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1 Introduction

This paper considers the pricing of “anytime Bermudan” options, a variant of path-
dependent American options, by Monte Carlo simulation.

In order to explain anytime Bermudan options, consider two time epochs, T} < T, say.
The cashflow at time T5 of an anytime Bermudan option depends on the value at time 77 of
the underlying state variable and, unlike ordinary Bermudan options, holders of the option
can exercise their rights in any time between 77 and T,. Hence, the anytime Bermudan
options are American-type options with the “look-back” feature. A typical example of such
financial products actually traded in the market is a class of callable, floating-rate bonds.

An American-type option can be formulated by a dynamic programming after an ap-
propriate discretization in time. Any standard method can be applied to solve the dynamic
programming problem backwards in time, starting from the maturity of the option.! How-
ever, such methods do not work if the option has a path-dependent property, simply because
the option price depends on the past and, when calculated backwards, the value of the un-
derlying state variable is not yet determined. This forward feature cannot be handled by
the standard dynamic programming approach.

On the other hand, Monte Carlo methods are suitable for the evaluation of path-
dependent European options, because sample paths of the underlying state variable can be
generated forwards in time with ease. Various methods have been proposed to accelarate
the speed of convergence in Monte Carlo methods.?

Monte Carlo methods cannot be applied to American-type options directly because
of the backward feature of the dynamic programming approach. More precisely, in the
ordinary American option, the option value in the continuation region can be represented
as a conditional expectation of the underlying state variable, E[h(X(T))|X () = ] say,
t < T. Monte Carlo methods generate sample paths forwards in time and, therefore, we
must calculate the conditional expectations for all possible X (¢) = x.

Monte Carlo methods can be applied to American-type options only if the conditional
expectations are evaluated efficiently. Recently, various methods have been proposed for
this purpose.® Among them, the Malliavin calculus transforms the conditional expectations

into unconditional expectations, and Monte Carlo methods can be used directly to evaluate

'The standard methods include the finite difference method and the tree method. See, e.g., Rebonato

(1998) for details of such standard methods.
2Not only various types of variance reduction methods, but also the use of low-discrepancy seuqences

can accelarate the speed of convergence. See Jackel (2002) for details.
3Such methods include regression-based methods, the duality approach, and stochastic mesh methods.

See Glasserman (2003) for details.



the unconditional expectations. See, e.g., Fournie et al. (2001), Bally, Caramellino and
Zanette (2003), Bouchard, Ekeland and Touzi (2003), and Mrad, Touzi and Zeghal (2003)
for applications of the Malliavin calculus to Monte Carlo methods in finance.

The option value in the continuation region of an anytime Bermudan option can also
be represented as a bivariate conditional expectation of the underlying state variable,
ER(X(T))|X(t1) = z1,X(t2) = x9] say, t1 < ts < T. Monte Carlo methods can be
used if the conditional expectation can be transformed into the unconditional counterpart.
In this paper, we demonstrate that this idea indeed works even for the bivariate case by
extending results in Mrad, Touzi and Zeghal (2003).

This paper is organized as follows. In the next section, we formulate the model to
evaluate an anytime Bermudan option by the dynamic prigramming approach. The value
function in the continuation region is given by a bivariate conditional expectation. It is
shown in Section 3 that, using the Malliavin calculus, the bivariate conditional expectation
can be represented by an unconditional expectation. These results are then applied to the
pricing of anytime Bermudan options by Monte Carlo methods. Section 4 describes the
algorithm and numerical examples. Section 5 councluds this paper, and the proof is given

in Appendix.

2 The Model

Throughout this paper, we consider a d-dimensional standard Brownian motion W =
{Wy;0 <t < T} T < oo, defined on a complete probability space (22, F, P) and the
filtration F = {F;0 < t < T} generated from the Brownian motion W, ie. F, =
0(Ws;0 < s < t). The underlying state variable is denoted by X = {X;;0 <t < T}. It
is assumed throughout that X satisfies the following stochastic differential equation (SDE
for short)

dX; = b(Xy)dt + o(Xy)dW,, Xo = 0. (1)

The instantaneous interest rate is given by r, = r(X;). Hence, both the state variable and
the interest rate are adapted to the filtration F.

