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Abstract

Impartial treatment of all generations is a fundamental ethical principle in
intertemporal welfare evaluation, espoused by both egalitarianism and utilitar-
ianism. We show that any welfare ordering that fully respects this principle,
as well as other standard axioms, is simply represented by a two-dimensional
function that only depends on the limit inferior and the limit superior of an
infinite utility stream. Among the class of such orderings, the limit inferior
appears as an egalitarian criterion, while the sum of the limit inferior and the
limit superior appears as a utilitarian criterion. Leximin orderings whose first
priority is in the limit inferior and the second is in the limit superior are also
characterized.

Keywords: Intergenerational equity, Welfare ordering, Two-dimensional
representation, Limit leximin, and Diamond’s impossibility theorem.

JEL numbers: D71, D63.

*Department of Economics, Yokohama National University, Yokohama 240-8501, Japan;
toyotaka.sakai@gmail.com; +81-45-339-3534/3518 (tel/fax)
I thank Hiroo Sasaki for his helpful comments. This paper was presented at Waseda University.



1 Introduction

Impartial treatment of all generations is a fundamental ethical principle in utilitar-
ianism and egalitarianism when applied to intertemporal welfare evaluation. In the
literature of welfare economics with infinitely many generations, this equal treatment
idea is embodied in anonymity axioms of (welfare-)orderings, stating the invariance
of ranking of an infinite utility stream up to any permutation of generations.! Our
purpose is to identify orderings that fully respect this idea. By “fully”, we mean with
the entire class of permutations in defining anonymity, rather than any restricted
class.? The anonymity axiom defined is called full anonymity.

We also consider the following three axioms on orderings: weak Pareto states that
a uniform gain of all generations is good; non-substitution states that a sacrifice of
one generation that yields a uniform gain of an infinite number of generations is not
bad?; sup continuity states that a small misspecification of data does not lead to a
big change in the result when measured by the sup norm.

Our study is not the first one that examines implications of full anonymity.*
Furthermore, the other three axioms, or variants of them, have often been discussed
in the literature. Our main theorem, however, implies that the combination of these
canonical axioms characterizes a novel class of orderings. It shows that an ordering
satisfies full anonymity, weak Pareto, non-substitution, and sup continuity if and
only if it is represented by a monotone, continuous, and two-dimensional function
that solely depends on the limit inferior and the limit superior of an utility stream.

This result might be surprising because it ensures that an ordering on an infinite
dimensional space can be simply described by a two-dimensional function. It shows
both the possibility and limitation of ethically ranking utility streams; on the possi-
bility side, it offers a rich class of orderings satisfying the desirable axioms; on the
limitation side, any such ordering depends only on two limit concepts that capture
long-run movements of a utility stream. There seems to be no previous result similar
to ours.

The characterized class contains two particularly interesting orderings: one is
the limit inferior ordering, which seems most egalitarian; the other is the ordering
represented by the sum of limit inferior and limit superior, which seems most utilitar-
ian. They are characterized by additionally imposing certain versions of Hammond’s
(1976) equity axiom and d’Aspremont and Gevers’ (1977) independence axiom, re-
spectively. We also consider leximin orderings whose first priority is in the limit

!This approach was first employed by Diamond (1965).

2See, Fleurbaey and Michel (2003) for various such classes.

3The idea of non-substitution is from Lauwers (1997a), but our definition is somewhat differ-
ent from his. Non-substitution axioms can be also found in Lauwers (1998), Asheim, Mitra, and
Tungodden (2007), and Alcantud and Garcia-Sanz (2010a,b).

“The literature includes Lauwers (1997b, 1998, 2010b), Fleurbaey and Michel (2003), and Sakai
(2010b).



inferior and the second is in the limit superior, and characterize them by a set of
axioms similar to the axioms characterizing the limit inferior. These egalitarian and
utilitarian orderings are quite different from any other existing ordering in the lit-
erature®. Chambers (2009) shows that a function satisfies “monotonicity,” “ordinal
covariance”, and “reinforcement” if and only if it is either the maximin, the maximax,
the limit inferior, or the limit superior. Our and Chambers studies differ in many as-
pects: “reinforcement” is much stronger than full anonymity; he jointly characterizes
four functions, while we characterize a family of orderings that depend on two limit
concepts; his analysis does not deal with utilitarian or leximin orderings.

Finally, we emphasize our technical contribution in this study. In our model,
the set of bounded sequences is employed as the set of utility streams. This set
is, however, not analytically tractable due to its richness as an infinite dimensional
space. To reduce this difficulty, we first define an easy-to-handle dense subset of it,
and concentrate on the ranking of utility streams that belong to the subset. This
subset, called the universal finite domain, has its own economic meaning, and is
a powerful tool for understanding how orderings on an infinite dimensional space
behave. We characterize the forms of orderings on the universal finite domain, and
then continuously extend the obtained forms to the whole space.

