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Abstract

We consider an allocation problem of an indivisible good and money.
Agents demand the indivisible good and consume it at most one. The
indivisible good is produced with a concave cost function. The agents
must share the cost among them. We construct a new class of rules,
called w-hybrid rules, and characterize them by strategy-proofness,
budget-balance, anonymity, envy-freeness, consumer sovereignty and
non-bossiness, except for measure zero case. We also show that w-
hybrid rules improve the supremal welfare loss compared with the av-
erage cost pricing rule [Moulin (1999) and Moulin and Shenker (2001)].
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1 Introduction

We consider an allocation problem of an indivisible good and money. Agents
demand the indivisible good and consume it at most one. The indivisible
good is produced with a concave cost function. The agents must share the
cost among them.

When the cost function is concave, only one firm survives in the industry,
it sets a monopoly price to the good, and the economy gets into inefficiency.
We aim to solve this problem by the mechanism design approach.

We consider incentive compatible mechanisms (or rules) that elicit from
each agent his preference. We focus on strategy-proof rules, where truthful
report of one’s preference is always a dominant strategy.

It is well-known that no strategy-proof rule attains Pareto-efficient allo-
cations (except for a trivial case such as a linear cost function) [Holmstrém
(1979)]. So, we must give up the first best efficiency. Holmstrém (1979)
has got a more strong result which suggests that the class of Groves rules
is the only one of strategy-proof rules satisfying decision-efficiency. A rule
is decision-efficient if it selects an allocation of good that maximizes the
aggregate valuation minus production cost. This condition has been often
considered as a one of the second best efficiency. However, Groves rules are
emerged budget-surplus or budget-deficit, or both. When budget-surplus
emerges, we must waste the surplus to keep strategy-proofness. It may be
difficult for a society to accept to do this. When budget-deficit emerges, we
must offset the shortage from someone. If it is collected from the agents,
then strategy-proofness violates. Thus, it is important to consider the rules
satisfying budget-balance as the second best efficiency.

The average cost pricing rule is one of the rules satisfying strategy-
proofness and budget-balance. It also satisfies coalitionally strategy-proofness,
voluntary participation, consumer sovereignty and non-negative payment,
[Moulin (1999)]. Among the class of rules satisfying them, the average cost
pricing rule achieves the least supremal welfare loss [Moulin and Shenker
(2001)]. The supremal welfare loss of a rule is the supremal value of the
welfare loss occurring by the rule.

In a binary excludable public good model that is a special case of this
problem, Ohseto (2005) has extended the average cost pricing rule (called
the serial rule in that context) and constructed a new class of rules, called
the augmented serial rules. They satisfy strategy-proofness, budget-balance,
envy-freeness, consumer sovereignty (called access independence in that con-
text) and non-bossiness, and improve the supremal welfare loss compared
with the serial rule.

We use Ohseto’s idea to improve the supremal welfare loss on the general



case. We construct a new class of rules, called w-hybrid rules, and charac-
terize them by strategy-proofness, budget-balance, anonymity, envy-freeness,
consumer sovereignty and non-bossiness, except for measure zero case. We
also show that w-hybrid rules improve the supremal welfare loss compared
with the average cost pricing rule.

In Section 2, we set up the model. In Section 3, we define the axioms.
In Section 4, we introduce the rules. In Section 5, we state the results. In
Appendix, we give all proofs.

2 Model

Let N = {1,...,n} be the set of agents. There are a good with indivisible
units and money. Each agent wants at most one unit of the good. The cost
of producing k € {0, 1,...,n} units of the good is denoted by ¢; € R, which
is shared among the agents with money. We assume that the cost function
is nondecreasing and concave and that there is no fixed cost. Formally,
we assume that for all k& € {1,...,n}, if £ < K/, then ¢, < ¢p and
Cp — Cp—1 > Cp — Cpr—1, and that ¢ = 0. To avoid a trivial cost function, we
also assume that ¢; > 0.

Each agent ¢ € N is assigned a good ¢; € {0,1} and his cost share
p; € R. Each agent i € N has a quasi-linear preference on {0,1} x R, i.e.,
if agent ¢’s valuation for the good is v; € V' = R,, then his preference for
(¢i,pi) € {0,1} x R is represented by

ui((gi, pi); vi) = vigi — s

Alist v = (vi)ien € V™ is a wvaluation profile. Let Z = {(¢,p) =
(@i, pi)ien € {0,1}" x R™ = 3.\ pi = ¢, where k =Y.\ ¢;} be the set of
feasible allocations.! A rule is a function f from V" to Z. Given a rule f and
a valuation profile v € V™, we denote by f;(v) = (¢:(v),p:(v)) € {0,1} x R,
agent ¢’s allocation under f(v), and by ¢(v) and p(v), the profile (¢;(v))ien
and (p;(v))ien, respectively. Given v € V™ and N’ C N, vy € V#V' and
v_n € VNN denote (v;)jen and (v;);¢n, Tespectively.

3 Axioms
We consider rules satisfying the following conditions. At first, we introduce

an incentive compatible condition that it is a dominant strategy for any agent
to report his true valuation.

!The condition > ien Pi = ¢ has often been called budget balance.
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Definition A rule f is strategy-proof if for all v € V" all ¢ € N and all
vl € V, we have u;(fi(v);v;) > wi( fi(vi,v—);v5).

Coalitional strategy-proofness® says that if no member in N’ C N is made
worse off by changing from vy to vy, then no member of N’ is made better
off.

Definition A rule f is coalitionally strategy-proof if for all v € V™, for all
N’ C N and for all vy, € V#Y' we have that if for all i € N', u;(fi(viyr, v_nv);v5) >
wi(fi(v);v;), then for all i € N', w;(fi(Vr, v—n');v:) = wi(fi(v); v;).

Next, we introduce two conditions of equity. Anonymity says that a rule
is defined independently of the names of the agents. For any permutation
(i.e., bijection) 7 : N — N and v € V", let v™ € V" be the valuation profile
of which the 7(7)-th coordinate is the i-th one of v.

Definition A rule f is anonymous if for any v € V", any permutation m
and any i € N, we have fr;)(v™) = fi(v).

Envy-freeness says that the rule assigns allocations under which no agent
prefer another agent’s allocation to his own.

Definition A rule f is envy-free if for all v € V™ and all 4,5 € N, we have
wi(fi(v);vi) = wi(f5(v); vi).

Voluntary Participation says that the rule assigns allocations under which
no agent prefer the status quo allocation to his own.

Definition A rule f satisfies voluntary participation if for all v € V™ and
all i € N, we have u;(f;(v);v;) > u;((0,0); v;).

Consumer Sovereignty says that each agent has the option to get the
good and the option not to get it regardless of the other agents’ preferences.

Definition A rule f satisfies consumer sovereignty if for all ¢ € N, there
exist v;,v; € V such that for all v_; € V"' we have ¢;(v) = 1 and
¢ (vi,v_;) = 0.

Definition A rule f satisfies non-negative payment if for all v € V" and
for all i € N, we have p;(v) > 0.

2This condition is often called strong group strategy-proofness, for example, by Mu-
tuswami (2005).



Finally, non-bossiness says that if the allocation of an agent remains
unchanged by changing his preference, then the allocations of the others also
do.

Definition A rule f is non-bossy if for allv € V" alli € N, and all v} € V|
we have that f;(v) = fi(v},v_;) implies f(v) = f(v}, v_;).

