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1 Introduction

Patent licensing problems in oligopolistic markets have been studied as
non-cooperative games, e.g., licensing by means of fixed fees or royalty in
Kamien and Tauman (1984, 1986) and by means of auction in Katz and
Shapiro (1985, 1986). Concerning with the strategic interaction between
the patent holder (innovator) and the firms in the industry, almost all the
literature focuses on the optimal licensing mechanism for the innovator and
its impact on the market structure and the dissemination of new technology!.

For instance, Kamien, Oren and Tauman (1992) compared the above
three licensing mechanisms (fixed fees only, royalty only, and auction) for
general demand functions, and Sen and Tauman (2002) recently considered
the optimal combination of fixed fees and royalty for the innovator in the
presence of linear demand.

In reality, however, mergers of firms and negotiations on how to split the
total profit are observed in common practice: the innovator and the firms
can sign binding contracts that describe the transfer of new technology from
the innovator to the firms in detail, and this may be followed by mergers
among firms into cartels before competition sets in. It is therefore reasonable
to study the cooperative interaction between the innovator and the firms,
while taking into account the ensuing future competition in the market.
We introduce such a cooperative aspect to the patent licensing of a cost-
reducing innovation in a Cournot industry?, and provide further insights
into the non-cooperative results obtained in Kamien and Tauman (1986).

A key problem is how to define the worth of each coalition of players
under a subtle mixture of conflict and cooperation, taking into account a
sophisticated nature of events. Licensees can merge and form cartel S with
enhanced oligopolistic power. But, non-licensees may react also by form-
ing cartels. Then, the licensees in S might not merge into a single entity,
but gather as smaller subcartels in S forming the headquarter-subsidiaries

relationship. (This point is illustrated with an example in the next section.)

Kamien (1992) is a comprehensive survey.
?Kats and Tauman (1986) studied the asymptotic relationship between the Shapley

value and core of a production economy where only a limited number of permitted firms

have acsess to a better production technology, assuming that every firm is a “price taker”.



Suppose that the firms compete a la Cournot and that this competition
uniquely determines equilibrium profits for every coalition structure. In the
spirit of von-Neumann and Morgenstern’s minimax, we define the worth v(S)
of each coalition S as the highest equilibrium profits that S can guarantee.

Our main result is an asymptotic equivalence. With many small firms,
the Shapley value of the innovator in the above cooperative game approxi-
mates his payoff in the non-cooperative games traditionally studied in the
literature®. That shows the robustness of the private value of a patent for
large markets. The result is the same whether the approach is a cooperative
one or a non-cooperative one.

The outline of the paper is as follows. In Section 2, we motivate our
work with an example. The general definition of the worth of each coalition
and solution concepts are formally described in section 3. Theorems are
shown in section 4. The classical derivation of the worth of a coalition
is briefly reviewed in Discussions. We show that if we apply the classical
derivation, the patent holder will accept zero payoff in a large industry. This
is remarkably against our intuition. Some related literature is discussed in

the last section.

2 An Example

Consider a Cournot competition by 7 firms, each producing ¢; units of an
identical commodity with the unit cost ¢. The market price p is determined
by p = a — > ¢;, where a(> ¢) is a positive constant. Suppose that 3
coalitions are formed, each consisting of 4 firms, 2 firms, and 1 firm. The
objective of firms in the same coalition is to maximize the total profit of
their coalition via a cartelization of its members, no matter how the other
players form their own cartel structures.

If firms in each coalition S cooperated simply to maximize the total
profits ) .. ¢ pg; — cg;, the equilibrium joint profit of each coalition would
then be ((a — ¢)/4)2. That is the same amount as each firm obtains in the
3-person Cournot competition, because firms in each coalition operated as

if they were a single entity.

3Kamien and Tauman (1986) and Kamien, Oren and Tauman (1992).



Firms in each coalition can now jointly decide whether to merge into
a single entity or to gather as some subcoalitions in the coalition. In the
market, firms in the same subcoalition cooperate to maximize the total sum
of individual profits in the subcoalition, while each subcoalition competes a
la Cournot not only with the “opponent” subcoalitions outside S but also
with the other “colleague” subcoalitions in S. Let n’ be the number of
subcoalition that supply the commodity to the market. The following is

easily confirmed.
Observation The equilibrium profit of each subcoalition is ((a—c)/(n'+1))2.