The rest of the paper is organized as follows. Section 2 introduces our model.
Section 3 gives the axioms of orderings. Section 4 offers the two-dimensional repre-
sentation theorem and corollaries to it. Section 5 studies leximin orderings. Section 6
concludes the discussion. Section 7 contains proofs. Examples for the independence
of axioms are provided in Appendix.

2 Definitions

Let N = {1,2,...} be the set of infinite generations. A wtility stream is a bounded
infinite dimensional vector

x €L ={x = (x1,22,...) : sup || < oo},
teN
where each x; denotes the utility level of generation ¢. Our interest lies in the ethical
ranking of utility streams. A (welfare-)ordering is a transitive and complete binary
relation = on £*°.% Asymmetric and symmetric parts of = are denoted by = and ~,
respectively.
We introduce a few notations.

5See, for example, Lauwers (1997b), Asheim and Tungodden (2004), Basu and Mitra (2007),
Bossert, Sprumont, and Suzumura (2007), Kamaga and Kojima (2010), and Sakai (2010a), among
others.

STransitivity: for every z,y,z € £*°, x - y and y =, z imply = =, z; Completeness: for every
z,y € £, either x Z— y or y 7~ x.



e Given x € /°°, the limit inferior and the limit superior of x are denoted, respec-
tively, by

x = lim infz; and 7 = lim sup ;.
s—00 t>s 500 > ¢

e Given any a = (ay,as,...,a),b = (by,by,...,by) € RE with 1 < L < oo, vector
inequalities are defined by

a>b <= a, > b, for all 7,
a=b <= a; > b, for all /.

e For any finite dimensional vector (ai,as,...,ar) € R with 1 < L < oo, we
denote by
(ar,a9,...,01)rep = (a1,09,...,a5,a01,09,...,ar,...) € {7
the utility streams in which the sequence aq,as,...,ar repeats infinitely. In

particular, when a is a (one-dimensional) real-value, (@), = (a,q,...) denotes
the constant stream consisting of a.

3 Axioms

We define four axioms of orderings. Our central equity axiom requires impartial
treatment of all generations. A permutation is a bijection 7 on N to N. Let IT be the
set of permutations. Given x € /> and 7 € II, we write m(z) = (Tx(1), Tr(2), - - -)-

Full anonymity. For every x € (> and every w € I, x ~ 7(x).

Our objective is to identify the class of fully anonymous orderings that satisfy
some natural requirements. The next efficiency axiom is self-explanatory. Later we
will consider its stronger version.

Weak Pareto. For every x,y € (> and everye > 0, if xy > y; + ¢ for all t € N,
then x > y.

The following axiom states that a “sacrifice” of the first generation that leads to
a uniform gain of an infinite number of future generations is not considered bad. It
should be noted that this axiom is moderate, since it allows indifference, and so the
sacrifice is not strongly recommended.”

"The idea of non-substitution originates with Lauwers (1997a). His non-substitution axiom states
that a sacrifice of the first generation that leads to a uniform gain of all future generations is
considered good. His and our non-substitution axioms are independent; his axiom considers only
the case for all future generations, but does not allow indifference.



Non-substitution. For every x,y € (>, if y; < x1 and there exist an infinite subset
N C N and e > 0 such that x,+¢c =y, for allt € N, and z; = y; for allt ¢ N U{1},
then y = x.

The next axiom states that a small misspecification of data does not lead to a big
change of the results, thereby ensuring certain robustness of ranking.

Sup continuity. For every x € (>, the sets {y € {*° :x = y} and {y € (> :y - x}
are closed in the sup norm topology.

To obtain better understanding of the axioms defined above, we offer three dif-
ferent types of well-known orderings.

e Quertaking criterion. Let 7 be an ordering such that for every x,y € (>,

t t
IeN, H>T, ) 2,>> y=12y,
s=1

s=1

t t
dJreN, vi > T, Zx5>2y5:>x>y.

s=1 s=1

The existence of such an ordering is established by Svensson (1980). This
ordering satisfies weak Pareto and non-substitution, but violates full anonymity
and sup continuity.’

e Mazimin ordering. Let 2~ be the ordering on ¢* such that for every =,y € ¢,
x 7y <= infienyxy > infienyy. This ordering satisfies full anonymity, weak
Pareto, and sup continuity, but violates non-substitution.

e Limit inferior ordering. Let 7~ be the ordering on ¢ such that for every
z,y € £, x 7y <= z > y. This ordering satisfies full anonymity, weak
Pareto, non-substitution, and sup continuity.

Weak Pareto is fairly weak, so it is satisfied by all three orderings. Non-substitution
is satisfied by both the overtaking criterion and the maximin ordering, and so this
axiom does not have a particularly utilitarian or egalitarian flavor. Indeed, non-
substitution is satisfied by many standard orderings in the literature, including var-
ious, not necessarily utilitarian, versions of the overtaking criterion.” On the other

81t is obvious that this ordering satisfies “strong Pareto” (r = yand x # y = z = y) and
“finite anonymity” (z ~ 7w(z) if Is € N,Vt > s,7(t) = t). Results by Fleurbaey and Michel (2003)
imply that “strong Pareto” is incompatible with full anonymity, and the pair of “strong Pareto”
and “finite anonymity” is incompatible with sup continuity.