4 Rules

Definition Forallt =1,...,n, let L,(v) = {i € N|v; > %}. The largest
unanimous consumers’ coalition at v € V™, denoted by A(v), is defined by

1. if there exists a € {1,...,n} such that #L,(v) = a, and for all integer
t (a<t<mn), #Lv) <t, then A(v) = L,(v), and

2. otherwise A(v) = ().

Definition A rule f is the average cost pricing rule if for all v € V™, if
i € A(v) then fi(v) = (1,%), and if 7+ ¢ A(v) then f;(v) = (0,0), where
a=#A(v).

Definition For all t = 1,...,n, let Sy(v) = {i € N|v; < ===t} The
largest unanimous non-consumers’ coalition at v € V", denoted by B(v), is
defined by

1. if there exists b € {1,...,n} such that #S5,(v) = b, and for all integer
t (b<t<n), #Si(v) <t, then B(v) = Sy(v), and

2. otherwise B(v) = 0.

Definition A rule f is the dual rule if for all v € V", if i ¢ B(v) then
filv) = (1,), and if i € B(v) then f;(v) = (0, $[cop — (n —b)]). where
b= #B(v).

Definition Let w € {1,...,n}. A rule f is the w-hybrid rule if for all
ve V",

L. when #L,(v) < w, if i € A(v) then fi(v) = (1,%), and if i ¢ A(v)
then f;(v) = (0,0),

2. when #L,(v) > w, if i ¢ B(v) then f;(v) = (1,%), and if i € B(v)
= (0,

then f;(v) %[Cn b— (n—b)%]).
where a = #A(v) and b = #B(v).
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Remark 1 Note that when w equals to n, w-hybrid rule is welfare equivalent
to the average cost pricing rule. If some agent’s valuation is not larger than or
equal to %, that is, # L, (v) < n, then each agent’s allocation is determined
by the definition of the average cost pricing rule. If each agent’s valuation is
larger than or equal to ©*, that is #L,(v) > n, and some agent’s valuation is
larger than =, then B(v) = (). Thus each agent’s allocation is (1, *) which
is the same allocation as the one determined by the average cost pricing
rule. If each agent’s valuation is equal to °, that is #L,(v) > n, then
B(v) = S,(v) = N, and each agent’s allocation is (0,0) which is indifferent
to the allocation of the average cost pricing rule. Note also that when w
equals to 1, w-hybrid rule is identical to the dual rule.

Remark 2 Let w be such that 1 < w < n. w-hybrid rule does not necessar-
ily satisfy coalitional strategy-proofness. For example, let n > 3 and w be
such that 1 < w < n, and assume that < > = > 0. Let v; = 2 +¢

( for sufficiently small € > 0), vy = --- = v, = 2, and V41 = -+ =
vy, = 0 Then, fi(v) = - - = fuv) = (1,%2) and fy(v) = - = fulv) =
(0, = [c,, — we]). If agent 2 announces his valuation as 0, then all agent’s

allocations change to (0,0). Agent 2 is indifferent in both case, however,
agent n strictly prefers (0,0) to (0, ——[c,, — w<]).

5 Results

We state results. All proofs are in Appendix.

Theorem 1 Foreachw € {1,...,n}, w-hybrid rule satisfies strategy-proofness,
anonymity, envy-freeness, consumer sovereignty and non-bossiness.

Theorem 2 If f satisfies strategy-proofness, anonymity, envy-freeness, con-
sumer sovereignty and non-bossiness, then for some w = 1,...,n, f coincides

with w-hybrid rule on (V' \ ({4} U {S==t}pm U {< ).

Definition [ is weakly Pareto-dominated by f if for any v € V™ and for
any ¢ € N, we have u;(f;(v);v;) > wi(fi(v); ;).

Theorem 3 If f satisfies strategy-proofness, anonymity, envy-freeness, con-
sumer sovereignty and non-bossiness, then for some w = 1,...,n, f is weakly
Pareto-dominated by w-hybrid rule on (V' \ {<})".

Definition An allocation of good ¢* is efficient at v € V"™ if there exists
no ¢ such that >0  vq — ¢, > > i vigf — ¢+, where k = Y7 | ¢; and
k=304



Definition For any rule f, the supremal welfare loss of f is defined by

n n

sup [Z Vig; — Cp — (Z vigi(v) — el

veVT s i=1

where ¢* is an efficient allocation of good at v, and k* = >  ¢F and k =

> e 6i(v).

Fact (Moulin (1999) and Moulin and Shenker (2001)) Among the rules
satisfying coalitionally strategy-proofness, voluntary participation, consumer
sovereignty and non-negative payment, the average cost pricing rule attains
the minimal value of the supremal welfare loss which can be calculated by

n

Zcz'
— — Cp.
(3

=1

Theorem 4 Let w = 1,...,n. The supremal welfare loss of w-hybrid rule
is max{)_ ;" ! %+ (n (w — 1)) —cp, — (w300 f 1) )}

Remark 3 Given w = 1,...,n. The order between S "' L+ (n—(w-—

1)) — ¢, and —(w + ZZ "ol Z"—fll) — ¢,) depends on the cost function

under consideration. For example let n =3 and w = 2 Then, in the case of
c1 = ¢ = c3 = 10, the former is 3 , and the later is In the case of ¢; = 5

and ¢y = ¢3 = 10, the former is 3, and the later is 130

3

Remark 4 The order between the supremal welfare losses of the average
cost pricing rule and of the dual rule depends on the cost function under
consideration. For example, let n = 3. Then, in the case of ¢; = ¢ = ¢35 = 10,
the supremal welfare loss of the average cost pricing rule (that is, w = n =3)

is 2, and the supremal welfare loss of the dual rule (that is, w = 1) is 2. In
the case of c; = 5 and co = c3 = 10, the supremal welfare loss of the average
cost pricing rule is F’ and the supremal welfare loss of the dual rule is 265

Remark 5 The first component of the supremal welfare loss of w-hybrid rule

in Theorem 4, that is, 07" & “+(n—(w—1))% —c,, is non-decreasing in w.
On the other hand, the second component, that is, —(we+37" . = ch = -

Cn), 1s non-increasing in w.

Corollary 1 The supremal welfare loss of the average cost pricing rule (that
is, n-hybrid rule) is larger than or equal to the one of n — 1-hybrid rule. The
supremal welfare loss of the dula rule (that is, 1-hybrid rule) is larger than
or equal to the one of 2-hybrid rule.



Remark 6 By Corollary 1, n — 1-hybrid rule is at least better than the av-
erage cost pricing rule (n-hybrid rule) from the point of view of the supremal
welfare loss. However, we have not had a simple condition for finding the
optimal w € {1,...,n} yet.

6 Appendix

6.1 Proof of Theorem 1:
Proof of Theorem 1: Let w € {1,...,n}, and f be w-hybrid rule.

(1) Strategy-proofness: Let v € V™ i € N and v, € V. We divide the
arguments into four cases.