The joint profit of each coalition is naturally defined as the total sum
of profits of its subcoalitions. Coalition S* of 4 firms is now in question.
Suppose that the other coalitions remained as a single entity. It would
then be best for S* to have 3 subcoalitions, since it could receive the larger
equilibrium joint profit 3((a — ¢)/6)2. In this case, the coalition of 2 firms
would receive ((a—c)/6)2. But if it has 2 subcoalitions, it will receive a larger
total profit of 2((a —c)/7)%. Anticipating such a counter coalition formation
by the rival coalition, it is best for coalition S* to have 4 subcoalitions and
receive the equilibrium joint profit of 4((a — ¢)/8)2.

Coalition S* can retain 4((a—c)/8)? by having 4 subcoalitions even in the
worst anticipation that rival coalitions would form a coalition structure with
3 subcoalitions in total so that they would minimize the equilibrium joint
profit of S*. Hence, v(S*) = 4((a — ¢)/8)? is regarded as the “guaranteed”
worth of coalition S*.

In the next section, we introduce a patent holder into a Cournot industry.
It is easy to compute the Shapley value of the patent holder and 7 firms
exactly, but the expression would be quite complicated in the case of more
firms. We hence approximate it for a large industry size.

The standard approximation is by replicating each firm in the market k
times to generate k identical firms of the same type (and total of nk firms).
Then, the limits are taken when k tends to infinity. This is done precisely

in the next section.



3 The Model

A Cooperative Patent Licensing Game

Let N = {1,2,...,n} be the set of n firms, where 2 < n < co. Each
firm ¢ € N produces ¢;(> 0) units of an identical commodity with the same
unit cost ¢(> 0) of production. The market price p of the commodity is
determined by p = max(0,a — > ;. ¢i), where a € (¢, 00) is a constant.

An innovator outside the market has a patent of a new technology which
reduces the unit cost of production from ¢ to ¢ — ¢, where 0 < € < ¢ and
a —c— € > 0 (non-drastic innovation). The profit of firm i is u;(q) =
pgi — C(qi). C(q;) = (c—€)q;, if i is a licensee, and C(g;) = cq;, otherwise.
The patent holder has no production facilities, but shares some of the profits
of licensees in return for licensing his innovation. The set of players in the
patent licensing game is N’ = {0} U N. Player 0 is the patent holder.

The game has two stages. (1) The patented innovation is licensed to
firms, and payments are made to the patent holder. Some of the licensees
may merge and form cartels. Non-licensees can also form cartels. (2) Under
the cartel structure determined in the first stage, firms finally compete in
the market a la Cournot, each of which maximizing the joint profit of the
cartel it belongs to.

We describe later the more sophisticated coalition formation, and analyze
this game in a cooperative way: how much could the patent holder gain
through the negotiation with firms?

To approximate a large market, we replicate each one of the n firms
k times and hence generate k identical firms from each firm. The patent
holder is the only agent who is not being replicated. Let Ejy be the Cournot
oligopolistic market which is generated by this replication.

Denote by Nj the set of the nk firms in Ej, and let N, = {0} UN;. N is
regarded as the set of types. Denote by Ni(7) the set of the k firms of type
i € N. All the firms in Ny, are identical because they all have the same cost

function prior to the licensing stage.

4The drastic case, i.e., a — ¢ — e < 0, is trivial to analyze, since every firm without the

new technology will stop the production in this linear Cournot model.



Hereafter, let us consider the game backwardly from the second stage,
according to the traditional literature.

Let P, = [S° 81,---, SM] denote a partition of Ny. Each nonempty
element is called a coalition of firms. S° consists of all the licensees. Each
coalition S™ with m # 0 consists of only non-licensees. For every m, let
Sm — {stm) . §lm) §LM1 be a subpartition of S™ into nonempty
subsets. Each SY™) ¢ S™ is a subcoalition of firms. Denote by P, =
[5707 St S‘M] a coalition structure of firms®.