Consider an anytime Bermudan option with cashflow C; paid at time T;, where 0 =
To<Ti<---<T;<---<Ty =T. Here, Ty denotes the current time and we assume
without loss of generality that Cy = 0. Recall that, in the anytime Bermudan option, the
cashflow C; is determined at time 7;_;. Hence, in our setting, C; depends on the value of
Xr,_,, 1e. C; = Cy(Xr,_,). In the following, we shall denote X; ; = Xp,_, for notational

simplicity.
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Consider the time interval [T;_1,T;), and denote the class of stopping times in [T;_1,T;)
by 7;. The value of the anytime Bermudan option at time ¢ is denoted by V;. In particular,
we denote V; =V, 1=0,1,...,N.

Suppose X;_1 = z, and let h;(x, X;) denote the payoff of the anytime Bermudan option if
exercised at time t € [T;_1,T;). If not exercised in the interval, it is given by h;(x, X;) = V;.
The price of the anytime Bermudan option at time t € [T;_1,T;) is then given by

sup E e 0, (Xi, X)) T <t<T,
V= e , 2)
Ci-1+supE [e_ft rsdshi(Xi—er)] , t="T; .
T€T;

Since Viy = Cn(Xn-1), the option price (2) for the interval [Ty_1,Ty) can be obtained
backwards by the ordinary dynamic programming approach if the value of X_; is known.
In general, the option price (2) for the interval [T;_1,T;) can be obtained by the ordinary
dynamic programming approach if the value X;_; is known. In order to deal with this
forward feature, we believe that the use of Monte Carlo methods is most efficient. The
backward feature arising from the dynamic programming approach can be resolved by the
use of the Malliavin calculus.

More specifically, we discretize the time interval [T;_1,T;] as T}y =t} <t} < -+ <
o1 < thy = T;.* Suppose X;_; = x, and let DV} (z, X}) denote the value of the anytime
Bermudan option at time tj- in the discrete-time setting, where X ]Z = th-_ for notational

convenience. Let us define
O‘/JZ(ZE, y) — [e_T(X;)(t§+l_t§)D ji+1(x,X;+1)’Xi—1 =z, X; =y . (3)

The quantity C’Vji(x, y) represents the time tj- value of the anytime Bermudan option if not

exercised at that time. It follows that
DV} (z, X}) = max{h;(z, X;), CV}(x, X})}, (4)

where X; 1 = x. The boundary condition at j = M, i.e. at the coupon payment date T;,
is given by
DVy(x, X3) = DVgHH(X5, X;) + Ci(w), (5)

where X;_; = x. Starting from DV}} = Cn(Xn-1) and repeating this procedure, one can
finally arrive at the current price DV of the anytime Bermudan option.

In the next section, we show that the bivariate conditional expectation given in (3) can
be represented as an unconditional expectation with the help of the Malliavin calculus.

The set of equations (3)—(5) can then be evaluated by Monte Carlo methods.

4If the meaning is clear, we denote the time epochs t;- simply by t;.
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3 The Malliavin Calculus

In this section, we consider the conditional expectation
E[f(thux)|Xt1 - x7Xt2 - y]u 0< tl < t2 < t?n (6)

where f: R? x R — R is assumed to be continuous, for which the conditional expectation
exists. In the following, for the sake of notational simplicity, we denote X; = X; , j = 1,2, 3.

Let 6,(X) denote the delta function, meaning that 0,(X) =1 if X =z and 0,(X) =0
otherwise. The conditional expectation (6) is represented as

E[f (X3, 7)0.(X1)0,(X2)]

Elf(Xs,2)| X1 =2, Xy =y| = E[5, (X1)5,(Xa) - (7)