Case 1. #L,(v) <w and i € A(v).
Let a = #A(v). This case means that

Ca
i(v) = (1, —
fl) = (1.52)
Since i € A(v), we must have
Ca _ Cn
(i
a~n

Since v; > % and #L,(v) < w, we have
BLo(0v_) < #La(v) < w

We divide this case into two sub-cases.
Sub-case 1-1. #L,(vi,v_;) <w and i € A(v},v_;).
Let o' = #A(v],v_;). This sub-case means that

o) 1,
fi(vivv—i) - (17 a )

We claim a = a’. Assume, to the contrary, that a # a’. Since i € A(v},v_;),
we must have

’

V.

v
|

S\
2 |&

If a < d’, then we have
(%%
(4 —

IV
e |&
[V

a’
Since v; > % v/ > %2’ and the other members do not change their valuations
i a0 Yi )

a’
we must have

#La/(v) = a’.

8



However, from the definition of A(:), for all integer ¢ (a < t < n), we must
have #L;(v) < t. This is a contradiction. If a > o, then we have
Cq/

>
a —

/
vy >

Iy

Since v; > “, v; > “ and the other members do not change their valuations,

T — a

we must have
#L,(vi,v_;) = a.

However, from the definition of A(-), for all integer ¢ (¢’ <t < n), we must
have #L;(v},v_;) < t. This is a contradiction. So, we have a = a’. Thus the
agent ¢ does not manipulate at v by v.

Sub-case 1-2. #L,(vi,v_;) <w and i ¢ A(v},v_;).
This sub-case means that

fi(vi,v—;) = (0,0).

Since v; > . we have

C
Ul'——aZO.
a

Thus the agent ¢ does not manipulate at v by v;.
Case 2. #L,(v) <w and i ¢ A(v).
This case means that
fi(v) = (0,0).
We divide this case into four sub-cases.
Sub-case 2-1. #Ly(v),v_;) < w and i € A(v],v_;).
Let a’ = #A(v,v_;). This sub-case means that

).

Cq!

fi(vé,v_i) = (1,

a/

We claim v; < 2. Assume, to the contrary, that v; > 4. Since i €
A(v},v_;), we must have
1~ Ca
a
Ca/

Since v; > <, v >
a
we must have

%’ and the other members do not change their valuations,

CLI
a

#Ly(v)=d.
It implies A(v) # 0. Let a = #A(v). Since i ¢ A(v), it holds that

Vi < —.



From the definition of A(-), for all integer ¢ (¢ < ¢t < n), we must have
#L,(v) < t. So, it holds that a > «’. However, it implies

Cq! Cq

a .

This is a contradiction. So, we have v; < %’ Then it holds that

Cq!

0> v, — 2,
a

Thus the agent ¢ does not manipulate at v by v;.
Sub-case 2-2. #L,(vi,v_;) <w and i ¢ A(v],v_;).

This sub-case means that
fz‘(’U;, U—i) = (O, O)

Thus the agent ¢ does not manipulate at v by v..
Sub-case 2-3. #L,(vj,v_;) > w and ¢ ¢ B(v},v_;).
This sub-case means that

filvh ooy = (1,2,

n
Since #L,(v) < w and #L,(v},v_;) > w, we must have

Cn
v < —.
n

Then we have c
0>wv — =,
n

Thus the agent ¢ does not manipulate at v by v..
Sub-case 2-4. #L,(vi,v_;) > w and i € B(v,v_;).
Since #L,(v) < w and #L,(v},v_;) > w, we must have

C

/ n
Ui Z R
n
Since i € B(v},v_;), we must have
Cn
v = —,
n

So, it holds that
B(v;,v_;) = S, (v}, v_;),

that is, b = n. Thus f;(v},v_;) = (0,0), and the agent ¢ does not manipulate
at v by v].
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Case 3. #L,(v) > w and i ¢ B(v).
This case means that c
fi) = (1,2,
We divide this case into four sub-cases.
Sub-case 3-1. #L,(vi,v_;) <w and i € A(v},v_,;).
Since #L,(v) > w and #L,(v},v_;) < w, we must have

CTL
v < —,
n

which contradicts to i € A(v},v_;). Thus this sub-case does not occur.
Sub-case 3-2. #Ly(v),v_;) < w and i ¢ A(v],v_;).
This sub-case means that

fi(U;, ’U,i) = (O, O)
Since #L,(v) > w and #L,(v},v_;) < w, we must have

V; Z —.
Then we have

C
UZ——nzo
n

Thus the agent ¢ does not manipulate at v by v;.
Sub-case 3-3. #L,(vj,v_;) > w and i ¢ B(v},v_;).
This sub-case means that

filvh o) = (1,7).

Thus the agent ¢ does not manipulate at v by v..
Sub-case 3-4. #L,(vi,v_;) > w and i € B(v,,v_;).
Let b’ = #B(v},v_;). This case means that

1 c
fiv,v_) = (0, S feny — (n = V) =]).
b n
We claim v; > C"_g,"‘b’. Assume, to the contrary, that v; < C"_gf‘b'. Since
i € B(v,v_;), we must have
’U; S Cp — Cp—p!

bl

. Cn—=C,, _ Cn—C, _ .
Since v; < ==, v; < === and the other members do not change their

valuations, we must have

#Sb/(v) =V
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It implies B(v) # 0. Let b = #B(v). Since i ¢ B(v), it holds that

Cn — Cn—b

b

From the definition of B(-), for all integer ¢ (b < ¢ < n), we must have
#5,(v) < t. So, it holds that b > '. However, it implies

Vi >

Cn — Cp—y < Cn — Cnfb‘

Ui<

- b - b

This is a contradiction. So, we have v; > c”_Z,"*b’. Then it holds that

Cn, 1 Cn,
Vg —— > —E[Cn_b/ — (TL — b/)—]

n n

Thus the agent i does not manipulate at v by v..
Case 4. #L,(v) > w and i € B(v).
Let b = #B(v). This case means that

1 Cn
filv) = (0, 7 len—s = (n = b) 7).
Since i € B(v), we must have
V; < —Cn — Cn—b.

- b
We divide this case into four sub-cases.
Sub-case 4-1. #L,(vj,v_;) < w and i € A(v},v_;).
Since #L,(v) > w and #L,(v},v_;) < w, we must have

C
/ n
n

which contradicts to ¢ € A(v},v_;). Thus this sub-case does not occur.
Sub-case 4-2. #Ly,(v),v_;) < w and i ¢ A(v],v_;).
This sub-case means that

fi(vga U—i) = <07 O)

We claim b = n. Since #L,,(v) > w and #L,(v},v_;) < w, we must have

Since i € B(v), we must have



So, it holds that
B(U) = STL(”)?
that is, b = n. Thus f;(v) = (0,0), and the agent i does not manipulate at v
by v;.
Sub-case 4-3. #L,(vi,v_;) > w and i ¢ B(v,,v_;).
This sub-case means that

filvhv-) = (1,75).

Since v; < “="=t we must have
1 C, Cy,
——lchp— (N —=0)—| > v; — —.
b[nb ( )n]— i n

Thus the agent ¢ does not manipulate at v by v..
Sub-case 4-4. #L,(vi,v_;) > w and i € B(v,,v_;).
Let v/ = #B(v},v_;). This sub-case means that

Ji(wl0) = (0, gleay — (0 — ) 2),

We claim b = V. Assume, to the contrary, that b # /. Since i € B(v},v_;),

we must have
n — Cn—p/

’U/~ < ¢
- %
If b < V', then we have

Cn — Cn—p < Cn — Cp—v

Ui<

- b - b

. Cn—C, _ Cn—C,,_ .
Since v; < Tb/’ vl < x Y and the other members do not change their

valuations, we must have
#Sy(l)) = b/.