9Gee, for example, Atsumi (1965), von Weizsiicker (1965), Fleurbaey and Michel (2003), Asheim
and Tungodden (2004), Asheim, d’Aspremont, and Banerjee (2010), Kamaga and Kojima (2010),
and Sakai (2010a).



hand, full anonymity and sup continuity cannot be satisfied by those overtaking-type
orderings, mainly because such orderings usually satisfy certain stronger Pareto ax-
ioms and weaker anonymity axioms that together are incompatible with full anonymity
and sup continuity (see, Fleurbaey and Michel 2003). Meanwhile, it is interesting that
the limit inferior ordering satisfies all four axioms. Our main theorem will show that
this ordering is in fact very representative of such orderings.

4 Two-dimensional representation

Theorem 1. An ordering 77, on (> satisfies full anonymity, weak Pareto, non-
substitution, and sup continuity if and only if there exists a continuous function
W :R? — R such that for every x,y € £,

z Ly = W(z,T) =2 W(y7),
and (z,7) > (y,7) implies W(z,7) > W(y,7).
Proof. See Section 7.1. O

Examples showing the independence of the four axioms in Theorem 1 are provided
in Appendix. This result might be somewhat surprising because an ordering on an
infinite dimensional space is simply represented by a two-dimensional function. It
offers a clear boundary between the possibility and impossibility of ethically rank-
ing utility streams. The characterized orderings depend only on the limit inferior
and the limit superior, thereby strongly suggesting the importance of caring lon-run
movements of utility streams in normative decision. On the other hand, because of
this property, those orderings are insensitive to any change of utility levels of finite
generations, which would be counted as a drawback.

A particular advantage of our “two-dimensional orderings” is that they have ex-
plicit, constructive, and simple functional representations. This point contrasts with
various impossibility results of having such representations or formulas. Indeed, Zame
(2007) and Lauwers (2010a) establish impossibilities of having an explicit formula
using an argument on the axiom of choice. Basu and Mitra (2003) address an im-
possibility of having a functional representation. Their argument explains why most
desirable orderings obtained in the literature lack an explicit formula or represen-
tation (e.g., Svensson 1980, Fleurbaey and Michel 2003, and Sakai 2003). These
negative results are built upon “finite anonymity”, which is much weaker than full
anonymity, and “strong Pareto”, which is much stronger than weak Pareto. This
difference among axioms allows us to bypass those impossibilities.

The class of orderings characterized in Theorem 1 is not small. However, whenever
limz, and limy; exist, all these orderings agree with the ranking between x and v,



since
oy <= Wz, 7) > W(y,y) < lim z; > lim y,
- t—o00 t—00

in that case. This argument gives a justification for the comparison of dynamic
economic plans by their achieving steady-states, which is often employed in growth
models with multiple steady-states (e.g., Matsuyama 2005).

Among the class of orderings characterized in Theorem 1, we now focus on two or-
derings that reflect the idea of egalitarianism and utilitarianism. In social choice the-
ory with finite populations, egalitarian and utilitarian orderings are typically charac-
terized on the basis of Hammond’s (1976) equity axiom and d’Aspremont and Gevers’
(1977) independence axiom, respectively. In our model, versions of these axioms can
be stated as below, and they characterize egalitarian and utilitarian two-dimensional
representations.

Weak Hammond. For every x,y € (>, if for every odd integer t > 1, either
Ty > Yp 2 Ypy1 > Tyl O Typ1 > Ypr1 = Yy > Xy, then y 2= x.

Weak independence from the origin. For every (ai,as), (b, bs), (c1,c0) € R?,
(ala a2)rep ,?, (bh b2)rep — (al + C1, Qg + CZ)rep i (bl + C1, b2 + C2)rep-

The next corollary characterizes the ordering represented by the limit inferior,
say, “limit egalitarianism”.

Corollary 1. An ordering = on (> satisfies full anonymity, weak Pareto, non-
substitution, sup continuity, and weak Hammond if and only if for every x,y € (°,
Ty = >y

Proof. See Section 7.2. O

The next corollary characterizes the ordering represented by the sum of the limit
inferior and the limit superior, say, “limit utilitarianism”.

Corollary 2. An ordering on £>° satisfies full anonymity, weak Pareto, non-substitution,
sup continuity, and weak independence form the origin if and only if for every x,y € £°°,
T Y= r+rT>Y+7.

Proof. See Section 7.2. O

In his study of utilitarianism, Sidgwick (1907, p.414) asserts “the time at which a
man exists cannot affect the value of his happiness from a universal point of view.”°
Corollary 2 offers a new way of putting the principle of impartiality across time into
the idea of utilitarianism.

