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1 Introduction

The collective action problem arises in social situations in which it is a common interest for

all individuals to act collectively but each of them has an incentive to free-ride on the others’

actions. Examples of collective action problems can be found in many social, political, and

economic activities. They include: public goods provision, cartel formation, labor union, envi-

ronmental pollution, common-pool resources management, participation in community work,

trading associations, international organizations, etc. The central question in the collective

action problem is how a group of individuals voluntarily cooperate, and how the voluntary

group can be sustained in the long-run. The purpose of this paper is to present a game theo-

retic model of voluntary groups in collective action, and to investigate the long-run stability of

group formation by applying the stochastic evolutionary theory introduced by Young (1993)

and Kandori, Mailath and Rob (1993). Modelling the collective action problem as an n-person

prisoner’s dilemma, our analysis focuses on how the heterogeneity of individuals’ preferences

affects the formation and the stability of voluntary groups in collective action.

In many real situations, individuals differ in their willingness to participate in collective

action. For example, consider a problem of environmental pollution. Some individuals are

concerned very much with environmental preservation, and they are willing to contribute for

the prevention of pollution even if they have a small number of followers. Others may be

reluctant to participate in such a collective activity. They might contribute for the activity

only if a large number of individuals have already done or will do. In such heterogeneous

situations, we ask the following questions: Does a voluntary group consist only of individuals

with higher willingness to cooperate, or does it include many types of individuals? If different

kinds of groups are possible, which one is stable in the long-run?

The process of group formation is modeled as a two-stage game. In the first stage, individ-

uals decide independently to participate in a group or not. In the second stage, participants

negotiate on the collective action. The agreement of cooperation is reached only if all partic-

ipants agree to do so. If the agreement is reached, then participants are bound to cooperate,

bearing the group costs. Any non-participant is allowed to free-ride. If the agreement is not

reached, then the group breaks up, and the n-person prisoner’s dilemma is played.

Each individual’s incentive to cooperate is characterized by the minimum size of a group

in which her participation to it can make her better off (even with bearing group costs) than in
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the non-cooperative equilibrium of the prisoner’s dilemma. In this paper, we call the minimum

size the individual’s threshold of cooperation. Individuals with smaller thresholds are more

motivated to cooperate. It is shown that a group is formed in a Nash equilibrium of the second

stage game if and only if the group size exceeds thresholds of its members. Such a group is

called successful. By solving backward, the two-stage group formation game is reduced to the

following n-person strategic-form game, which we call the group formation game. In this game,

all individuals decide independently to participate in a group or not. The group is formed if

and only if it is successful, that is, all participants are better off by cooperating than in the

non-cooperative equilibrium. Any non-member free-rides on the group action.

In the first part of the paper, we show that the group formation game with heterogeneous

preferences has multiple strict Nash equilibria. Specifically, besides the non-participation equi-

librium, there are multiple equilibria that differ from each other in group size. Any successful

group can be formed in equilibrium whenever it is also “critical,” in that any unilateral de-

viation makes it unsuccessful. With heterogeneous preferences, there are typically many such

groups, ranging from a group with just a few members, to the group formed by all individ-

uals. If preference were homogeneous, in contrast, equilibrium group size would be uniquely

determined. In this sense, the multiplicity of equilibrium group sizes is a salient feature of

heterogeneous preferences. Having such many equilibrium groups, one naturally asks which

group is likely to be formed.

It should be remarked that a multiplicity of similar kind arises in the repeated game analysis

of the n-person prisoner’s dilemma. Specifically, any cooperative group in which each member

receives an individually rational payoff can be supported as a subgame perfect equilibrium.1

In general, there are many such equilibrium groups. On the play path in such an equilibrium,

every non-member free-rides. Although one could ask which equilibrium is likely to prevail,

the issue has remained relatively unexplored in the repeated game literature.