However, from the definition of B(-), for all integer ¢ (b <t < n), we must
have #5S;(v) < t. This is a contradiction. If b > ¥/, then we have

n — Cn—b/ < Cp — Cnfb‘

b - b

, ¢
v; <

Since v; < , v < % and the other members do not change their
valuations, we must have

Cn—Cn—p
b

#Sy(vi,v_;) = b.
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However, from the definition of B(-), for all integer ¢ () < t < n), we must
have #5;(v},v_;) < t. This is a contradiction. So, we have b = '. Thus the
agent ¢ does not manipulate at v by v.

(2) Anonymity: Omission.

(3) Envy-freeness: Let v € V™. We divide the argument into two cases.
Case 1. #{i € N|v; > =} < w.

Let A(v) be the largest unanimous consumers’ coalition at v, and a = #A(v).

Since the payments are equal across the consumers (non-consumers), the

consumers (non-consumers) do not envy each other. So, we consider 0 < a <

n. Let 4,7 € N be such that f;(v) = (1,%) and f;(v) = (0,0). Since v; > %,

it holds that

c
V; — - Z 0.
a
Since v; < ¢, it holds that
¢
0> Vj — -,
a

Thus, no agent envies others.

Case 2. #{i € N|v; > =} > w.
Let B(v) be the largest unanimous non-consumers’ coalition at v, and b =
#B(v). Since the payments are equal across the consumers (non-consumers),
the consumers (non-consumers) do not envy each other. So, we consider
0 < b < n. Since the agents which consume (do not consume) the good pay
the same amounts, they do not envy each other. Let ¢, € N be such that
filv) = (1,%) and f;(v) = (0, 3[ch—p — (n — b)<2]). Since v; > === it
holds that

C, 1

Cn
V; — g > —E[Cn_b - (n - b)g}

Since v; < c”_g”*”, it holds that

1 Ch, Cn
——lecnp—(n—0b)—] >v; — —.
b[ n—b ( ) TL] = J n
Thus, no agent envies others.
(4) consumer sovereignty: Omission.
(5) non-bossiness: Omission. 0
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6.2 Proof of Theorem 2:

Let f be a rule satisfying strategy-proofness, anonymity, envy-freeness, con-
sumer sovereignty and non-bossiness. At first, we prove several lemmas.
Lemma 1 states that if for two valuation profiles the rule assigns the same
good allocation, then it also assigns the same cost share.

Lemma 1 For all v,0v" € V" if q(v) = q(v'), then p(v) = p(v').

Proof of Lemma 1: Let v,v" € V" be such ¢(v) = q(¢v'). Let v" € V™ be
such that for all i € N, if ¢;(v) = 1 then v = max{v;, v}, and if ¢;(v) =0
then v = min{v;, v;}. By strategy-proofness, we have

fiv,v=) = fi(v) and fi(vf,vl;) = fi(v).
By non-bossiness, we have
fi,v_) = fv) and f(v],v2;) = f(v/).

Repeating this argument for all i € N, we have

fQ") = f(v) and f(u") = f(v').
Hence, p(v) = p(v'). O
Remark 7 By envy-freeness, it holds that for all v € V™ and for all 4, j € N,
if ¢;(v) = ¢;(v) then p;(v) = p;(v).

Lemma 2 states that for two valuation profiles if the rule assigns the
good allocations which are the same amount of good, then both consumers
(non-consumers) pay the same amount.

Lemma 2 For all v,v" € V" and for all i,j € N, if #q(v) = #q(v') and
qi(v) = ¢;(v'), then p;(v) = p; (V).

Proof of Lemma 2: Let v,v" € V" and i,7 € N be such that #q(v) =
#q(v') and ¢;(v) = ¢;(v’). Consider a permutation 7 : N — N as follows:

1. 7(i) = j
2. foreach h € {h' € N\{i}|gw(v) =0}, w(h) € {I € N\{j}qw (') =0}
3. foreach h € {h' € N\{i}|gnw(v) =1}, w(h) € {h" € N\{j}|qgw (V') = 1}.
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Then, by anonymity, it hold that

¢5(V") = ¢z (V") = 4i(v) = ¢;(v)
and for each h € N\ {i},

Gn () (V) = qu(0) = Gy (V).
That is, ¢(v™) = g(v’). Then, by Lemma 1, we have
p(v") = p(v').

By anonymity, we have

Pi(v) = Prp(v7) = p;(v7) = p;(v').

O

Remark 8 Since, by Lemma 2, consumers’ and non-consumers’ payments
depend only on production level, these are denoted by p'(k) and p°(k) when
production level is k, respectively.

Lemma 3 states that the larger the number of consumers is, the larger
(smaller) the non-consumers’ (consumers’) payment is.

Lemma 3 Forall k =0,...,n—2and forall ¥ =1,... . n—1,if k <k,
then pY(k) < p°(K') and p'(k + 1) > p' (K + 1).

Proof of Lemma 3: Let k=0,...,n—2and k' =1,...,n—1 be such that
k < k'. At first, we show that p°(k) < p°(k + 1). Assume, to the contrary,
that p°(k) > p°(k + 1). By consumer sovereignty, we have

77777777

and

By strategy-proofness and consumer sovereignty, it holds that
p'(k+1) = p°(k) > 0.

Let v1 € V be such that p'(k + 1) — p°(k) < vpy < p'(k+1) — p°(k + 1).
Then, by strategy-proofness, it holds that

However, we have
—p°(k+1) > vy —p(k + 1),
which contradicts to envy-freeness. Thus, we have p°(k) < p°(k + 1). By
repeating the same argument, we have p°(k) < p°(k').
In a similar way, we can show that p!(k + 1) > p*(k' + 1). O
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Lemma 4, 5 and 6 state the relationship between p°(-) and p'(-).
Lemma 4 For any [ = 0,...,n — 2, we have either p°(l) = p°(l + 1) or
pl(l+1)=p(l+2).

Proof of Lemma 4: Assume, to the contrary, that for somel =0, ..., n—2,
p°(1) < p°(1+1) and p*(I +1) > p'(l +2). Let 9, € V be such that

PHI+2)—p"(1+1) <ty < p'(l+2) —p°0).
Let 99 € V be such that
PHl+2) = p°(1) <0 <p'(l+1) = p°(D).

In the following discussion, we always assume that each agent i = 3,...,n—1
has v?, and each agent @ = n — [ + 1,...,n has v}. For simplicity of
notation, for all vy,vy € V, and for each i = 1,2, we use f;(vi,v9) as

Since, by consumer sovereignty, fi(v9,09) = (0,p°(1)) and fi(vi,09) =
(1,p'(1 + 1)), by strategy-proofness, we have
fl(@lﬂvg) = (0,p0(l))
By non-bossiness, it holds that
fZ(@I;U(Q)) = (0,p0(l)). (1)
Since, by consumer sovereignty, fi(v?,vi) = (0,p°(1 + 1)) and fi(vi,vl) =
(1,p' (1 + 2)), by strategy-proofness, we have
filin,vy) = (1,p1(1+2)).
By non-bossiness, it holds that
fa(01,05) = (L,p' (1 +2)). (2)
From (1) and (2), by strategy-proofness, we have
fg(@l, 172) = (1,p1(l + 2))
By non-bossiness, it holds that
fl(/lA)l,ﬁg) = (1,p1(l+2)) (3)
Since, by consumer sovereignty, fo(v?,v9) = (0,p°(1)) and fo(v9,vd) = (1, p*(I+
1)), by strategy-proofness, we have
f2(v1,72) = (0,p°(1)).
By non-bossiness, it holds that
fi(v,72) = (0,p°(1)). (4)

However, (3) and (4) contradict to strategy-proofness. O
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Lemma 5 For any m =0,...,n—2 and for any [ = 0,...,n —m — 2, we
have either p°(1) = p°(I +1) or p*(l+m + 1) = p'(l + m + 2).