10This argument is noticed by Bossert, Sprumont, and Suzumura (2007). Sidgwick’s view is taken
by Ramsey (1928), who has offered an impartial welfare criterion in the context of consumption-
saving choice.



Remark 1. A permutation © € Il is a variable step permutation if there exists a
sequence of integers s, Sg, 83,... with 0 < s; < sy < s3 < --- such that for each
member s of the sequence, {1,2,..., s} = {n(1),7(2),...,7(sk)}. Then, an order-
ing - is said to satisfy variable step anonymity if for every x € (> and every variable
step permutation 7, x ~ m(x) (Lauwers 1997a). Variable step anonymity itself is
much weaker than full anonymity, but Lauwers (2010b) shows that if a transitive bi-
nary relation satisfies variable step anonymity, then it in fact satisfies full anonymity.
Since our study focuses on orderings whose definition includes transitivity, variable
step anonymity is equivalent to full anonymity. This means that all our results hold
true even if full anonymity is, seemingly, relaxed to variable step anonymity.

Remark 2. One may consider that weak independence form the origin is too weak
as an independence condition, since it applies only to utility streams that consist
of two values. A more natural version would be as follows: an ordering 7~ on (>
satisfies independence from the origin if for every z,y,z € (*°, x 7 y <= (x + 2) 7
(y+2). However, this condition is incompatible with the pair of weak Pareto and full
anonymity. Indeed, if 7 satisfies independence from the origin and full anonymity,
then a repeated application of these axioms leads to (0,3,3)rep ~ (2,2,2), and
(0,0,3)pep ~ (1,1,1)pep. But full anonymity implies (0,3,3)ep ~ (0,0, 3)¢p, and so
(1,1,1)ep ~ (2,2,2),¢p, which is incompatible with weak Pareto.

5 Leximin

It is interesting that the limit utilitarianism in Corollary 2 satisfies the following
Pareto axiom that is stronger than weak Pareto.'!

Partial Pareto. For every x,y € (°° with x = y, it holds that x - y, and whenever
T,y also satisfy either T >y or x >y, it holds that x = y.

On the other hand, the limit egalitarianism in Corollary 1 violates partial Pareto.
This leads us to consider the following leximin notion compatible with this axiom.
An ordering 77 on £ is a limit leximin if for every z,y € (%,

T>Y ==Y,
T>yYz2r=y=12rY,
T=Y>r=Yy=—2~Y.

1 This axiom should be placed in the literature as a full anonymity-consistent relaxation of the
following axiom. An ordering = on (> satisfies Pareto for infinite generations if for every z,y € %
with 2 y, it holds that = y, and whenever z; > y; for an infinite number of ¢, it holds
that = > y (Sakai 2006). It is easy to see that Pareto for infinite generations implies partial
Pareto, but Pareto for infinite generations is incompatible with anonymity: anonymity requires
(0,1,1)pep ~ (0,0, 1),ep, while Pareto for infinite generations requires (0,1,1)ep > (0,0, 1)rep.



There are multiple limit leximins, since this definition does not specify the ranking
between any pair x,y with £ = y = T = 7. Note, however, that x =y =7 =7
is equivalent to limz;, = limy,, and such “tie cases” are non-generic. In this sense,
the notion of limit leximin almost fully specifies the entire ranking of orderings. The
following are examples of how to rank z,y with x =y =7 =7.

x~y, (1)

- inf z; > inf 2

TR e > e @)

T 7y <= supxy > supy;. (3)
teN teN

Since lexicographic orderings are typically discontinuous and our case is no ex-
ception, we introduce a weaker continuity axiom.'?

Sup indifference continuity. For every x € (>, the set {y € (> : x ~ y} is closed
in the sup norm topology.

Recall that the limit egalitarianism in Corollary 1 is characterized by the following
set of axioms: full anonymity, weak Pareto, non-substitution, sup continuity, and
weak Hammond. The next theorem shows that if we strengthen weak Pareto to
partial Pareto and weaken sup continuity to sup indifference continuity, then the
limit leximins appear as alternatives.

Theorem 2. If an ordering 77, on (> satisfies full anonymity, partial Pareto, non-
substitution, weak Hammond, and sup indifference continuity, then it is a limit lex-

Proof. See Section 7.3. 0

Examples showing the independence of the five axioms in Theorem 1 are provided
in Appendix. There are multiple limit leximins satisfying the axioms in Theorem 2;
examples include limit leximins supplementarily defined with tie-breaking rules (1),
(2), and (3). Our characterization does not pin down such specific orderings, mainly
because our distributional axioms of partial Pareto and weak Hammond are so weak
that they are not applied to any pair z,y with x = y =7 = 7y. But all limit leximins
are identical aside from such non-generic pairs. -

6 Concluding remarks

The most particular feature of our analysis is that the orderings we found are entirely
or mainly based on the limit inferior and the limit superior. Since these notions

12The original idea of this axiom is from Higashi and Hyogo (2010) who study subjective lexico-
graphic expected utility.



are meaningful only in an infinite dimensional space, the welfare judgment given
by these orderings are crucially based on infinitely long-run movements of utility
streams. This point much contrasts with the approach of constructing an ordering
on an infinite dimensional space on the basis of finitely short-run movements of utility
streams, as typically observed in the definition of the overtaking criterion, which has
played a prominent role in the literature. This gives certain answers to the long-
standing question of identifying fully impartial welfare criteria in dynamic economic
environments.