In the second part of the paper, we consider the equilibrium selection problem of the group

formation game. To investigate which equilibrium can be sustained in the long-run, we apply

the adaptive play model (Young 1993) to the group formation game. In the adaptive play, each

individual plays a best response to a sample, which is a set of action profiles, randomly selected

1For example, consider a trigger strategy as follows (Taylor 1987). Every member cooperates first, and

continues to cooperate as long as everyone else in the group continues do so, but defects forever after once any

deviation occurs. Meanwhile, all non-members always defect.
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from recent plays. From time to time, however, a player may fail to choose a best response,

but may end up with a random strategy choice with a small probability. It turns out that the

size of the sample is one of the crucial parameters in the subsequent analysis.

When we observe the adaptive play long enough, some states distinguish themselves from

others in that they are observed almost all the time. Such states are called stochastically stable,

and we examine the stochastic stability of Nash equilibria. To make the result transparent, we

restrict the analysis to a special case in which there are exactly two types of individuals. The

first types have a common threshold of cooperation, which is well below the whole population

size. The second types, in contrast, have the largest possible thresholds, namely the population

size. The first types might cooperate even if the second types do not. The second types are

the least motivated to cooperate, in that each of them has an incentive to cooperate only

if all the others do. In the two-type model, there are three strict Nash equilibria: In non-

cooperation equilibrium, none cooperates; In partial cooperation equilibrium, only the first

types cooperate; In full cooperation equilibrium, both types cooperate. In what follows, we

call the second type of individuals potential free-riders, because it is the second types that

might free-ride in equilibrium. The two-type model helps us obtain a basic insight about how

different levels of cooperation can be sustained in the long-run.

The main results of the paper are as follows. First, the selection outcome depends on the

number of first types and the sample size in the adaptive play. When the former exceeds the

latter, the non-cooperation equilibrium is stochastically stable (Theorem 4.1). When it does

not, then the outcome depends on the number of second types, that is, the number of potential

free-riders, and the strength of their incentives to cooperate. If the number of potential free-

riders exceeds a critical level, then the partial cooperation equilibrium is stochastically stable

(Theorem 4.2). Finally, if the number of potential free-riders is below the critical level, a version

of risk-dominance (Harsanyi and Selten 1988) determines the selection outcome (Theorem 4.3).

The analysis in this case can be reduced to the 2 × 2 coordination game played by the two

potential free-riders, who have the highest and the lowest incentive to cooperate, respectively.

As long as both the highest and the lowest levels of incentive remain unchanged, the distribution

of intermediate levels of incentive is irrelevant to the equilibrium selection.

To focus our analysis on the voluntary formation of groups, we leave the enforcement prob-

lem of cooperation in a group out of the scope of this paper. We simply assume that the group,
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once formed, is endowed with some costly enforcement mechanism. Enforcement mechanisms

of cooperation have been extensively studied in the literature. The well-studied mechanism

is the mutual punishments among participants in repeated games. Under suitable conditions,

the folk theorem of repeated games (e.g., Fudenberg and Maskin 1986) shows that a collective

action can be enforced by conditional behavioral rules, such as trigger strategies. Another type

of mechanism is a centralized institution created by participants themselves. The institutional

arrangement approach assumes that participants use scarce resources to create an enforcement

institution and transfer the right of punishing defectors to enforcers, who may or may not be

chosen from the participants. We remark that whatever enforcement mechanism is employed,

the mechanism itself is a kind of public good and that every individual has an incentive to

free-ride on it. This problem has been called the second order dilemma in the provision of

public goods (Ostrom 1998). There exists a strategic conflict among individuals regarding who

participate in the mechanism of cooperation. Our group formation game is a simple model to

analyze the voluntary participation in an enforcement mechanism of cooperation.