Proof of Lemma 5: We prove this Lemma with following induction.
1. Foralll=0,...,n—2,p°(1) =p°(l+ 1) or p*(l +1) =p'(l +2).

2. Forallm=1,...,n—2,if for all m" = 0,...,m — 1 and for all I’ =
0,...,n—m/—=2,p°(l') = p°(I'+1) or p*(I'+m/'+1) = p*(I'+m/+2), then
foralll =0,...,n—m—2, p°(l) = p°(I+1) or p'(I+m+1) = p*(I+m+2).

The first part of this induction is valid from Lemma 4. So, we prove the
second part of this induction.
Letm =1,...,n—2. Assume, to the contrary, that for somel =0,...,n—
m — 2,
P°() < p’(l+1) and p*(I +m+1) > p (I +m+2).
From the hypothesis of the induction, we have?
P <p’(l+1)=p"(1+2)=-=p"(l+m+1)
and*
pPrU+1)=---=pl+m)=p" (I+m+1)>p'(I+m+2).
For each i =1,...,m+ 1, let v; € V be such that
p!(l+m+2)=p°(14+1) < 0; < min{p' (I+m+1)—p°((+1), p" (I+m+2)—p°(1)}.
Let 0,40 € V be such that
Pl +m+2) = p°(l) < Tpya < p'(L+m+1) = p°(0).

In the following discussion, we always assume that each agent i = m +

3,...,n—1has v} and each agent j =n —1+1,...,n has v;. For simplicity
of notation, for all vy,...,v,10 € V, and for each ¢t = 1,...,m + 2, we use
fi(vis oo Uma) a8 fi(01, - U, Wi 1y Vln i1, o))

Claim 1: For allt =0,...,m+ 1 and for all ' =1,...,m+ 2 —t, the
amounts of goods produced by f at (@{17---7@’U({)t+1,...7t+t’}7U%t-{-t’—i—l,...,m—i—?}) is
l+m+2—(t+1).

We prove this claim by the following induction.

3From pt(l +m + 1) > pt(l +m + 2), by setting I’ = [ +m — m/ and m’ = 0 in the
hypothesis, we have p°(I +m) = p°(I+m +1). By setting I’ = [+m —m/ and m’ = 1, we
have p°(l +m — 1) = p°(I + m). Finally, by setting I’ = +m —m’ and m’ = m — 1, we
have p°(1 + 1) = p°(1 + 2).

4From p°(l) < p°(I + 1), by setting I’ = [ and m’ = 0 in the hypothesis, we have
pl(l+1) = p*(l +2). By setting I’ = [ and m’ = 1, we have p'(l +2) = p' (I + 3). Finally,
by setting I’ = and m’ = m — 1, we have p*(l +m) = p'(I + m + 1).
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1. For all ¥ = 1,...,m + 2, the amounts of goods produced by f at
(U?l,._.,t/}7 U«%t’+1,_,_,m+2}) isl+m+2—t.

2. Forallt=1,...,m+1,ifforallt" =1,...,m+2—(t—1), the amounts
of goods produced by f at <ﬁ{17--~»t—1}’U?t,...,t—l—t”—l}’U%t+t”,...,m+2}) is | +

m+2— (t+t"—1), then for all ¢/ =1,...,m+ 2 — ¢, the amounts of
goods produced by f at (1,4, U({)t—l-l,...,t—l-t’}’ U%t+t’+1,...,m+2}) isl+m+
2—(t+1).

The first part of this induction is obvious by consumer sovereignty. So,
we prove the second part. Let t € N be such that 1 <t <m+1. Let /! € N
be such that 1 <# < m + 2 —t. Since, by the hypothesis of this induction,
we have

Jev (@{1,...,t71}, U«({)t,...,t+t’—1}> Ut1+t/a U%t+t’+17...7m+2}) = (17 pl (H‘T’H‘Q— (H‘t,_ 1)))

and®

ft+t'(?7{1 ..... t—l}yU({)t,...,t+t/fl}vvg+t’7U%t+t’+1,...,m+2}) = (O,po(l—l—m+2— (t—l—t/))),

by strategy-proofness, it holds that

Jerv (@{1,...71:—1}: U?t,...,t+t'—1}7 Vgpr, U%t+t’+1,...,m+2}) = (O,po(l+m+2 - (t‘f't,)))-

By anonymity, we have

ft(@{l,...,t}a U«?t—}—l,...,t—&—t’}? U{lt+t'+1,...,m+2}) = (Oapo(l +m+2—(t+1))).

Thus, the amounts of goods produced by f at (01,4, vf{’t+17m7t+t,}, U%t+t,+17m7m+2}>
isl+m+2—(t+1t).

Claim 2: The amounts of goods produced by f at (071, 413, v o) s L.

Set t = m + 1 and ¢ = 1 in the claim 1. Then, the amounts of goods
produced by f at (01, m+1},000) i8 L.

Claim 3: The amounts of goods produced by f at (01, m+1}, Vo) 18
[4+m+ 2.

We prove this claim by the following induction.

5By the hypothesis of this induction, we have

= (0,p°(l+m+2—(t+t"-1)))
= (0,p°(+m+2—(t+1t))).
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1. The amounts of goods produced by f at (U%L___7m+2}) isl+m+ 2.

2. For all t = 1,...,m + 1, if the amounts of goods produced by f at
(g1, -1} U«%t,...,m+2}> is [ +m + 2, then the amounts of goods produced
by f at (@{17---715}’U%t+1,...7m+2}> isl+m+2.

The first part of this induction is obvious by consumer sovereignty. So,
we prove the second part. Let ¢ € N be such that 1 <t < m + 1. By the
hypothesis of this induction, we have

ft(@{l,,..,t—l}, Utla U%t+1,...,m+2}) = (Lpl(l +m+ 2))

By setting t and ¢’ in the claim 1 as ¢t —1 and 1 in this induction, respectively
we have

fildq, ey, vy, U%t+1,...,m+2}) = (0,p°(l+m+2—1)).

Then, by strategy-proofness, it holds that
ft(ﬁ{l,...,t—l}v r&ta U«%t+1,.A.,m+2}) = (17p1 (l +m+ 2))

77777

m + 2.

From this induction, we have that the amounts of goods produced by f
at (Og1, mt1}s Uppyo) 18 L4+ m + 2.

Claim 4: The amounts of goods produced by f at (01, . m+1}, Umtz) is
[+m+ 2.

From the claims 2 and 3, we have that

fm+2(@{1,...,m+1}7 U9n+2) = (07 po(l))

and
fm+2(@{17...,m+1}7 Urln+2) = (17p1 (l + m + 2))
By strategy-proofness, it holds that

Fm2(0g1, 13y Ome2) = (L, p (1 +m +2)).