7 Proofs

7.1 Proof of Theorem 1

It is obvious that if an ordering 7~ on ¢* satisfies full anonymity, weak Pareto, non-
substitution, and sup continuity, then it is represented by a two-dimensional function
as described in Theorem 1. The proof for the converse statement consists of the
following three steps:

Step 1. Define a dense subset % of ¢*°, called the universal finite domain.
Step 2. Fully identify ranking of utility streams that belong to % .

Step 3. For every utility stream in ¢*° \ %, find another utility stream in % that is
indifferent to it. This completes finding the entire ranking.

We begin the proof.

Step 1. Introducing the universal finite domain

Let . be the set of non-empty, finite subsets of R, that is, ¥ = {X C R: 1 <
| X| < oo}. Given any finite set of utility parameters X € .7 its infinite product X
denotes the associated domain of utility streams. The universal finite domain is the
union of all associated domains,

U = U X,
Xes

Lemma 1. % is a dense subset of (> in the sup norm topology; that is, for every
x € L and every ¢ > 0, there exists y € % such that sup,cy |z — yi| < €.

Proof. Pick any z € > and € > 0. Let M > 0 be a large integer such that —Me <
x; < Me for all t € N. For every t € N, there exists a unique m € {-M +1,-M +
2,...,M — 1, M} such that (m — 1) < x; < me, and then let y; = me. Obviously,
SUPyen |2t — Y| < e. Since y = (y1,¥2,...) consists of at most finite number of
elements, it follows that y € % . O

10



Let .4 be the set of infinite subsets of N, that is, /"= {N C N: |N| = co}. Pick
any x € %, and let A(z) = {a € R: IN € A4Vt € N, z; = a} be the set of real
values that appear in x = (21, x9, . . .) infinitely many times. Since z is taken from the
universal finite domain, A(z) consists of at most finite number of real values, that is,
1 < JA(z)| < oo. The properties described by the next lemma should be recognized
throughout the subsequent discussion.

Lemma 2. For every * € %, * = MiNgeay)a and T = MaX,ca(y) a- Furthermore,
there exists s € N such that x < x; <7 for all t > s.

Proof. Immediately follows from the definition of the universal finite domain. O
We also remark that for every x € %, both max;cyz; and miney z; are well-

defined.

Step 2. Identifying ranking on the universal finite domain

We first introduce a mild Pareto axiom.

Dominance. For every x,y € [, if v 2y, then x 7 y.

Note that partial Pareto implies dominance.

Lemma 3. If an ordering 7= on (> satisfies weak Pareto and sup continuity, then it
satisfies dominance.

Proof. Easy. O

The next axiom is a somewhat stronger version of non-substitution.

Strong non-substitution. For every x,y € (>, if there exist a finite subset N' C N,
an infinite subset N' C N and & > 0 such that

vy < g for allt € N,
v +e <y forallteN,
=y, for allt ¢ N UN"

then y - x.

Lemma 4. If an ordering 7, on (> satisfies full anonymity, dominance, and non-
substitution, then it satisfies strong non-substitution.

Proof. Consider any x,y € % that satisfy the hypothesis of strong non-substitution,
which associates with N C N, N C N and £ > 0. Then, define z € /> by

2=y forallt e N,

11



=x,+¢ foralteN,
= 1, for all t ¢ N UN".

By applying full anonymity and non-substitution |N'|-times, z =~ x. By dominance,
y =z, and so z 7 x. O

Lemma 5. If an ordering 7 on (> satisfies full anonymity, dominance, and non-
substitution, then for every x € % with x < T, it holds that (2,T)ep 7 .

Proof. Let = be an ordering on (> satisfying full anonymity, dominance, and non-
substitution. Pick any x € Z withz <T. Let Ny ={t e N:z; =z}. Let N, C N
be such that |Ny| = oo and |N; \ Ny | = oc.

Define y by

T<L< Ty = Y =T,

teNy =y, ==
otherwise — y; = ;.
Lemma 4 ensures that 7 satisfies strong non-substitution, which implies y 7 z.
Define z by
teNy = 2z, =7,
t ¢ NQ — 2 = T4
Since z is obtained from x by a permutation, by full anonymity, x ~ z. By dominance,
z 7= y. Therefore, x ~ y.
Define w by
T <Y = w = Ea
Yy < T = wy = 2.

