,.

Since each u € S is relevant and mixture linear on A(Z), there exist positive
utility levels @, such that the intersection of lower contour sets associated with
Uy 18 a non-empty compact convex set of A(Z), and that each lower contour set
coincides with a non-trivial part of the boundary of the intersection. Let x1 be
this intersection, i.e.,

z1 = Nues{B € A(Z)|u(B) < Ty}

From continuity of Uj (-, u’), there exists a small ¢ > 0 satisfying Uy (Z1, 1) >
Ui($1aNI% where

1 = Nues, {8 € AZ) [u(B) < 5u — e}

Since

1 = Nues {6 € AZ) () < 5y — 2 } Cp 21,
Ui(x1, ') > Ui (y1, 1'). From continuity of Uy (-, ), there is a compact convex
menu y; C &1 such that Uy (xy,p') = Ur(yf, p'). Since

maxu > maxu s
max u(f) ma (8)

for all w € S, and

max u > maxu(f3),
Beyy (ﬁ)_BEm (ﬁ)

for all u € So,

Uy (w1, p) — Uy (21, 1)
— Z (maxu(ﬁ)) (w(u) — i (u))

" BeEx1
_ EZ (1o ) ) = ') + )y (1o ) ) = ')
> (1) ) () = ')+ > () ) (u(w) = 4w
-z (1 ) (100 - 4w

= Ui(yi,p) — Ur(yi, 1)

Hence, Uy (z1, 1) > Ui (y5, 1). This contradicts the assumption. g

Now, we can show the following:
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Lemma C.3: H* is dense in C(S).

Proor: From the Stone-Weierstrass theorem, it is enough to show that (i)
H* is a vector sublattice, (ii) H* separates the points of Sy, i.e., for any two
points p, 1 € Sy, there is f € H* such that f(u) > f(i'), and (iii) H* contains
the constant functions equal to one.

By the exactly same argument as Lemma 11 (p.928) in DLR, (i) holds.

In order to show (ii), take u, u’ € Sy with p # p/. Suppose that Uy (z1, 1) =
Up(zq, ') for any z1 € K.(A(Z)). Then, trivially, for any z1,y1 € K.(A(Z)),
Ur(z1, 1) > Ui(yr, p) if and only if Uy(x1, p') > Ur(y1, p’). Thus, these two
functional form on K.(A(Z)) represent the same preference. From Lemma C.2,
w = 1, which is a contradiction. Hence, there exists Z; € K.(A(Z)) such that
Ul(i‘l,/.l) > Ul(fl,,u’). Let g = @1([(@1({@‘1}))) Then,

0ao (1) = Ur(T1, ) > Ur(Z1, ") = 0o (1)

Since oz, € C4, (ii) holds.
Finally, (iii) directly follows from Lemma C.1 (iii) and the definition of H. g

By the same argument as Lemma 12 (p.929) in DLR, it can be shown that
there is a constant K > 0 such that W(f) < K||f|| for any f € H*, because D,
is compact. By the Hahn-Banach theorem, we can extend W to W : C(S;) — R
in a linear, continuous and increasing way. The uniqueness of this extension
follows from Lemma C.3. Since W is a positive linear functional on C(S1),
the Riesz representation theorem ensures that there is a unique non-negative
measure 7 on Sy satisfying

W(f) = i S()dn(p),

for all f € C(S1). Especially,  can be taken to be a probability measure. Thus,
for any zo € D, ,

U(zo) = W(a(zo)) = /S max [ géagu(ﬁ)du(u)dn(u)

This is the required result. g

(ii) Take any finite subset S; = {u',---,pu’,---, u’} C Sy. It suffices to
show that any p/ € St is relevant. Let

Sy = szlsupp(uj) C Ss.
Let m = #S3. Then, each p/ is regarded as an element of (m — 1)-dimensional
unit simplex. We can find {a',---,a”} C R™ such that y/a’ > p/a* for any j

and k # j. Without loss of generality, the absolute value of each coordinate a?,
of each a’ is sufficiently small.
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For a small ¢ > 0, since

z1 = Nuesy 18 € A(Z) [u(B) < ¢},

is a non-empty, compact and convex menu such that each lower contour set
coincides with a non-trivial part of the boundary of 1. For each j, define

7] = Pues; {6 € AZ)[u(P) < e+ al, } € P(A(2)).

Since each af, is sufficiently small, each lower contour set still coincides with
a non-trivial part of the boundary of xJ. Then, z7 is a unique maximizer of
Ui (-, p?) among {x1,--- z{}. As the proof of relevance in Theorem 3.1, we can

find ¢ and yo satisfying the requirement for any U (-, u?). g

(iii) It is enough to show that Uy (-, ) and Uy (-, ') generate distinct prefer-
ences whenever y # /. This is the direct consequence of Lemma C.2. g
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