Thus, the amounts of goods produced by f at (071, m+1}, Um+2) is L +m +2.
Claim 5: The amounts of goods produced by f at (91, my, Voys1s Omt2)
is [.
By setting ¢ and ¢’ in the claim 1 as m and 2 in this claim, respectively,
we have

fm+2(@{1,...,m}a Ugn-f—la Ug1+2) = (07p0(l))
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By setting ¢ and ¢’ in the claim 1 as m and 1 in this claim, respectively, we
have

fm+2(@{1,...,m}7U21+17U11n+2> = (1,p (I +1)).
Then, by strategy-proofness, it holds that

fm+2(ﬁ{1,...,m}a U»(y)n+17 {}m-‘r?) = (07p0(l))

Thus, the amounts of goods produced by f at (Og1,._m}, Uy 1, Uma2) 18 L.
Finally, we derive a contradiction. From the claims 4 and 5, we have

fm+1 (@{1,...,m}7 '&erla 6m+2) = (Lpl (l +m+ 2))

and
fm+1(@{1,4..,m}7 U%H, 77m+2) = (Oapo(l))-

These contradict to strategy-proofness. a
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Cn

Lemma 6 For all  =1,...,n — 1, we have either p°(l) = 0 or p'(l) = &

Proof of Lemma 6: Let [=1,...,n—1. When p°(l) > 0,let I’ =1,...,1
be the smallest number such that p°(l’) > 0 = p%(0). Then, by Lemma 5,
for all I” = 1',... ,n, we have p'(I") = & = p'(n). Thus, p'(l) = <. When

p'(l) < &, by the similar argument, we have p°(l) = 0. O
Remark 9 By Lemma 6, for any [ = 1,...,n—1,if p°(l) = 0 then p'(l) = ¢,
and if p'(I) = < then p°(I) = -5 [e — <]

Proof of Theorem 2: Let v € (V' \ ({2} U {&==t}im vy {=}))". Let
w € N be such that p°(w — 1) = 0 and p'(w) = . We divide the proof into
two cases.

Case 1: #L,(v) < w.
By anonymity, we can treat as v; > -+ > v,. Let a = #A(v). Note that
a < w. We show that for each i € A(v), f;(v) = (1,%), and for each i & A(v),

fz(v) = (070)'

...............

By consumer sovereignty and Lemma 6, it holds that
Ca
fl(u%l ..... a}av?a+1 77777 n}) = (1, E)