This expression is not useful for Monte Carlo methods, however, because the value in (7) is
undefined unless X; = x and X5 = y, and the probability that the sample paths in Monte
Carlo simulation hit the event is zero, almost surely. In the following, we obtain another
expression that are suitable for Monte Carlo methods by extending results in Mrad, Touzi
and Zeghal (2003).
Throughout this section, we assume that there exist matrix-valued functions g, and h;
satisfying
ts ts t3
| DiXigdt =0, [ DiXogdt =1, [ DiXagdt =0 (8)
0 0 0
and
t3 ts3 t3
/ D, X1 hydt = 1, / D, Xohydt = 0, / D, Xshydt = 0, 9)
0 0 0

respectively, where I; denotes the d-dimensional identity matirx and where D; represents
the Malliavin derivative.®

For any random variable F' defined on R, let

t )
sf(F)E/SFh;-th, i=1,....d, (10)
0
where h! denotes the ith column vector of hy and where -y = >%, 2, for z, y € R%.
For integers iy, 19, ..., 1, let
Si}i,ig ..... ik(F)ESﬁOSgO‘”OSZC(F)a (11)

.....

Also, 14(X) denotes the indicator function of A, meaning that 14(X) = 1if X € A
and 14(X) = 0 otherwise, while H,(X) represents the Heaviside function, meaning that
H,(X)=1if X > 2 and H,(X) = 0 otherwise.

We then have the following. The proof is given in the appendix.

°See, e.g., Nualart (1995) for the information of the Malliavin calculus.
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Proposition 1 For a;,b;,¢;,d; € R with a; < b;, ¢; < d;, define A; = [a;,b;] and B; =
lciydi], i =1,...,d. Let A= A; X+ x Ay, B= DBy XX By, and let z € A be any
constant. For g, and hy satisfying (8) and (9), respectively, we have

E[f(X3,2)1a(X1)15(Xy)]

= |, B Ho(X0)Hy(X2)f(X5,2)57 0 S"(p(X1 — 2)u(Xz — )| dady,

where @(z) = exp(—n - x) and ¥ (y) = exp(—p - y) for some constants n, p € R?.
From Proposition 1, the conditional expectation (7) can be expressed as

E[f(X3, 2)[ X1 =2, X5 =] (12)
B [Hz(Xl)Hy(X2)f(X3>~T)Sg o S (X1 — 2)Y(Xs — y))]
E [, (X1) Hy(X2)59 0 S (p(X1 — 2)9 (X2 — y))]

The functions ¢(z) and ¢(y) are called the localizing functions and determined so that
the variance of the denominator in (12) is minimized. According to Theorem 4.1 in Mrad,

Touzi and Zeghal (2003), the parameters 7, p € R? of the localizing functions are given by

e | Bl Hon (KT H, (X0)S9 0 SHF (=) Gly)de—'dy] (13)
' E [fde_l H,—(X{")H,(X3)S9 o Sﬁi(F(x‘i)G(y))de—idy}
and
| Bl (6 LX) 0 Sl Fla) 2y (14)
TN E [ Hye (X5 HL(X0)S, 0 S7(Gly ) F () 2y e

for i = 1,...,d, respectively, where F(x) = ¢(X; — z) and G(y) = (X2 — y). Here,

= (xl, sy Li—1y Tig 1y - - - 7xd) and Sﬁi(F) = S? i—1,i+1 d(F>‘

..........

i
It remains to specify the matrix-valued functions g;, h; satisfying (8) and (9), respec-
tively. It is readily checked by direct substitution that, when X is a diffusion process

satisfying (1), they are given by

_ _ 1 1
g = (D X5) Y3, [ﬁl(tl,h)(t) - ﬁl[tmts)(t)} (15)
2 — U1 3~ L2
and )
_ _ 1
he = (D X5) Y3y L—l[om)(t) - ﬁ]‘[tl,tﬂ(t)} ; (16)
1 2 — U1

where Y; =V, , j = 1,2,3. The matrix-valued process Y = {Y;;0 <t < T'} is called the
first variation process of X, i.e. Y; = 0X,;/0xo, and satisfies the SDE

d
dY, = Vb(X,)Ydt + 3 Vo' (X,) Y, dW,. (17)

i=1



The Malliavin derivative of X; can be written as
DX, =YY, o (Xs)1o4(s). (18)

It follows from (15) and (16) that the functions g; and h; are expressed as

1 1
— Lty ) () — ﬂl[t2,t3)(t):| (19)

9= (X)) VY |

and

1

_ _ 1
he = (0(Xy)) Yy [t—l[mtl)(t) i 1[,51,152}(15)] : (20)
1 2 1

respectively. It should be noted that these functions can be evaluated by Monte Carlo
methods, and so are the integrals S9 o S”(-).
Before proceeding, we provide two examples. These examples will be used later for

numerical examples.