This paper is related to several works in the literature. Since the classic work of Olson

(1965), the group formation in collective action has been widely investigated. The group size

effect, argued by Olson (1965), that larger groups are less successful in organizing collective

action is not necessary true in our model. The success of collective action critically depends

upon the benefit and the cost to participate. The largest group can be formed in a unique long-

run equilibrium. Our model differs from other “threshold” or “critical mass” models (Schelling

1978, Granovetter 1978, Marwell and Oliver 1988) in formulating individuals’ behavior. Such

models typically presume a simple behavioral rule of individuals, in which they are programmed

to participate in collective action whenever the number of participants exceeds their thresholds.

On the other hand, individuals behave strategically in our group formation game. That is,

even if the current number of participants exceeds their thresholds, they do not automatically

participate, since their best responses in such a situation might be to free-ride. Adopting Palfrey

and Rosenthal’s (1984) model of public goods, Diermeier and van Mieghem (2000) study a

stochastic process of collective action. Working in a homogeneous population with a log-linear

choice rule, they characterize the limit distribution of their birth and death process model.

Finally, our work is also related to recent studies on network formation. Goyal and Vega-

Redondo (2000) present a noncooperative model of network formation in which individuals
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choose partners and a linked pair of individuals play 2×2 coordination games. They investigate

the stochastic stability of network formation and of coordination, and show that costs of forming

links critically affect the equilibrium selection results. In their model, link formation is one-

sided such that a link can be made by the initiative of one partner, who bears its costs, and it

is always accepted by the other partner. In contrast, we analyze the strategic conflict of group

formation, in which the group formation involves a coordination problem.

The paper is organized as follows. Section 2 presents a group formation game. Section 3

characterizes strict Nash equilibria of the game. Section 4 investigates the equilibrium selection

problem in the group formation game. Results in this section are proven in the Appendix. We

conclude in Section 5.

2 The Model

Consider an n-person prisoner’s dilemma. Let N = {1, 2, · · · , n} be the set of players. Every

player i ∈ N has two actions, C (cooperation) and D (defection). Player i’s payoff is given by

ui(ai, h), ai = C,D, h = 0, 1, · · · , n− 1,

where ai is player i’s action and h is the number of other players who select C. We make the

following assumption.

Assumption 2.1. The payoff function of player i ∈ N satisfies:

(1) ui(D, h) > ui(C, h) for every h = 0, 1, · · · , n− 1,

(2) ui(C, n− 1) > ui(D, 0),

(3) ui(C, h) and ui(D, h) are increasing in h.

This assumption is standard in the literature of an n-person prisoner’s dilemma (Schelling

1978), except that players are “heterogeneous” in the sense that they have different payoff

functions. The heterogeneity of players is critical to the analysis of this paper. Property

(1) means that every player is better off by defecting than cooperating, regardless of others’

play. This implies that every player has an incentive to free-ride on others’ cooperative action.

Thus, the action profile (D, · · · , D) is a unique Nash equilibrium of the game. On the other

hand, property (2) says that if all players cooperate, they are all better off than in the unique
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equilibrium. Namely, the equilibrium is not Pareto efficient. Property (3) means that the

more others cooperate, the higher payoff each player can receive, regardless of her action. The

cooperative action by any player has positive externality on all others.

The prisoner’s dilemma describes an anarchic situation in which players are free to choose

their actions. In such a situation, a natural outcome of the game is the Nash equilibrium in

which no one cooperates. The central question concerning the prisoner’s dilemma is whether

and how self-interested individuals voluntarily cooperate under the presence of temptations to

defect. To escape from an undesirable state of non-cooperation, some suitable mechanisms for

preventing opportunistic behavior are needed. The literature has considered diverse mecha-

nisms attaining cooperation. However, as we have discussed in the introduction, any mechanism

of cooperation itself is a kind of public good. Every individual has an incentive to free-ride on

the mechanism. We formulate the following game of group formation to consider whether or

not individuals voluntarily participate in the mechanism of cooperation.

The process of group formation is defined as a two-stage game.