Since the number of agents who get the good at (vf, vy 3,00,y ) 18 at

most a < w, by lemma 6, we have

~~~~~

..........

When vq41 > %, since #L,(v) < w, we have a + 1 < w. Since A(v) = Lq(v)
is the largest unanimous consumers’ coalition at v, we must have

Ca+1
a+1

Va1 <

5When a = 0, go to step 1-2.
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Since the number of agents who get the good at (vf1,. 4}, V5, 1, v?a”’_._ n}) is
less than w, by lemma 6, for some t =1,...,a+ 1, we have

Ct
fa-l—l(v{l,--.a}’ Ui-&-l? U[{)a+2 ..... n}) = (17 ?)

Ca+1
a+1

Since v,41 < < ¢, by strategy-proofness, we have

Jar1 (U{l,.‘.a}a Va+1, v?a+2,,..,n}) = (0,0).

By non-bossiness, we have

f(v{l,...a}a Va+15 v«({)a+2,...,n}) = f(”%l,...,a}? v?a—i—l,...,n})'

When vg41 < 2, for some t = 1,...,a+ 1,n, it holds that

Ct
ftz—l-l(U{l,---a}? Uclu+1v U?a+2,...,n}) = (17 ?)

Ct

Since vg41 < < < ¢ by strategy-proofness, we have

fa+1 (U{l,...a}a Va+1, ’U?a-i-Q,..,,n}) = (Oa O)

By non-bossiness, we have

f(v{l,...a}> Va+1, U?a—f—Q,...,n}) = f(vil,...,a}n v?a—i—l,...,n})'

Repeating this argument for all i = a + 2,...,n, we have

f(U) - f(’UJ%l,...,a]n ’U?a—‘rl,...,n})‘

Therefore, for each i € A(v), fi(v) = (1,%), and for each i ¢ A(v),
fi(v) = (0,0).

Case 2: #L,(v) > w.
By anonymity, we can treat as v; < --- < v,. Let b = #B(v). Note that
n —b>w. We show that for each i € B(v), f;(v) = (0, $[ca—p — (n — b)<2]),
and for each i & B(v), fi(v) = (1, ).

Step 2-1: f(vq,. by, U%b+17...,n}) = f(v?l,...7b}’ U%b—&-l,...,n})‘
By consumer sovereignty and Lemma 6, it holds that

7

.....

Since the number of agents who get the good at (v7, vg2 b v%bﬂ n}) is at
least n — b > w, by lemma 6, we have

1.0 1
fi(vr, U{Q,...,b}vv{bJrl,...,n}) =(1,—).
"When b = 0, go to step 2-2
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Since vy < ==, by strategy-proofness, we have
1

C’I’L
fi(vr, U?Z,...,b}v U«%Iﬂrl,...,n}) = (0, E[Cnfb —(n— b)g])-

By non-bossiness, it holds that

f (1, U?2,...,b}> U%bJrl,...,n}) = f(UF{)L...,b}? U%b+1,..‘,n})'

Repeating this argument for all ¢ = 2,... b, we have

f(U{l,...b}, U%b+1,...,n}) = f(v({)l,...,b}a U%b—l—l,...,n})'

Step 2-2: f(v) = f('UF[)l,...,b}’U%b+1,...,n})’
When vy41 < <, it holds that n — (b + 1) > w. Since B(v) = Sy(v) is the
largest unanimous non-consumers’ coalition at v, we must have

Cn — Cpn—(b+1)
Vpy1 > ———————

b+1
Since the number of agents who get the good at (vi1, gy, vy, v%b% ..... n}) is at
least w, by lemma 6, for some t =1,...,b+ 1, we have
1 C,
fb+1<v{17-~-b}7Ul[))-i-l?U%b—}-Z...,n}) = (0, ;[Cnft —(n— t)g])

Cn—Cp—(b+1)

Since vpy1 > 57—, by strategy-proofness, we have

c
1 o n
Sor1 (Vs Vo 15 Voo, py) = (1, 5)-
By non-bossiness, we have

f(U{1,A..b}, Ub+1, U«%b+2,...,n}) = f(vgl,...,b}v U%bJrl,...,n})'
When vpy1 > =, for some t =1,...,b+ 1,n, we have
1 C,

Sor1 (V163 Vi1, Vpsa, ny) = (0, ;[Cn—t —(n— t)g])‘

Cn—Cn—(b+1)

] > 0, by strategy-proofness, we have

Since vy >

Jor1 (V1. by, Vbi1, Vipyamy) = (1, %)~
By non-bossiness, we have
S8y 01, 00 ny) = FOL 4y Vlpsn.my)-
Repeating this argument for all : = b+ 2,...,n, we have
fv) = f(Ugl,...,bp U%b—i—l,...,n})'
Therefore, for each i € B(v), fi(v) = (0, $[ca—s — (n —b)<2]), and for each

=n
n

i ¢ B(U)7 fz(v) = (17 %) O
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6.3 Proof of Theorem 3:

Proof of Theorem 3: Let f be a rule satisfying strategy-proofness, non-
bossiness, consumer sovereignty, anonymity and envy-freeness. Let v € (V'
{&})". Let w € N be such that p”(w — 1) = 0 and p'(w) = <. Let f* be
the w-hybrid rule. We divide the argument into two cases.

Case 1: #L,(v) < w.
By anonymity, without loss of generality, we can treat as vy > vy > -+ > wv,.
Let a = #A(v) and k = Y, ¢i(v). Note that a < w. We divide this case
into two sub-cases.

Sub-Case 1-1: a > k.
When k£ = 0, it is obvious that f(v) is weakly Pareto-dominated by f*(v).
So, we assume that & > 0. Let 4 = 1,...,a. Then, we have f}"(v) = (1, ).
Since k < w, we have either

Ck
fi(v) = (1, E) or (0,0).
Since % < % and v; > %, f’(v) is at least as good as f;(v) in either event.
Let j = a+1,...,n. Then, we have f"(v) = (0,0). Since k < w, we have
either

fiw) = (1, 7) or (0,0).

Since v; < @ < < f¥(v) is at least as good as f;(v) in either event.

Sub-Case 1-2: a < k.
Let o € V™ be such that for each agent ¢ who gets the good at v, 9; = v},
and for each agent i who does not get the good at v, ¢; = v). We divide this
sub-case into two sub-sub-cases.

Sub-Sub-Case 1-2-1: k < w.
Since a < k and A(v) is the largest unanimous consumers’ coalition at v,
there exists an agent j who gets the good at v, such that v; < %. Let j be
such a agent. Then, by non-bossiness, it holds that

Ck

Filvy, 0-5) = (1, ). (5)
Since k < w, by consumer sovereignty, we have
fi(05,0-5) = (0,0). (6)

However, since v; < %, (5) and (5) contradict to strategy-proofness. Thus,
this sub-sub-case does not occur.

Sub-Sub-Case 1-2-2: k > w.
Since #L,(v) < w and k > w, there exist agents who get the good at v, and
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their valuations are less than <. Let {j1,...jx} be the set of all such agents.
Since the number of agents who get the good at (v?jl ind O={ign}) 18 less
than w, by consumer sovereignty, we have

fjl (U?jl,...,jh}v @—{jl,.-.,jh}) = (07 O)

Since, by consumer sovereignty, the agent j; gets the good at (v}1 , vgjz ) Vg1 rin} )
and his payment is larger than or equal to %, by strategy-proofness, we have

fjl (Uj17v?jg,...,jﬁ}’/I/)—{jly---vjh}) = (070)'

By non-bossiness, the number of agents who get the good at (v;,, v?h BERT V—{jrjn})
is less than w. Then, by consumer sovereignty, we have

fj2 (UjuU?jg,...,jh}a@—{jhm,jh}) = (070)

Since, by consumer sovereignty, the agent j, gets the good at (v, , 0]127 U?js i} D fj1,in} )
and his payment is larger than or equal to %, by strategy-proofness, we have

fj2 (U{j1,j2}7 v({)jg,...,jh}a @—{j1,---7jh}) = (07 O)

By non-bossiness, the number of agents who get the good at (v, j,}, U?js,...,jh}’ O gj1,in})
is less than w. Repeating this argument for the remaining agents, we have
that the number of agents who get the good at (U{j17,,.7jh},QA)_{]'LWJh}) is less
than w. However, by non-bossiness, we must have f(v) = f(vi,..jnd> 0= (r,n} )
that is, the number of agents who get the good at (v, . i} O—fji,..n}) 15 K,
which is a contradiction. Thus, this sub-sub-case does not occur.

Case 2: #L,(v) > w.
By anonymity, without loss of generality, we can treat as v < vy < --- < v,.
Let b= #B(v) and k = " | ¢;(v). Since for any i € N, v; = £, note that
n —b > w. We divide this case into two sub-cases.

Sub-Case 2-1: n—b <k.
When k£ = n, it is obvious that f(v) is weakly Pareto-dominated by f*(v).
So, we assume that & < n. Let ¢ = 1,...,b. Then, we have f’(v) =
(0, $[cn—b — (n — b)<]). Since k > w, we have either

@

Jilw) = (0, e = k) or (1,7).

n—k

Since ¢[c,—p — (n — b)) < [ — k%] and v; < 2=t f9(v) s at least

as good as f;(v) in either event.
Let j = b+ 1,...,n. Then, we have f}'(v) = (1,%). Since k > w, we

have either
Cn Cn
fi(v) = (0, m[ck - /fgb or (1, gl
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Since v; > ==t > =gk f2(y) is at least as good as f;(v) in either event.
Sub-Case 2-2: n —b > k.
Let o € V™ be such that for each agent ¢ who gets the good at v, 9; = v},
and for each agent i who does not get the good at v, ¢; = v). We divide this
sub-case into two sub-sub-cases.
Sub-Sub-Case 2-2-1: k > w.
Since n — b > k and B(v) is the largest unanimous non-consumers’ coalition
at v, there exists an agent 7 who does not get the good at v, such that

Cn—Ck