Example 1 Suppose d = 1, and consider the Ornstein—Uhlenbeck process satisfying the
SDE
d?“t = (9 — art)dt + Uth,

where a,0 > 0. The solution to the SDE is given by

0 —at 0 —at ! as
r=—+4+e ro—— | +oe /e dWs.
a a 0

From (17), the first variation process Y satisfies the SDE

dy; 0 0
— =—(@ —ar)dt+ —od Yo=1.
Y, 87"( ar)dt + I Wi, 0
It follows that Y; = e~ ¢ > 0. Hence, from (19) and (20), we obtain
1o 1 1
g = —e (t2—t) L2 7 Lty ) () — El[tz,tg)(t)]

and

1 1 1
S S PP S |
t Ue tl [thl)( ) t2 _ tl [t17t2}( )

respectively. The integration by parts formula in the Malliavin calculus together with (8)
and (9) then yields

Sh(SO(Ttl —2)Y(re, — )
— (i, — 2)(r, — ) [STD)S (L) + pS" (1) +nS?(1) + o]

where
eatl aty

t1 t2
Sh(1) = / emotdW, — — / oot AW,
oty Jo oty —t1) Ju

and

eatg to eatg t3
S9(1) = ——— / e AW, — ———— / e~ AW,
O'(tg - t1> t1 O'(tg - tg) to



Example 2 In this example, we consider the two-dimensional case

dr; = (00— ayz})dt + o dW},

da} = (_ f - a2$3> dt — —* AW, + ood W7,

a9 — aq Gy — a1
where aq,as,60 > 0 and a; # as. The solution to the SDE is given by

1 0 t 1 0 t ! 1
r,=—+e My — — | +oe ™ / e dW,
0

ai ai

and

0 0
= - e <x3 + 7>
as(ay — ay) as(az — ay)
¢ ¢
_ 01 e—agt/ eagdeSI + O_2e—a2t/ eazdeSQ'
0 0

a2 — 1

As in Example 1, the matrix-valued functions g;, h; are calculated as

1 1
G| Lna®) = e (1)
9t A (t1,82) (1) ts— 1 ft2.25) (1)
and
he = H [11 () — ——1 )
t — t tl [07151) t2 _ tl [tl,tg} )
where G; and H; are the 2 x 2 matrices given by
ieal(tz—t) 0
G = o
t 1 eal (tg—t) ieag (t2 —t)
(02 —ay)o; 02
and
ieal(tl—t) 0
H, = g1
¢ 1 a1 (ti—t) ieag(tl—t) ’
(a2 - a1)02 02

respectively. Also, the integration by parts formula together with (8) and (9) yields
590 S"(p(Xy — 2)(Xz — y)) = p(X1 — 2)(Xa — y) x SH x SG,

where
SH = S{Lg(l) + 77153(1) + UzS{L(l) + mne

and
SG = 575(1) + p153(1) + p25{(1) + p1p2.



Using ¢¢ and h; above, the integrals S(1) defined in (10) can be obtained as follows:

b ealtl t1 1 ealtl t1 9
Sh(1) = / i1 R — / e utd Y,
0'1t1 0 0'2(0,2 — al)tl 0
ait ait
B o1l /tz e_althth _ edtl /tg e_altdW;,
oi1(ta —t1) Ju oa(as —ar)(ta — t1) Ju
aito t a1t t
SI1) = — / Cematqut 4 ° / Cematquy?
O'l(tg - tl) t1 02(a2 — al)(t2 - tl) t1
etz ts etz t3
e / e—altthI . / e_‘“tthz,
o1(ts —t2) Ji o9(ag — ar)(ts — ta2) Jeo
asty t1 azty to
Sg(]_) _ (S t / e_GQthVE . 67/ e—agtthQ’
O9ol1 JO Ug(tg - tl) t1
eaztz to eaztz t3
S$9(1) = — / L |7 / e LAV,
O'Q(tQ — tl) t1 O'Q(tg — tg) to
elartaz)ty _ 1 1 — e—(a1+a2)(t2—t1)