Given a coalition structure, each subcoalition S'™ competes @ la Cournot
with all the other subcoalitions including “colleague” subcoalitions in S™,
in the second stage. Assume that g; is a continuous variable for every firm

J to ensure the existence of ¢ in pure strategies.

Definition 1 Given a coalition structure P, in the replicated market Ej,
we say that a strategy profile ¢ = (g;)jen, satisfies the best response
property under P, if for every subcoalition S!™ in every coalition Sm
there is no ggmy = (qj)jeSl<m) such that wgim) (qgim), @_gitm)) > Ugiom) (q).
Denote by ((Py) the set of such strategies.

Note that the cost functions are linear and firms in the same subcoalition
have identical cost functions. Hence, operating several firms in S{™ who act
cooperatively (namely, make their production decision jointly) is equivalent
to operating a single firm. Thus, without loss of generality, it can be assumed
that S'™ is a single firm j having the cost function C(qj) = cqj if m #0
and C(gj) = (c —€)gj if m =0.

Let 7, (S™) denote the set of all the subpartitions of S™. Denote by
7r(Ng \ S™) the sets of all the coalition structures defined over Ni \ S™. A
coalition structure P, = [5707 St SM | is rewritten from the viewpoint of
S™ as P, = [k, Tk], where T, € T, (Ng \ S™) and 7y, € m(S™).

Given the outcomes determined in the competition stage, coalition S™
would choose its subpartition 75 anticipating the most antagonistic coalition
structure 75 by the other players outside it, in the spirit of von Neumann

and Morgenstern’s minimax.

50ur definition is slightly different from the usual one. A partition Py of Ny is usually

called a coalition structure. We introdued subcoalitions in each coalition.



Denote the total equilibrium profit of each coalition S™ of firms under

P, = [Tk, m] by ZSlW)ewk Ugiom) (@) = Zszm)eﬂk Z]’esl(m) uj(q). Now,
we are at the beginning of the first stage.

Definition 2 Let v;, be a v-function that assigns to each S C Nj a real

number vg(S). The guaranteed worth vy (.S) of group S is defined as

vp(SO U {0}) = ming, ez, (n,\s0) MaXr, e (50) S50 (T Th)

’Uk;(Sm) = minﬁ-keﬁ-k(sosz\Sm) maXﬂ.keﬂ.k(Sm) fsm (ﬁ'k, 7Tk;), m 75 0
where fom (T, T) = Milg g py Dgiomer, Usion () With P, = [7y,, m] given,
and vg({0}) = vi(¢) = 0. The cooperative patent licensing game in the
replicated market E}, is defined as (N[, vg).

SO = N\ S™ is the worst case for S™ with m # 0, since all the other

firms are licensed when some firms form a coalition S™ without the license.

Solution Concepts

We here describe the definition of the Shapley value of the k-replicated
game (N, vy). The definitions of the core and bargaining set are given later
in the following section.

Let R : jo, j1,72,-- -, jnk be an ordering of nk + 1 players. j'Rj means
that 7' precedes j in the ordering R. Define the set of players who precede
player j € Nj in R as PJR ={j' e N[|i'Rj}.

Definition 3 The Shapley value Sh(vx) = (Sh;(vk))jen; of a replicated

game (N}, vy) is defined as

_ 1 R\ (s R
Shj(vg) = (ks £ 1)1 ;vk(Pj U{i}) —ue(P;*).
The Shapley value of type i is hence defined as Shi(vk) = >~ e n, (i) Shyi(vk)-

Denote by s = |S°| the number of licensees. Let K = (a — ¢)/e(> 1).
In general, K is not necessarily an integer. Only for a simpler description,
however, we will hereafter treat it as an integer, according to the traditional

literature®.

See Kamien (1992), etc. Denote by | K | the integer z such that K —1 < 2 < K. The

precise analysis is done with | K |.