Then by dominance, w 77, y, and hence w 77 x. By full anonymity, (z,T),ep ~ w, and
hence (z,7)pep 2= . O

Lemma 6. If an ordering 7, on (> satisfies full anonymity, dominance, and non-
substitution, then for every x € % with x < T, it holds that x 72 (Z,T)rep-

Proof. Let 7~ be an ordering on (> satisfying full anonymity, dominance, and non-
substitution. Pick any x € Z withz <T. Let Ny ={t e N: 2, =7}. Let N, C N
be such that |Ny| = oo and |N; \ Np| = co. Define y by

T+
t€N2:>ytE_2 ,

12



T <T=— Y =2,

otherwise — y; = 14

Lemma 4 ensures that 7 satisfies strong non-substitution, which implies x 7~ y.
Define z by

teN, = 7z =z,
t¢N2:>ZtEl't.

Since z is obtained from x by a permutation, by full anonymity, x ~ z. By dominance,
y 7, z. Therefore, x ~ y.
Define w by

6 <T = wy =2z,
T2 Y= W =7T.

Then by dominance, y 7 w, and hence = 77 w. By full anonymity, (z,T)ep ~ w, and
hence = - (2, T)rep- O

Lemma 7. If an ordering 7, on (> satisfies full anonymity, dominance, and non-
substitution, then for every x € % with x < T, it holds that x ~ (Z,T);ep-

Proof. Immediately follows from Lemmas 5 and 6. O

The following lemma is essentially due to Debreu (1954) and Diamond (1965, p.
172).

Lemma 8. If an ordering 77, on (> satisfies weak Pareto and sup continuity, then
for every x € £, there exists a unique a € R such that x ~ (a)rep-

Proof. Let - be an ordering on ¢*° satisfying weak Pareto and sup continuity. Con-
sider any = € ¢*°. The set of constant streams C' = {(a),ep, € ¢ : Ja € R} is closed
with respect to the sup norm topology. By weak Pareto, both {y € C :y 7= z} and
{y € C': x = y} are non-empty, and they are closed in the sup norm topology. Since
no closed set can be partitioned by two disjoint closed sets in the sup norm topology,
they have a non-empty intersection, that is, there exists a € R such that = ~ (a),ep.
Uniqueness of such a follows from weak Pareto. O

Lemma 9. If an ordering 7~ on (> satisfies weak Pareto, dominance, and strong
non-substitution, then for every v € % and a € R such that x > a, it holds that
T = (a)rep-

13



Proof. Let 2~ be an ordering on (> satisfying weak Pareto, dominance, and strong
non-substitution. Pick any x € % and a € R such that x > a.
Let y € % be such that

Ty < T == Y = Ty,
<1z =Y

z.

x
By dominance, x 7~ y. By strong non-substitution, y - (3 + a)rep- By weak Pareto,

(% + a)pep = (a)rep. Therefore, x> (a)ep. =

Lemma 10. If an ordering 7 on (> satisfies weak Pareto, strong non-substitution,
and sup continuity, then for every x € % with x =T, it holds that x ~ (Z)yep-

Proof. Let 7~ be an ordering on ¢*° satisfying weak Pareto, non-substitution, and sup
continuity. For every x € % with x = T, Lemma 8 implies that there exists a unique
a € R such that z ~ (a).e. It suffices to show that a = z. Note that - satisfies
dominance, too. By Lemma 9, a > x. There exists s € N such that x; = x for all
t> s.

Suppose, by contradiction, that a > x. Define y by

y; < infx, forall t <s,
teN

a—+x

for all t > s.

Then by strong non-substitution, y 22 x. By dominance, (a),ep > y. Hence, (a)pep > ,
a contradiction. Overall, a = x must hold. O

Lemma 11. If an ordering 77, on (> satisfies full anonymity, weak Pareto, non-
substitution, and sup continuity, then there exists a continuous function W : R? — R
such that for every x,y € %, x - y < W(z,7) > W(y,7), and (z,T) > (v,7)
implies W(z,7) > W(y,7). - -

Proof. Let = be an ordering on (> satisfying full anonymity, weak Pareto, non-
substitution, and sup continuity. By Lemmas 7, 8, and 10, for every x € %, there
exists a unique a € [z,7] such that (,7),ep ~ = ~ (a),ep. Then, define W(z,T) = a.
By sup continuity, W is continuous.

By weak Pareto, for every x,y € %, if (x,T) > (y,7), then z > y, and so
W(z,7) > W(y,7). B O

Step 3. Extending the characterization to (>

Lemma 12. For every x € (*° and every € > 0, there erists y € U such that x =y,
T =7, and sup,ey [T — yi] < €.
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Proof. Pick any x € (> and ¢ > 0. By Lemma 1, there exists z € % such that
SUPgen |2t — 2] < e.