h 1 — h 1 h 1 _ _
51,2( ) Sl( )52( ) a%(a% _ a%)t% a%(a% _ a%)(tg _ t1)2’

and
e(a1+a2)(t2—t1) -1 1— e—(a1+a2)(t3—t2)

o3(a3 —a3)(ta —t1)2  03(a3 — ad)(ts — t2)*

S7o(1) = S7(1)S53(1) —

4 Monte Carlo Simulation

This section applies the results obtained in the previous section to the pricing of anytime
Bermudan options by Monte Carlo methods.

Recall that each time interval [T;_;, T;] is discretized as Tj_; = t) <t} < --- <t} ; <
t; = T;. The value of the anytime Bermudan option at time tj- in the discrete-time setting
is denoted by DV/(X;_1, X}), where X} = Xy and X; = Xg,. In the dynamic programming
problem (3)—(5), the conditional expectation (3) should be transformed to an unconditional

expectation using (12).

4.1 The Algorithm

Our algorithm to evaluate the anytime Bermudan options by Monte Carlo simulation

consists of the following 7 steps.

Step 1. Generate Ng;,, sample paths for the process X in the time interval [0, 7], where
T = Ty. These sample paths are stored in the memory and used throughout the simulation

repeatedly. Let 1 = N.

Step 2. At time epoch T;_i, select (and fix) mesh points 2* € R* k =1,2,...,N,. Let
k=1.



Step 3. Let X;_; = 2", and select (and fix) mesh points :Ef € R k=1,2,...,N,, at each
time epoch t;. Let j = M — 1. Use the sample paths to solve the dynamic programming
(3)-(5) by Monte Carlo simulation for time epoch ¢;. If the sample paths do not pass on the
mesh points, apply any interpolation to calculate the value DV} (z', 2%), k = 1,2,..., N,,.

Repeat this procedure until time epoch t,.

Step 4. Starting from X; ; = z*, generate new sample points z5', m = 1,2,..., N,
which correspond to X3 and are independent of the original sample paths. The value of
the option at time 7;_; is estimated by
, 1 ,
DVi(a*,a*) = — 3" DV, o).

S m=1
If the sample points 25" are not on the mesh points, use any interpolation.

Step 5. Repeat Steps 3 and 4 for k = 2,..., N, to determine the values DV} (a*, z*) for

all the mesh points z*.

Step 6. Repeat Steps 2-5 for ¢ = N — 2,...,1 backwards to determine the values

DV}t (x*, z*) for all the mesh points z*.

Step 7. Repeat Steps 3 and 4 for Xy = 2! to determine the value V,(X,) = DV?(z!, z1),

the current price of the anytime Bermudan option.

The number of sample points we need for the simulation is N x M x N, for the first
step and N x N, x Nyx for Step 4, whence in total N(M Ny, + N,N;). Note that, when
calculating the continuation value CV}(z", z*) for the first subperiod, it is easier to use the
conditional expectation than to evaluate an unconditional expectation. This is the reason

why we generate new sample points in Step 4 to evaluate the option value DV} (z*, z*).

4.2 Numerical Examples

In this subsection, we consider a floating-rate bond with constant maturity 7' = 2 and face
value 100 yen. The coupons are paid semiannually and the coupon rate for the next coupon
is set at the current coupon date. The bond is assumed to be callable by the issuer at the
face value after a half of the year from the date of issue. Hence, the callable, floating-rate
bond can be considered to be an anytime Bermudan option written on the interest rates.

In our numerical experiment, we use the interest-rate models considered in the previous

two examples.

Ezxample 1, Continued
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The base parameters used in this example are listed in Table 1. Recall that N,
denotes the number of sample paths generated for Monte Carlo simulation, N, the number
of mesh points in each time epoch,® N, the number of sample points generated for Step 4 in
the algorithm, M the number of time steps in each period, and N the number of periods.”