4 Asymptotic Results

Result 1 Let s = |S°| € [1,nk — 1], and let m # 0.

v (S° U {0}) :8(%)2 if s <min(K,2+ nk— s)
K (455Ee)? if K <min(s,1+nk—s)
(1+nk — 5)(“5 2092 if 14 nk — s < min(s, K)
(a—§+6)2 if SO — NI::
0R(S™) =0 if |S™ < nk—K
|57 (=)’ if mk— K < |sm] < Bk
m a—c—(nk—|S™|)e . n m
(1+nk — |S™)) (S smi)? if max(L2E, nk — K) < |S™|
(252)2 if S™ =Ny

v (S™) depends on the magnitude € of the cost reduction, the size |S™|
of the coalition, and the market size nk. The intuition is as follows.

(1) As shown in the previous example, it is optimal for any coalition
to have exactly one more subcoalitions than the subcoalitions outside it, if
possible. If not, the coalition should have as many cubcoalitions as possible.

(2) With the technological heterogeneity due to licensing, there is an
additional policy: if K < min(s, 1+ nk — s), then it is best for coalition S0
to induce every non-licensee stop the production by having K subcoalitions.

Similarly, if |S™| < nk — K, then the other firms outside S™ can form
a coalition S = N}, \ S™ together with the patent holder, have K subcoali-
tions, and induce every non-licensee in S™ stop the production.

(3) Finally, it is worse for any coalition to have more rival subcoalitions.

Result 1 suggests that if K < s <1+ nk — K, then it is optimal for S°
to induce every non-licensee stop the production by having K subcoalitions.
The equilibrium joint profit of S is then K (aljr—"’KJrE)2 = €(a — ¢). The non-
licensee obtains the zero profit. Hence, we can see the following.

Proposition 1 When the patent holder can choose the number s of licensees
in such a way that K < s < nk/2, he can take ¢(a — c¢) as the lower bound
of his revenue, if he can replace any licensees insisting positive payoffs with

non-licensees.



The Shapley Value

Fix an ordering R(s+ 1) of all the players where the patent holder is at
the (s + 1)-st place. Let sz(sﬂ) = {j € N/|iR(s + 1)0} denote the set of
firms j’s who procede the patent holder 0 in R(s+1). There are nk! orderings
with the same marginal contribution vk(sz(SH) u{0}) — vk(sz(SH)) of 0
to coalition SYU {0} = sz(sﬂ) U {0}, by symmetry of firms. Hence,

o 1 R(s+1) R(s+1)
Sho(vy) = ] 521;k+1vk(730 U{0}) — v (P )-

For firm j of type i, Sho(vg) + nkSh;(vy) = vg(NL) and Sh;(vy) =
> jen, (i) Shyj(vk) = kSh;(vg) by efficiency and symmetry’. Hence,

Sh; (vx) = (1/n){vk(N}) — Sho(vk)} for all type i € N.

Consider Result 1 in the case of nk — 1 > 2K. Then, we have

vk (Pt U {0}) = s(e=ctibtnkosey? if 1<s<K-1
K(4=54)° if K<s<l+nk—K
(14 nk — 5) (5 EES)2 5 94k — K < s
(Q_TCJFE)Q if s=nk

oR(PEETYY = 0 if s<nk—K
(1+nk —5)(%mmE=29)2 it 14nk— K <s
(259)? if s =nk.

a—c—e

Theorem 1 limj_.o Sho(vk) = €(a — ¢) and limj_. Shy(vg) = +(9=5=¢)?
for all type i € N.

Proof : If s € [nk — K, nk], then 0 < nk — s < K < oco. Hence, as k — oo,

- a—c+(14+nk—s)e n a—c+te
Sho(vr) = st e 8 +§+J;k )2) T e K (45
a—c4e a—c—(nk—s)e
+nk1-‘rl{K( 1+IJ€ )2 — 4(1J£nk s))) }

k—1 (a— c+ (14nk—s)e) (a—c—(nk—s)e)?
nk+l Z?T“L 24nk—K { 4(1+nk—s) } { l+nk s) }}

o (55592 = (%59 }—>K(“1f;?6)2 = €(a —¢),

"Firms in different subcoalitions have different total profits to maximize. However,

they can roll dice to determine which subcoalition they are to be assigned to. Then, we

can consider them as symmetric, since they are identical prior to licensing,



since (a—c+ (1+nk—s)e)2/4(1+nk—s)—(a—c—(nk—s)e)?/4(1+nk—s) <
00. Then, limy o Sh;(vg) = (1/n){((a — ¢ + €)/2)? — limg_—o0 Sho(vg)} =
(1/n)((a —c—€)/2)%. Q.E.D.