Participation decision stage: Every player i ∈ N decides independently whether or not to

participate in a group, to negotiate on the collective action. Participation takes some costs,

say, for phone calls, mails and transportations. The participation cost is denoted by a small

positive amount εi > 0. Let S be the set of all s participants. If s = 0 or s = 1, then no group

is possible.2

Group negotiation stage: All participants negotiate on their cooperation according to the

unanimity rule. Each of them either accepts or rejects independently to cooperate. The

agreement of cooperation is reached if and only if all participants accept it. When the agreement

of cooperation is reached, it is enforced and all participants are bound to cooperate. The

enforcement is costly and all participants have to bear the group costs (including participation

costs εi). The group cost per capita is given by a real valued function c(s) where s is the

number of all participants. All non-participants are free to defect. When an agreement is not

reached, all individuals, both participants and non-participants, play the original prisoner’s

dilemma.

When all participants agree to cooperate, we assume that the group is endowed with some

mechanism to enforce the agreement. The mechanism has various functions such as monitoring

2When s = 1, the single participant has no incentive to cooperate in the prisoner’s dilemma.
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members’ actions and punishing defecting members. Obviously, it is costly for group members

to have such a mechanism. In what follows, to keep our game model as simple as possible, we

do not present a formal model of an enforcement mechanism in a group. Rather, we formulate

it simply by a group cost function c(s). Okada (1993) considers a related model of collective

action in which one participant is selected as an enforcer.

We now consider a subgame perfect equilibrium of the two-stage game of group formation.

By backward induction, we first analyze the group negotiation stage. When a group of s

members agree to cooperate, every member receives utility

vi(C, s− 1) ≡ ui(C, s− 1)− c(s).

We call vi(C, s − 1) the group payoff of player i where s is the number of group members.

Concerning the group payoff, we assume the following property.

Assumption 2.2. For every i ∈ N , the group payoff vi(C, s− 1) of player i is monotonically

increasing in s, and there exists a unique integer si (2 ≤ si ≤ n) such that

vi(C, si − 2) < ui(D, 0) < vi(C, si − 1). (2.1)

This assumption means that even if we replace the original cooperative payoff ui(C, h) with

the group payoff vi(C, h), the properties (Assumption 2.1) of the n-person prisoner’s dilemma

still hold true. If Assumption 2.2 does not hold, the problem of group formation becomes

trivial. For example, if vi(C, s − 1) ≤ ui(D, 0) for all s ≤ n, then no players have incentive

to participate in a group. The positive integer si in (2.1) shows the minimum size of a group

in which member i can be better off than in the non-cooperative equilibrium of the prisoner’s

dilemma. We call si the threshold of cooperation of i. Player i can benefit by cooperating

whenever at least (si− 1) others cooperate. In this sense, players with smaller thresholds have

higher motivation to cooperate.

Definition 2.1. A subset S of N is called a successful group if |S| ≥ si for every i ∈ S.

The size of a successful group is greater than or equal to all members’ thresholds of co-

operation. By definition, every member of a successful group can receive higher payoff than

the non-cooperative payoff in the prisoner’s dilemma. The naming of a successful group is

explained by the following proposition.
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Proposition 2.1. In the group negotiation stage, an agreement of cooperation is reached in a

strict Nash equilibrium if and only if the group of participants is successful.3

Proof. Suppose that all s participants agree to cooperate. Then, every participant receives the

group payoff vi(C, s − 1). If any member rejects to cooperate, the negotiation breaks down

by the unanimity rule, and she receives the non-cooperative payoff ui(D, 0). Therefore, the

agreement of cooperation in a group S is reached in a strict Nash equilibrium if and only if for

all i ∈ S, vi(C, |S| − 1) > ui(D, 0). From Assumptions 2.1 and 2.2, this is equivalent to that

the group is successful.

Given the Nash equilibrium of the group negotiation stage, the whole two-stage game can

be reduced to the following game. In this game, every player i ∈ N chooses simultaneously

and independently either σi = 1 (participation) or σi = 0 (non-participation). Let Σi = {0, 1}
be the set of actions of player i, and let Σ =

∏
i∈N Σi be the set of action profiles of n players.