Hence, the number of sample points we need for the base case is 260, 000.

Table 1: Parameter Values for the Base Case
To a 0 o Ngim | Np | Ng | M | N
0.03]0.110.01]0.01 | 10000 |50 |100| 6 | 4

Note that, in this one-dimensional case, the price of the corresponding European-type
bond can be evaluated by numerical integration.® We use this price (100.90 yen) as the
theoretical value.

Table 2 examines the effect of the localizing functions. Recall that the parameters 7, p
of the localizing functions are obtained in (13) and (14), respectively. The price of the
corresponding Furopean-type bond is calculated by Monte Carlo simulation using mn and
mp, m =0, 0.5, 1.0, 2.0, as the parameters of the localizing functions. Note that the case
m = 0 means that the localizing functions are not used in the simulation. The column
SDV denotes the standard deviation of the prices calculated by 50 simulation runs. It is
explicitly observed that the simulation result become stable when the localizing functions

are used appropriately.”

Table 2: Effect of Localizing Functions for European-Type Bonds
m 0 0.5 1.0 2.0 Theoretical

Price | 83.00 | 101.82 | 100.92 | 100.91 100.90

SDV | 26.39 | 0.12 0.01 0.01

Table 3 examines the impact of M on the price of the anytime Bermudan-type bonds.
The case M = 1 corresponds to the ordinary Bermudan-type bonds, i.e. no exercise is

allowed between the coupon-payment dates. Since each interval is divided by the equal

5Tn our numerical examples, mesh points are selected to have an equal space.

"This means that one year is divided into 2M periods in this setting.

8See, e.g., Theorem 15.1 in Musiela and Rutkowski (1998).

9Since localizing functions are determined so that the variance of the denominator in (12) is minimized,

they are considered to be one of the variance reduction methods in Monte Carlo simulation.
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length, M = 2 means that one can exercise the right in every 3 months, and so on. The col-
umn ‘Option Value’ represents the difference between the prices of the anytime Bermudan-
type bond and the corresponding European-type bond. The column ‘Time’ represents the
computational time (measured in seconds) performed by Pentium 4@Q2GHz. The option
value is increasing in M, as expected; but its speed is moderate. The computational time

is almost linear in M.

Table 3: Prices of the Anytime Bermudan-Type Bonds

M 1 2 6 12 24
Price 100.24 | 99.39 | 98.77 | 98.61 | 98.50
Option Value || 0.66 1.51 | 2.13 | 2.29 | 2.40
SDV 0.01 | 0.01 | 0.02 | 0.02 | 0.02
Time 100 | 490 | 970 | 2030

Ezxample 2, Continued
Consider the two-dimensional process (z},z?) in Example 2, and suppose that the

interest rate r; follows the SDE
dry = (2} — agr,)dt + ood W2,

where ay is a positive constant. Note that the quantity x;} plays the role of the (stochastic)
level for mean reversion in r;.

The base parameters used in this example are listed in Table 4. Note that as and o9
are chosen to be the same as the one-dimensional case (see Table 1). The other parameters
for the interest rates are chosen so that the yield curve in the two-dimensional case is the

same as that in Example 1. The number of sample points we need for the base case is
520, 000.

Table 4: Parameter Values for the Base Case (2-dim. case)
x(l) x(% ay 0 o1 as | o9 Ngm | Ny | Ng | M | N
0.0087 | -0.0766 | 0.0164 | 0.0100 | 0.0089 | 0.1 | 0.01 || 10000 | 50 | 100 | 6 | 4

Table 5 examines the impact of M on the price of the anytime Bermudan-type bonds
in the two-dimensional case. In this example, however, the price of the corresponding

European-type bond is not known and so, we calculate it by Monte Carlo simulation. As

12



in the one-dimensional case, the option value is increasing in M, but its speed is moderate.

The computational time is again almost linear in M.