As noted, it is optimal for coalition S° to have K subcoalitions, which is
the number at which the equilibrium price just equals the marginal cost ¢ of
production of non-licensees. Then, every non-licensee stops its production
and obtains the zero profit. For a large industry size, the patent holder
can take all the profits of subcoalitions consisting of licensees, since he can

replace any licensee objecting to the zero payoff with an outside non-licensee.

the Effect of the Anti-Trust Law

Even if any merger and cooperation are prohibited in the market by
law, the members in S? can still cooperate to share the license in the most
effecient way: Let IIy(t) and IIx(t) denote each licensee’s profit and each
non-licensee’s in the market when ¢ firms are licensed, respectively.

0(SOU{0}) = max{tl.(t)+ (s — )[n ()]0 <t < s}
0(S™) = max{0, |S™| Iy (nk—[S™])},
For s = |S° > K, 1;(S°U{0}) = K((a—c+e)/(1+K))? and 9(S™) = 0

for any S™. It is easy to show the following.

Proposition 2 Suppose that any cooperation is prohibited in the market.

Then, limg_.o Sho(0r) = €(a—c) and limg_,o Sh;(0r) = 0 for all type i € N.

Kamien and Tauman (1986) showed that if there are more than K firms
in the market, the patent holder’s revenue is then €(a — ¢) and every firm
obtains nothing, when the new technology is non-cooperatively licensed.

In reality, the anti-trust law does not necessarily prohibit all types of
cooperation and mergers in the market. It is easy to infer the following

from Theorem 1 and Proposition 2.

Proposition 3 For a large industry size, the outside patent holder of a cost-
reducing technology in the Cournot oligopolistic market obtains the same
revenue by implementing the Shapley value as he obtains by means of non-

cooperative licensing schemes, under any permissible coalition structures.

10



The Emptiness of the Core

Denote by w = (wg, w1, . . ., wpk) € R™+1 a payoff vector, where wy is
the patent holder’s payoff and wyj is firm j’s. The set of imputations of vy,
is I(vy) = {w € R+ . ZjeN,; wj = vp(Ny) and w; > vp({5}) Vie N}

Definition 4 The core of (N}, vy) is defined as

Core(vg) = {w € I(vg) : waj > vg(9) for all S C N;}
JjeSs

For a payoff vector w € Core(vy), the core payoff x; of type i € N is defined

as T = DN, (i) Wi-

The next theorem is on the limit core. The core could be nonempty for

k such that nk < oo, depending on the magnitude e of the cost reduction®.
Theorem 2 limy_. ., Core(vy) = 0

Proof : See Appendix.

A group S° U {0} of the patent holder and licensees can guarantee to
itself the joint profit of €(a — ¢), by producing a — ¢ which induces every
non-licensee firm to stop the production. On the other hand, non-licensees
can torgether claim the total profit of ((a —c)/2)? by forming a coalition N},
excluding the patent holder. Those two claims collide with each other over
how to divide the total profit ((a — ¢+ €)/2)? of the grand coalition N}.

Theorem 2 might suggest that in the large industry the patent holder
license his innovation by means of fixed fees (or royalty) only than negotiate
with all the firms over how to divide the total fruits of the cooperation by
all, since there should be some group(s) that breaks off the negotiation.

The next question should then be asked: can a bargaining solution that
is weaker than the core allow implementing the Shapley value? We next

consider the bargaining set for that purpose.

8Watanabe and Muto (2004) showed that for any permissible coalition structure, the
core with coalition structure is empty, assuming that “any” cooperations among firms are

not allowed in the linear Cournot oligopolistic market.

11



The Exclusion from the Bargaining Set

For a coalition S, we say that a payoff vector z € RISl is S-feasible if
>jes T < vg(S). A pair (S,z) of a coalition S and an S-feasible payoff
vector is called an objection by j against j' to w if j € S but j/ ¢ S and
x; > wj forall j € 5.