Consider the case that ¢ = limxz; exists. Then, there exists s € N such that
|zy — a| < e for all t > s. Define y by

yr = 2z forall t <s—1,
=aqaforall t > s.

Obviously, y € % and it satisfies the desired properties.

Consider the case that limx; does not exist. Then, there exists small § < £ such
that  +0 < T — . Furthermore, by the definitions of the limit inferior and the limit
superior, there exists s € N such that

r—0<wz; <T+0 forallt>s. (4)
Define y by

=z ift>sandzr—90 <z <z+96,
=7 ift>sandT—0 <, <TH+9,

= 7z otherwise.

By construction, y € % and sup,cy |2: —y:| < €. Note that there exist infinitely many
t > swith x—0 < x; < x+0, and infinitely many other ¢t > s with T —0 < x; < T+9.
This fact and (4) imply that y =z and § = 7. O

Lemma 13. If an ordering 7 on (> satisfies full anonymity, weak Pareto, non-
substitution, and sup continuity, then for every x € (>, it holds that © ~ (Z,T)ep-

Proof. Let 7 be an ordering on (> satisfying full anonymity, weak Pareto, non-
substitution, and sup continuity. Pick any x € £*°. By Lemma 12, for every positive
integer k, there exists z¥ € % such that z = ¥, ¥, and supey |z — 2] < 1.

By Lemma 7 or 10, (2, T)ep ~ 2" for all k. Thus by sup continuity, (2,7)ep ~ x. O

rT=1T

The next lemma completes the proof of Theorem 1.

Lemma 14. If an ordering 77, on (> satisfies full anonymity, weak Pareto, non-
substitution, and sup continuity, then there exists a continuous function W : R? — R
such that for every x,y € (*, v = y <= W(z,T) > W(y,7y), and (z,T) > (v,7)
implies W(z,7) > W(y,7). - -

Proof. Let 7 be an ordering on (> satisfying full anonymity, weak Pareto, non-
substitution, and sup continuity. By Lemma 11, there exists a continuous function
W : R* — R such that for every z,v € %, z =, v <= W(z,z) > W(v,v), and
(2,Z) > (v, ) implies W(z,Zz) > W (v, ).

15



Consider any z,y € (. By Lemma 13, v ~ (2,T),ep and y ~ (¥,7)rep- Since
(Eaf)repa (g, g)rep S %a

Y= (2.T)rep Z (Y Drep = W(z,T) 2 W(y,7),

and (z,7) > (y,7) implies W (z,7) > W (y,7). Therefore, W obtained in Lemma 11
is in fact the desired function. O

7.2 Proofs of Corollaries 1 and 2

Proof of Corollary 1. We only prove the “only if” part. It suffices to show that
for all z,y € £, (x) x > y implies W(z,Z) > W(y,7), and (%x) z = y implies
Wiz, @) =W(y,7).

(x) Suppose, by contradiction, that for some z,y € ¢, =z > y and W(y,y) >
W(z,7). Let a € Rbe z > a > y. By weak Hammond, (a)rep = (Y, 7)rep, and
hence W (a,a) > W(y,7). But then W(a,a) > W(z,%), 50 (a)rep = (2,T)rep. This
contradicts weak Pareto.

(xx) Suppose, by contradiction, that for some x,y € (*, z = y and W(z,T) >
W (y,7). By Lemma 8, there exists a € R such that  ~ (a),.,. Since W(a,a) =
W (z,T), one has W(a,a) > W (y,7), and then monotonicity of W implies a > v,
which in turn implies @ > z. Then there exists b € R with « > b > z, and by
weak Pareto and weak Hammond, W (a,a) > W(b,b) > W (z,Z). This contradicts
T~ (Q)rep- O

A
a

Proof of Corollary 2. We only prove the “only if” part. We shall first show that
for every x € (>,
T+T T+7T
H i R

By full anonymity and weak independence from the origin,

T+ r—x
(Oaﬁ)rep ~ (£7 O)T‘epa (07 T)rep ~ (£7 T)Tepv

T+ T—2x T+x TH+2x

(07 T)rep ~ (Taz)repa (Ta T)rep ~ (Eaz)repa

and hence by Theorem 1,

rT+T x+7T
37"’( 9 aT)rep- (5)

Then, for every x,y € £°°, by (5) and weak Pareto,

T+T 2+7T y+y y+y _ _
$§y<:>(_ 7_—)rep,i(_—7_—)rep<:>§+x2y+ya
2 2 2 2 =
which completes the proof. O
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7.3 Proof of Theorem 2

Lemma 15. If an ordering 77, on (> satisfies full anonymity, weak Pareto, non-
substitution, and sup indifference continuity, then for every x € (°° with x < T, it
holds that x ~ (z,T)yep-

Proof. This can be proved by the same way as Lemma 13. U

Lemma 16. If an ordering = on (> satisfies full anonymity, weak Pareto, domi-
nance, non-substitution, and weak Hammond, then for every x,y € % with x >y, it
holds that x > y.