Table 5: Prices of the Anytime Bermudan-Type Bonds (2-dim. case)

M FEuropean 1 2 6 12 24
Price 102.12 | 100.41 | 99.56 | 98.96 | 98.80 | 98.72
Option Value 1.71 2.56 | 3.16 | 3.32 | 3.40
SDV 0.01 0.01 | 0.01 | 0.02 | 0.03 | 0.03
Time 235 | 630 | 1250 | 2830

5 Concluding Remarks

In this paper, we propose a Monte Carlo method to evaluate anytime Bermudan options, a
variant of path-dependent American options. Assuming that the underlying state variable
is Markovian, the price of an anytime Bermudan option satisfies a dynamic programming
equation. The continuation value in the dynamic programming problem can be represented
by an uncoditional expectation, using the Malliavin calculus, which in turn enables us
to evaluate the price of the anytime Bermudan option by Monte Carlo methods. Some
numerical examples are given to demonstrate the usefulness of our method.

In general, however, the matirx-valued processes g;, h; are not expressed in closed form,
unless the SDE (17) for the first variation process Y has a simple structure. Accordingly, it
is difficult to calculate the localizing functions. The importance of the localizing functions
in Monte Carlo methods is confirmed in our numerical experience. Hence, the key to
success in our method is to calculate numerically the processes g;, h; in an efficient way

for the general case.

A Appendix: Proofs

In this appendix, we use the following notation. Let N be the set of integers and let N*
denote its k-fold product space. Define

Te={I=(in....i) eN*: 1<y <~ <y < d}.

For I € Jy and J € Ty let IV J = {iy, ... it U{J1,..-,Jm} - Also, we denote J " =
{Ieg:i¢l}and o' = (21,...,%_1,Tis1,--.,Tq). Finally, |I| denotes the cardinality
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of the set I.
For function f(x), z € R? we denote the derivative by

oI
) @7
alf(x) = @xil ce 6331-‘“ 7&
f(x), I=0.

Also, for x € R?, we define

W(Z‘)— (O,...,O,$i+1,...,xd), izl,...,d—l,
i 0,...,0,0,...,0), i=d.

For a function f(z), z € R?, the function f;(x) is defined by fi(x) = fom(x),i=1,...,d.
Finally, we denote I; = (i +1,...,d) € Jg_; fori=1,...,d —1 and I; = (. Recall that
we denote X;, = X;, ¢ = 1,2, 3, for notational simplicity.

Lemma 1 Suppose that u: R x R* +— R and ¢ : R*' +— R are bounded. Also, suppose
that hy satisfies (9) and p(x) = e~ "*. Then, for any random variable F defined on R with

a Malliavin derivative, we have

E (14, (XD (X[ )u <X3,X2>sf (pi( Xy — 2)F)] (21)

/Az OXTu(Xs, X2)SP (i (X1 — 2)F)] da

for any A; C R.
Proof. We define the random variable G; as

G = [ L )Xo, X)) 12 (X1 — )P
The Malliavin derivative of G; is given by

DiGi = 1y, (Xi)qﬁ(X_i) (X5, X5) ST (0s(X1 — 2) F) D, X}
+ / (@) D {$(X T u( Xy, X2) S} (pit (X1 — 2)F) ) day.
Note that, from (9), we have
/;3 D Xihidt =1, /j D, {o(X;)} hidt = /j Dy {u(Xs, X3)} hidt = 0.
It follows from the chain rule in the Malliavin calculus that
[ DGt = 1, (X)X (X, X)Sh (X, — 2)F) (22)

X{' . t3 .
+ / 1Ai(xi)¢<Xl_l)u<X37X2>dxi/0 DtSZ(%—l(Xl — ) F)h;dt.

—0o0
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On the other hand, from the integration by parts formula, we obtain
t3 R tz . t3 .
/ G,hidW, = G / hidW, — / D,Gihidt.
0 0 0
Taking the expectation for both sides and substituting the definition of G; yields
l3 .
E [ / DtGihidt]
0
ts
_E [Gi / 3h§th} (23)
0
. . iz .
- [ ® [H (XS (X, Xa) ] (i1 (X1 = ) F) | hj;th] dz;.
Hence, from (22) and (23), we obtain
E [La, (XD o(X7u(Xs, Xo) ST (0i( X1 — 2)F))]

= [ B[ Ha (DX, X) (Shoa(Xa = )F) [ B,
A; 0

t3 .
_ / D, (9r1(X, —x)F)h;dtﬂ dz,

- /. B He (XDO(XT (X, Xo)S]_, (i1 (X3 = 2)F)] da

Here, we used the integration by parts formula for the second equality and (9) for the third
equality. This proves (21).