A pair (T, y) of a coalition T and a T-feasible payoff vector y is called a
counterobjection by j' to the objection (S, ) of j if 5/ € T but j ¢ T, and
yj > wj for all j/ € T\ S and yj > xj for all j/ € TN S.

Definition 5 The bargaining set of a game (N}, vj) is the set of all the
imputation w € I(vy) such that for every objection (5, z) of any player j
against any other player j' to w there is a counterobjection (T, y) by j' to

(S, x). Denote by M(vg) the bargaining set?.

The limit bargaining set is defined as limg_,oo M(vg). It is well known
that M(vg) # 0 if £ < oo, whereas limg_,oo M(v;) may be empty. But, it is
easy to show that an imputation w such that wy = e(a—c) —(2(a—c)e—¢?)/8
and w; = (1/n){(a —c—€)/2)? + (2(a — c¢)e — €2)/8} for all type i € N is
in the limit bargaining set, and so the limit bargaining set is nonempty. We

will omit the proof!?.
Theorem 3 limy_ Sh(vg) € limg_o M(vg) # 0.
Proof : See Appendix.

Core(vy) C M(vy) if Core(vy) # 0, since an imputation w is in the
Core(vg) if and only if no player has an objection against any other players
to w. Theorem 3 implies that it is dificult to implement the Shapley value
even through negotiations with a more strict requirement on objections than
the core. In the proof, vy(N;) — vx(Nik) < €(a — ¢) is used as a crucial
condition. It is well known that the Shapley value is not necessarily in the

(nonempty) core, but in our model it is outside even the Bargaining set.

9There are many variations of the original definition of the bargaining set by Aumann
and Maschler (1964). Watanabe and Muto (2004) derived the lower and upper bounds of

the bargaining set with coalition structure.
107t is not difficult to show that the imputation w is asymptotically equivalent to the

nucleolus.
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5 Discussions

According to von Neumann and Morgenstern (1944), define the worth

of coalition S™ C Ny by

UIQZ(SO U {O}) = mintLSo manSO ZjGSO U] (qSOJ q—50)7

v}.(S™) = ming g, MaXgem ) jegm Uj(gsm, g—sm),

where u;j(gsm, g—gm) = max(a—Qgm —Q—gm,0)g;—C(g;), C(g;) = (c—€)g;
if j € SO and C(q;) = cq; otherwise. The v-function vy, is easily computed:
v, (S™) = 0 for any S™ # S°U{0}, Ny, when Qg0 = a—c, while v'(S°U{0}) =
0 for S°U {0} # N; when Q_go = a —c+ €. v,(Ng) = ((a —¢)/2)? and
v (N}) = ((a — ¢ +€)/2)?. Hence,

=1
lim—oc Shi(vf) = (1/m){(£5529)° — limy o Sho(v})} = (1/m)(45)2,

for every type ¢ € N.
Moreover, we have that limy_, Sho(v},) € limy_.o Core(v}) # 0, since a
payoff vector z € R™*! in the limit core with symmetric payoffs to firms is

characterized as

To + nx; = (_a—20+6)2
(=2 — (%592 > @ >0
(1/n)(&=52€)? > z; >0,i € N.

for every type ¢ € N.

Since v}, (S™) is derived with the extremely pessimistic anticipation that
the rival firms jointly minimize the payoffs of players in coalition S™, the
impact of the new technology is not so deserved as the one in vi. Hence,
we have limy_, Sho(vg) > limy_,o Sho(v},) and the set of negotiable payoffs
are so enlarged that the limit core contains the asymptotic Shapley value.

The above result implies that even if the patent holder licenses the new
technology to all the firms, he will accept zero payoff as the negotiation
outcome for a large industry size. This is remarkably against our intuition.
The classical derivation is less reasonable than ours at least in the patent

licensing games.

13



We might have studied an alternative cooperative approach as well. Sim-
plifying our v-function with some additional assumptions, Watanabe and
Muto (2004) studied a licensing game with coalition structures. Their model
is quite less specified: the market can be either the Cournot or the Bertrand
oligopoly for homogeneous or differentiated commodities, the innovation can
be a quality-improving technology as well as a drastic or non-drastic cost-
reducing one, and the “spillover” of the patented innovation to non-licensees
is also included in their model.