v; > “2=%. Let j be such a agent. Then, by non-bossiness, it holds that

. 1 Cn,
Fivg, 0—5) = (0, —fev = k-7]). (7)
Since k > w, by consumer sovereignty, we have
1 Cn
filv;,0-5) = (1, g) (8)

Cn—Ck

However, since v; > =%, (7) and (8) contradict to strategy-proofness. Thus,
this sub-sub-case does not occur.

Sub-Sub-Case 2-2-2: k < w.
Since #L,(v) > w, k <w and v € (V\{%})", there exist agents who do not
get the good at v, and their valuations are larger than . Let {ji,...jn} be
the set of all such agents. Since the number of agents who get the good at

(v%jl IERT O_gji,...»)) 1s larger than or equal to w, by consumer sovereignty,
we have c
1 A
fjl (,U{jl,...,jh}7 Uf{jlrn:jh}) = (1’ ;n)
Since, by consumer sovereignty, the agent j; does not get the good at (v?l, v%j%m’jh}, D fji,in})s
and his payment is larger than or equal to 0, by strategy-proofness, we have

1 . Cn
fjl (vj17,U{jg,..‘,jh}7/U_{jly---vjh}) = (17 g)

By non-bossiness, the number of agents who get the good at (v;,, v%h AT O fji,in})
is larger than or equal to w. Then, by consumer sovereignty, we have

Since, by consumer sovereignty, the agent j, does not get the good at (v;, U?Q, v%jg’m’jh}, D fjr,in})s
and his payment is larger than or equal to 0, by strategy-proofness, we have

. Cn
Fia (01321 Vi O tin)) = (1, ),
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is larger than or equal to w. Repeating this argument for the remaining
agents, we have that the number of agents who get the good at (v, i3 O—gi,.in})
is larger than or equal to w. However, by non-bossiness, we must have
F() = fWgi, gt O—r,jnt), that is, the number of agents who get the
good at (Vg in}» U—fj1,..5n}) is k, which is a contradiction. Thus, this sub-
sub-case does not occur. O
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6.4 Proof of Theorem 4:

Proof of Theorem 4: When the cost function is linear (that is, for any k =
{1,...n}, ¢ = kcy), for any v € V" w-hybrid rule assigns an efficient
allocation of good at v. So, the supremal welfare loss of w-hybrid rule is 0.
Since Y G o+ (n— (w— 1))@ — ¢, = —(w= + 30 iy ) =0,
Theorem 77 1s valid.

In what follows, we assume that the cost function is not linear. With-
out loss of generality, we assume that v; > vy > --- > v,. Let k,k* €
{0,1,...,n} be such that there exist o € V", k = > ¢;(0) and k* =
> qr, where ¢ is an efficient allocation of good at ©. We consider the
supremal welfare loss for such pair (k, k*), separately. We divide the proof
into three cases.

Case 1: We consider the supremal welfare loss when valuation profiles
satisfy # L, (v) < w.

At first, we calculate the supremal welfare loss when £ = 0 and k* = n.
Since the welfare loss is

R

the supremal welfare loss is

C;

+
E)
|
B
|
=
|
|

3

(9)

) n

Next, we claim that the supremal welfare loss of this case is Y7 ! %+
(n — (w—1))% —¢,. Note that £ < w. We divide the argument into two
sub-cases.

Sub-Case 1-1: k > k*.
The welfare loss is

k" k k
Zvi—ck*—(ZUi—ck):— Z Vi — Ce + Cp.
i=1 i=1 i=k*+1

Since w-hybrid rule produces k£ units of good, for each i = 1,... k, it must

be v; > %. So, the supremal welfare loss for this pair (k, k*) is

(k- k*)% g+ <0,

That is, the welfare loss does not occur in this sub-case.
Sub-Case 1-2: k < Ek*.
We divide this sub-case into two sub-sub-cases.
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Sub-Sub-Case 1-2-1: k* < w.
Since the welfare loss is

k* k k*

Zvi—ck* —(Zvi—ck) = Z V; — Cpx +Ck,

i=1 i=1 i=k+1
the supremal welfare loss for this pair (k, k*) is

k*

3 % — g+ i (10)

i=k+1
By subtracting (10) from (9), it holds that

w—1

BT I

i=1 i=k*+1

®|§3

n— —1))——cn+ck*—ck>0
n

Thus, the supremal welfare loss of this sub-sub-case is not larger than > . 11 2+
(n— (w — 1)) —c,.

Sub-Sub-Case 1-2-2: k* > w.
Since the welfare loss is

k* k
Zvi—ck*—(z ;— Ck) sz—ck*—i-ck
i=1 i=1 i=k+1
the supremal welfare loss for this pair (k, k*) is
w—1 s
S (k- (w ) (11)
ikl "

By subtracting (11) from (9), it holds that

k
ch+(n—k*)——cn+ck*—ck>0
(4 n

=1

Thus, the supremal welfare loss of this sub-sub-case is not larger than . 11 S+
(n— (w — 1)) —c,.

Case 2: We consider the supremal welfare loss when valuation profiles
satisfy #L,(v) > w and for some i =1,...,n, v; > .

At first, we calculate the supremal welfare loss when &£ = n and k* = 0.
Since the welfare loss is

—(v1 4+ v =),
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the supremal welfare loss is

—%E: G ). (12)

n— 2—1
=w+1

Next, we claim that the supremal welfare loss of this case is —(w™ +
S 2ol — ¢,). Note that & > w. We divide the argument into two

i=w+1 n—(i—1)
sub-cases.

Sub-Case 2-1: k < k*.

The welfare loss is

k

k*
E ’Ui—Ck*—(E —Ck E ’L)Z—Ck*—Fck
i=1

i=1 i=k+1

Since w-hybrid rule produces k units of good, for each i = k +1,... k", it
must be v; < “=%. So, the supremal welfare loss for this pair (F, k’*) i

Cp — Ck

n—=k

(K" = k)

_Ck*+ck§0-

That is, the welfare loss does not occur in this sub-case.
Sub-Case 2-2: k > k*.

We divide this sub-case into two sub-sub-cases.
Sub-Sub-Case 2-2-1: k* > w.

Since the welfare loss is

k*
Z'Ui_Ck*— Z'Ul—Ck Z Ul—Ck*+Ck7
i=1 i=k*+1
the supremal welfare loss for this pair (k, k*) is
U —
n — Li—1
— - . 13
Py e VI SR (13)
i=k*+1

By subtracting (13) from 12, it holds that

k* n
Cn Cp — Ci—1 Cp — Ci—1
—wW— — E — 0 — E ————+cy+ - —cp > 0.
no n—(G—-1) n—(i—1)
1=w-+1 i=k+1

Thus, the supremal welfare loss of this sub-sub-case is not larger than —(w<+

D imwt :Ln:(;fll) — Cn).
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Sub-Sub-Case 2-2-2: k* < w.
Since the welfare loss is

k*
E V; — Cpx — E "Uz—Ck E V; — Cpx + C
i=1

i=k*+1

the supremal welfare loss for this pair (k, k*) is

k
Cn Cn — Ci1
—((w— k)2 e 14
(Wi 3 gy — e+ (14)

By subtracting (14) from 12, it holds that
Cn Cn Ci—1
k- N T b — a2 0.
n n— Cn T G T O

Thus, the supremal welfare loss of this sub-sub-case is not larger than —(w<+

D imw Zf(ffll) — Cn).
Case 3: We consider the supremal welfare loss when valuation profiles
satisfy #L,(v) > w and for each i = 1,...,n, v; < .
Since for each ¢ = 1,...,n, v; < 2 w-hybrid rule produces nothing.
Since the welfare loss is .
Z U; — Cix,
i=1

the supremal welfare loss for this pair (0, k*) is

C
n

That is, the welfare loss does not occur in this case. O
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6.5 Proof of Corollary 1:
Proof of Corollary 1: By Remark 5, it is sufficient to show that

Cn—1 Cn — Cp—1

Cl—|—"'+n_1

Cn Cn
> (1) Tl
t a2z ((n )n+n—(n—1) Cn)

By simple calculation, it holds that

Cn—1 Cp, Cn, Cn — Cp—1
2 _e, S T Lt S S
ot +n—1+n o+ ((n )n+n—(n—1) cn)
Cn—1
= o+t — Cpi
n—1
o . Cn—1 . Cn—1 . Cn—1
= s Tt T )
> 0
Thus, c1 4+ 55 + 2 — ¢y 2 —((n— 1T + 25255 — ca).
The comparison of the supremal welfare losses of the dual rule and 2-
hybrid rule is similar. O
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n AC pricing rule | Dual rule | optimal w-hybrid rule | optimal w
10 1967 1097 1010 2
100 6858 2557 2507 5
1000 17557 5544 5506 20

Table 1: The supremal welfare losses of three rules and the optimal w when

the cost function is ¢, = 1000k/3.

n AC pricing rule | Dual rule | optimal w-hybrid rule | optimal w
10 1858 1124 1048 2
100 8589 3835 3702 9
1000 30178 12207 11961 58

Table 2: The supremal welfare losses of three rules and the optimal w when

the cost function is ¢, = 1000k/2.

n AC pricing rule | Dual rule | optimal w-hybrid rule | optimal w
10 1578 1029 888 3
100 9906 5155 4870 14
1000 49076 24085 23049 115

Table 3: The supremal welfare losses of three rules and the optimal w when

the cost function is ¢, = 1000k2/3.
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