For an action profile σ = (σ1, · · · , σn) ∈ Σ, the set S(σ) of participants is given by

S(σ) = {i ∈ N |σi = 1}.

The payoff fi(σ) of player i for an action profile σ = (σ1, · · · , σn) ∈ Σ is defined as follows.

(i) When a group S(σ) of participants is successful,

fi(σ) =





vi(C, |S(σ)| − 1) if σi = 1,

ui(D, |S(σ)|) if σi = 0.

(ii) When S(σ) is not successful,

fi(σ) =





ui(D, 0)− εi if σi = 1,

ui(D, 0) if σi = 0,

where εi > 0 is a participation cost.
3There exist many “trivial” non-strict Nash equilibria leading to the disagreement. For example, any action

profile where at least two participants reject to cooperate is such an equilibrium. These equilibria are peculiar

to the unanimity rule where everyone has a veto power. We remark that from the viewpoint of each participant

the action of agreement (weakly) dominates that of disagreement. For this reason, we only consider strict Nash

equilibria leading to the agreement of cooperation in every successful group.
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Formally, the process of group formation reduces to the n-person game Γ = (N, {Σi, fi}i∈N )

in strategic form. We call it the group formation game. The group formation game Γ differs

from the original n-person prisoner’s dilemma. In Γ, non-participation does not dominate

participation, nor vice versa. In particular, a non-empty group of participants may arise

in equilibrium, in which non-participants free-ride on the group action. Every participant,

however, can guarantee the equilibrium payoff in the prisoner’s dilemma.

3 The Nash Equilibria in the Group Formation Game

In this section, we characterize the Nash equilibria of the group formation game Γ. To do this,

we examine the best response structure of Γ. For an action profile σ = (σ1, · · · , σn) ∈ Σ, let σ−i

be the action profile obtained from σ by deleting σi. As usual, an action profile σ = (σ1, · · · , σn)

is sometimes denoted by σ = (σ−i, σi). Let S(σ) be the set of participants in σ.

Definition 3.1. For an action profile σ = (σ−i, σi) ∈ Σ in Γ, player i’s action σi is called a

best response to σ if fi(σ−i, σi) = max
σ′i∈Σi

fi(σ−i, σ
′
i).

Definition 3.2. The best response graph V of Γ is a binary relation on the set of action profiles

Σ such that, for every σ, σ′ ∈ Σ, (σ, σ′) ∈ V if and only if σ 6= σ′ and there exists exactly one

player i satisfying (i) σ−i = σ′−i and (ii) σ′i is a best response to σ for i. When (σ, σ′) ∈ V , we

write σ → σ′ and call it an edge from σ to σ′.

The definition of the best response graph is due to Young (1993).

Definition 3.3. For a successful group S, member i of S is called critical if S \ {i} is not

successful, and non-critical if S \ {i} is successful.

No successful group can sustain itself if any critical member opts out of it. The following

proposition characterizes the best response graph of the group formation game Γ.

Proposition 3.1. An edge of the best response graph V of the group formation game Γ must

be one of the following types. Let σ ∈ Σ.

(1) Assume that S(σ) is successful. For every σ′ ∈ Σ, σ → σ′ if and only if there is a

non-critical i ∈ S(σ) such that σ = (σ−i, 1) and σ′ = (σ−i, 0).
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(2) Assume that S(σ) is not successful. For every σ′ ∈ Σ, σ → σ′ if and only if either

σ = (σ−i, 1) and σ′ = (σ−i, 0) for some i ∈ S(σ) or σ = (σ−i, 0) and σ′ = (σ−i, 1)

for i /∈ S(σ) such that S(σ) ∪ {i} is successful.

Proof. (1) Suppose that S(σ) is a successful group and that member i is not critical. Since the

group S(σ) \ {i} remains successful, we have

fi(σ−i, 1) = vi(C, |S(σ)| − 1) < ui(D, |S(σ)| − 1) = fi(σ−i, 0).