In such a generalized framework of licensing games traditionally studied,
they considered (1) how many potential licensees the ptent holder should
invite to the negotiation on licensing and (2) how much profit sharing he
can gain through negotiations with them. Their main result is that the
bargaining set with coalition structure is determined as a singleton, if the
number of licensees optimal for the patent holder is larger than that of
non-licensees.

Another cooperative approach can be provided. In the Bertrand com-
petition with differentiated commodities, it might be possible that a patent
holder licenses the new cost-reducing innovation to a limited number of firms
through negotiations with them on (1) how to cooperate in opposition to
(collusive) pricing by the non-licensee(s) and (2) how to split the total sum
of profits realized by licensees.

To formalize such a situation, we must consider coalition structures that
are formed endogenously in the process of writing agreements: players are
partitioned into some coalitions, each of which has a distribution rule on how
to divide the joint profit of the coalition, and the action of each firm in each
coalition should be compatible with the firm’s payoff maximization. Given
a coalition structure with distribution rules, if every firm in every coalition
“individually” agrees upon the action required to take in the coalition, the
list of such actions is regarded as a “binding agreement”.

Watanabe (2004) investigated such an aspect of the cooperative patent
licensing problem, extending a duopoly studied by Muto (1993) to a triopoly.
The main result is that it is most profitable for the patent holder to license
its new technology to two firms if the commodities are not so substitutive,

or to only one firm if they are quite substitutive.
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Appendix

Proof of Result 1: the v-function

We begin with the strategy profiles with the best response property. As
noted, it can be assumed that S'™) is a single firm j having the cost function
C(gj) = cgj if m # 0 and C(gj) = (c —€)g; if m =0, and K = (a — ¢)/e is
treated as an integer.

Given a coalition structure P, M is the number of coalitions of non-
licensees in Py and L(t) is the number of subcoalitions in coalition S*. Let
m' =340 L(t) and m" =37, L(t). L(0) is the number of subcoalitions
of licensees and m’ is the number of subcoalitions of non-licensees, respec-

tively. Let Qqum) = ZjeSNm) gj- It is easy to show the following.

Given a coalition structure P, the corresponding strategy profile in

B(Py) is uniquely determined as below.

If1 <L(0) < K and M > 1, then

- a—c+ (1+m)e v
Qguo) = T L(0) £ 1(0) (1)
~ B a—c—L(0)e

st 1+ L(0) + m" + L(m)

Yi(m), Ym. (2)

If K <L(0) and M > 1, then

a—c+e

3 v
—_— l
QSZ(O) 1 +L(O) (0) (3)
Qgimy = 0 “I(m), Ym. (4)
If M =0, then
= a—c+e y
= — 1(0).
QSZ(O) 1 +L(O) (0) (5)
If L(0) = 0, then
~ a—c
Q g1om) :(1—|—m’)2 Yi(m), "m=1,..., M. (6)
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(I) Let us derive v,(S°U{0}). For S°U{0} # Ny, it suffices to show the
case of L(0) < K, since L(0)((a — ¢+ ¢€)/(1 + L(0)))? is decreasing in L(0)
if K < L(0). When L(0) < K, the equilibrium joint profit of S° with its
L(0) subcoalitions is E(L(0)) = L(0)((a — ¢+ (1 +m/)e)/(1 + L(0) + m/))?
by (1), and so

0 B .
un(S7U{0}) = 1<l Snk—s 1§IE(%))<§SE(L(O))’

E(L(0)) increasing in L(0) until 1 + m/, and decreasing in m’. Hence, it is
then optimal for S° to have L(0) = 1 + m’ subcoalitions.if L(0) < s and
L(0) < K In summary,

0(SOU{0}) = (1 + nk — s)(=stEnk=s)ey2 4 1 4 pk — 5 < min(s, K)

2(1+nk—s)
3(%)2 if s < min(K, 2+ nk — s)
K (455E<)? if K <min(s,1+nk—s).