The next result can be proved similarly.

Lemma 2 Suppose that u: R x R* +— R and ¢ : R¥! +— R are bounded. Also, suppose
that g, satisfies (8) and ¥ (x) = e ?*. Then, for any random variable F' defined on R with

a Malliavin derivative, we have

B 15, (X3)0(X; ><X37X1>sg<¢l<x2_y>p>} (24)
= [ B [ (X0 (X, XS, (61X = ) P)]

for any B; C R.

Proof of Proposition 1.

Since Sjj(z) = z, ¢q(x) =1 and I; = 0, we obtain

E [f(X3,2)1a(X1)15(X2)] = B [ (X5, 2)14(X1)15(X2) ST, (da( X1 — 7)) .
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Let ¢(X7%) = IT95) 14,(X7). Then, 14 = 14,¢(X;%). Hence, from (21), we obtain

E | f(Xs, 2)1a(X1)Lp(X2) S}, (6a( X1 — )]
= [ B2 Hay (XD )15(X0) S, (0 (X1 = 2))]

Similalrly, let ¢(X; ") = H, (X4) [1%2 14,(X?). Then,

oy (X1 $(X1) = 1a, 0(X7 7).
It follows from (21) that

[, B (Ko, ) Hey (XD O(XTD15(X2)SE,_ (9 (X3 = 2))] da

d

= [ dea [ draaB [f(Xe ) Hey (XTI 1R(X)S],  (pana(X0 — )]
d d—1
Repeating this argument, one finally obtains

E[f(Xs,2)14(X1)15(X5)] (25)

= [, deaees [ dnB[f(Xs, 2) Ho(X1)15(X2) S (X — )]

Now, let F' = S"(p(X; — x)). From (24), we have

E[f(Xs, 2)Hy (X1)15(X5) F]
= B[/(Xs2) Ha(X1)1p(X2) 7, (¢ Xz — y) F)]
= [ B[A(Xe, ) Ho(X0) Hy, (X)0(X5 )Y, (a1 (X = 9)F)] dya

d

Repeated application of (24) then yields

E[f(X3, 2) Ho(X1)15(X2) F] (26)
= B, dyqg - - ./Bl dy E [f(X37 Z)Hz(Xl)Hy(X2)Sg(¢(X2 - Z/)F)] .

The proposition is now proved by (25) and (26).

References

[1] V. Bally, L. Caramellino and A. Zanette (2003), “Pricing and hedging American op-

tions by Monte Carlo methods using a Malliavin calculus approach,” Working Paper,
INRIA.

[2] B. Bouchard, I. Ekeland and N. Touzi (2003), “On the Malliavin approach to Monte
Carlo approximation of condtional expectations,” Working Paper, CREST.

16



[3] E. Fournie, J. Lasry, J. Lebuchoux and P. Lions (2001), “Applications of Malliavin
calculus to Monte-Carlo methods in finance, I1,” Finance and Stochastics, 5, 201-236.

[4] P. Glasserman (2003), Monte Carlo Methods in Financial Engineering, Springer, New
York.

[5] P. Jackel (2002), Monte Carlo Methods in Finance, John Wiley & Sons, New York.

[6] M. Mrad, N. Touzi and A. Zeghal (2003), “Monte Carlo estimation of a joint density
using Malliavin Calculus,” Working Paper, CREST.

[7] M. Musiela and M. Rutkowski (1998), Maritngale Methods in Financial Modelling,
Springer, New York.

[8] D. Nualart (1995), The Malliavin Calculus and Related Topics, Springer, New York.

[9] R. Rebonato (1998), Interest-Rate Option Models, 2nd Ed., John Wiley & Sons, New
York.

17