Proof. Let 2~ be an ordering on (> satisfying full anonymity, weak Pareto, dominance,
non-substitution, and weak Hammond. Pick any x,y € % with z > y.

Let 2/ € % be a utility stream that is obtained from z by a permutation such
that x, = x for every odd ¢, and y' be a utility stream that is obtained from y by a
permutation such that y; = y for every odd t. By full anonymity, v ~ 2’ and y ~ y/'.

Let a,b,¢ € R be such that y < ¢ < b < < a = max{maxyey 2y, max;ey y;}. By
weak Hammond, (b)rep =5 (€, )rep- By dominance, (¢, a)pep 2 -

~J

Let s € N be such that z < z} for all t > s. Define z by

z; < min{minx;, miny,} for every t <s
{minz;, miny, } y :

b+
2

for every t > s+ 1.

Lemma 4 ensures that 77 satisfies strong non-substitution, which implies 2z 22 (b);ep-
By weak Pareto, ' = z.
Summarizing, we have

v~ -z (b)rep z (e, a)rep Y ~y,
and hence x > y. O

Lemma 17. If an ordering -, on (> satisfies partial Pareto and strong non-substitution,
then for every x,y € % withy =y =z <7, it holds that x = y.

Proof. Let - be an ordering on ¢ satisfying partial Pareto and non-substitution.
Pick any x,y € % with y =y = 2 < T. There exists a sufficiently large s € N such
thaty=y, =7=2a <z, <Tforallt>s.

Let N = {t€N:t>sand 2, = 7}, and let N’ C N be such that |N’| = co and
IN'\ N’| = oo. Define z by

z; < min{min x;, miny;} — 1 for every t < s
{minz;, miny, } y ,
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T+7T

== for every t € N”,

=y, for any other ¢.

By strong non-substitution, z 77, y. Since x = z and T > # = Z, by partial Pareto,

x > z. Therefore, z > y. O

Lemma 18. If an ordering -, on (> satisfies full anonymity, partial Pareto, non-
substitution, and weak Hammond, then for every x,y € U,

x>y =1x>Y,
T>yz2r=y=— 1>y,
T=y>r=Y=—2~Y.

Proof. Consider any - on (> satisfying full anonymity, partial Pareto, non-substitution,
and weak Hammond. Pick any x,y € % .

If z > y, then by Lemma 16, z > .

Iz >7 >z = y, then by Lemma 7 and partial Pareto, x ~ (Z,T)rep >

(gag)rep ~ Y.
If 7 >y =21z =y, then by Lemma 17, z > y.
IfT=%>x =y, then by Lemma 7, v ~ (2,7)rep ~ (¥, P)rep ~ ¥- O

The next lemma completes the proof of Theorem 2.

Lemma 19. If an ordering = on (> satisfies full anonymity, partial Pareto, non-
substitution, weak Hammond, and sup indifference continuity, then for every x,y €

=,

I

T =Y,
=Yy=2 Y,
=Y

8

VoV
<@

v

[

8|
I

> = T ~Y.

uy

Proof. Immediately follows from Lemmas 15 and 18. O
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Appendix

We show by examples that the axioms in Theorems 1 and 2 are tight; that is, any
one of the axioms is necessary to obtain these characterizations.

For Theorem 1, since any limit leximin shows the necessity of sup continuity, the
following three examples suffice for our purpose.

Example 1 (Weak Pareto for Theorem 1). For every x,y € £, let x ~ .

Example 2 (Full anonymity for Theorem 1). For every x,y € (>, let = 7, y <
z' >y, where o' = (3, 24, 76,...) and ¥ = (Y2, Y4, Y, - - -).

Example 3 (Non-substitution for Theorem 1). For every x,y € £, let x 7 y <
infieny 24 > infien yy.

For Theorem 2, since the limit inferior ordering in Corollary 1 shows the necessity
of partial Pareto and the limit utilitarianism in Corollary 2 shows the necessity of
weak Hammond, the following three examples suffice.

Example 4 (Sup indifference continuity for Theorem 2). Let 2~ be the limit leximin
such that for every z,y € (*° withz =T =y =7,

Y EU = x ~y,
€W andy¢ U = x >y,
Ty ¢ U = x~y.

Example 5 (Full anonymity for Theorem 2). For every z,y € (>, let 7~ be such that

where ' = (21, x3,25,...), 2" = (2,24, %6, -..), ¥ = (Y1,Y3, s, - - .) and y" = (y2, Ya, Y6, - - -)-

Example 6 (Non-substitution for Theorem 2). For every z,y € (> let =~ be such
that

infz, >infy, = = >

ot e ¥

inf z; :inlgyt and x >y =z >y,
te =

teN

inf z;, = inf dz= >~ T >T).
inf o, = infy, and 2 y= @@ Zy<=7T2>7)
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