When S°U {0} = N}, vx(S°) is rewritten with (5) as

vr(S°U{0}) = 1<£I(151)§nkL(0)(61L;CL"(;)6)2 _ (a—§+e)2'

(IT) Let us derive vi(S™) with m # 0. Suppose K < nk—|S™|. Then, all
the other firms can form a coalition S° together with the patent holder and
have K subcoalitions in order to have every non-licensee stop the production
by (4). Accordingly, vx(S™) =0 if K < nk — |S™|.

Consider the case of K > nk — [S™|. vi(S™) is rewritten with (2) as

sm) — i D(L
V™) = ik 10)— BT 1<20) <kt 1<Limism D L)

where D(L(m)) = L(m)((a—c—L(0)e)/(1+L(0) +m"+ L(m)))2. D(L(m))
is increasing in L(m) until 1 4+ L(0) + m”. L(0) = nk — |S™| and m” = 0
jointly minimize D(L(0)), regardless of L(m). Hence, if K > nk — |S™|,

then
w(S™) = [ g ]S e )2 if S < 1+ nk —|S™)
m\ s a—c—(nk—|S . m m
(nk + 1 — |S™) (Gortmsmis)? i [S™] > 14 nk — 5™,

If S™ = N, then vy (S™) is rewritten with (6) as

). Q.E.D.

ey a—c o, a—c
vk(S )_1§[I/I(172)X§nkL(m)(L(m)+1) = 2
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Proof of Theorem 2

Consider first the core with symmetric payoffs to firms, i.e., the set of
payoff vectors w = (wg, w1, ..., wy;) € Core(vg) that assigns to firms the
same amount. x; = ZjeNk(i) w; = kw; is such a core payoff of type i € N.

If it was nonempty, the following would hold:

vr(S° U {0}) s=1,...,nk—1
0 (Nk),

where s = |S°| and zg + nk(z;/k) = vg(N}). Then, we have

xo + s(zi/k)

>
nT; >

ok(N) = vr(S° U {0}) > (nk — s)(ws/k) > v(Ny) — (s/k)a.

For any s < co, we have that as k tends to infinity,
1 1
—(ve(N) = vp(S7U{0})) > z; > —(Ur(Ng))-
When nk — 1 > 2K, v, (S°U{0}) = K((a —c+¢)/(1 + K))? = ¢(a — ¢) if
K <s<nk— K — 1. Hence, for such s, we have
1, a—c+He 1, a—c

5((7)2 —ela—c)) >z > g(( 5 ),

but there is no feasible z; since (2=5€)2 — (%5¢)? < ¢(a — ¢). Hence, the
limit core with symmetric payoffs to firms is nonempty.

Suppose next that the limit core was nonempty. Then, there would be
a payoff vector in the core that assigns the same amount to identical firms,
as is well known. Such a payoff vector does not exists, as shown above.

Therefore, the limit core is empty. Q.FE.D.
Proof of Theorem 3

Let x € R™ be a vector of payoffs to all the firms such that T; =
(1/nk)((a — ¢)/2)? for each firm j. A pair (N, ) is an objection of an
arbitrary firm j € Nj against the patent holder to limj_ o Sh(vg), since
for each type i € N and any integer k, >°;cn, iy @ = (1/n)((a — c)/2)? >
(1/n)((a — ¢ — €)/2)? = limg_ oo Sh;(vg) and every firm j receives the same

amount in limg_,o Sh(vg).
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Since limg_ Sho(vg) = e(a —¢) > ve(S°U{0}) if s < 1 +nk — K
and nk —1 > 2K, any possible counterobjection (7', y) by the patent holder
should be made with s firms, where 2 +nk — K < s. Since 24+ nk —s < K,
vE(S°U{0}) —sz; = (a—c+ (1 +nk—s)e)?/4(1+nk—s)—(s/nk)((a—c)/2)?

is increasing in s for any sufficiently large k. Hence, let s = nk — 1. Then,

. a—c nk—s)e)? s (a—c
limy— oo { ¢ ;{fﬁk_s)) L —e(a—c) - (25592

a—c+2¢)? n— —c
= limgoo {92 (- ) — =R (aze)ny

= (om0 () — (52)2 <0,

since a — ¢ > €. This implies that the patent holder cannot make any

couterobjection to the objection (N, x) as k tends to infinity. Q.E.D.
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