Therefore, σi = 0 is a best response to σ for all non-critical members i of S(σ).

(2) Suppose that S(σ) is not a successful group. Then, for all i ∈ S,

fi(σ−i, 1) = ui(D, 0)− εi < ui(D, 0) ≤ fi(σ−i, 0),

where fi(σ−i, 0) is equal to either ui(D, |S(σ)| − 1) or ui(D, 0), depending on whether the

remaining group except player i is successful or not. For any non-member i such that S(σ)∪{i}
is a successful group,

fi(σ−i, 0) = ui(D, 0) < vi(C, |S(σ)|) = fi(σ−i, 1).

Finally, it can be easily seen that there exist no other edges in the best response graph V given

in the theorem.

Proposition 3.1 reveals the best response structure of the group formation game. In a

successful group, every non-critical member has an incentive to deviate from the group because,

by doing so, she can free-ride on the group. In an unsuccessful group, every member has an

incentive to deviate from the group for saving participation costs. Remark that a player outside

the unsuccessful group has an incentive to join the group if her participation makes the group

successful. By Proposition 3.1, we can characterize strict Nash equilibria in Γ.

Proposition 3.2. The group formation game Γ has the following strict Nash equilibria σ =

(σ1, · · · , σn).

(1) σ = (0, · · · , 0), i.e., S(σ) = ∅.

(2) S(σ) is a successful group with every member of it being critical.
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Since the proof is straightforward, we omit it. The proposition can be explained intuitively

by an alternative definition of a Nash equilibrium in the group formation game. A group of

participants in a Nash equilibrium satisfies two stability properties:

Internal stability : No single member wants to opt out of the group.

External stability : No single outsider wants to join the group.

It is clear that the action profile σ = (0, · · · , 0) is a Nash equilibrium because no one is willing to

cooperate unilaterally. When a group is not successful, the internal stability is violated because

all participants want to opt out of the group for saving participation costs. When a group is

successful, the external stability always holds because all non-participants have incentive to

free-ride. The internal stability implies that every participant is critical. Note that if there

exists no participation costs, the action profile σ = (0, · · · , 0) is a non-strict Nash equilibrium

because both actions give her the same payoff.

Another consequence of Proposition 3.1 is that the group formation game Γ is weakly

acyclic in the sense of Young (1993). This result provides a basis for the analysis in Section 4.

Proposition 3.3. For every action profile σ1 in the group formation game Γ, there is a se-

quence of action profiles σ1 → · · · → σL in the best response graph V such that σL is a strict

Nash equilibrium.

Proof. Take σ1 and assume first that it is successful. By Proposition 3.2, we can assume that

there are non-critical members in S(σ1). Proposition 3.1 implies that σ1 → σ2 iff σ2 = (σ1
−i, 0),

where i ∈ S(σ1) is not critical. Since i is not critical, Definition 3.1 implies that S(σ2) is

successful. By induction, in any sequence σ1 → · · · → σL in V , S(σl) is successful for every

l = 1, . . . , L and the number of players who choose action 1 is strictly decreasing. Thus the

length of such a sequence is at most |S(σ1)|+1. Take the longest such sequence σ1 → · · · → σL∗ .

Then σL∗ is successful and every member of S(σL∗) is critical. That is, σL∗ is a strict Nash

equilibrium.

Assume next that σ1 is not successful and take a sequence σ1 → · · · → σL in V . If there

is l (l = 2, . . . , L) such that σl is successful, then the above paragraph applies. Thus we can

assume that every σl is not successful. By Proposition 3.1 σl+1 = (σl
−i, 0) for l = 1, . . . , L− 1.

Thus the number of 1-players is strictly decreasing, and the length of such a sequence is at
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most L∗ = |S(σ1)|+ 1. Take the longest such sequence σ1 → · · · → σL∗ . It is clear that σL∗ is

the non-cooperation equilibrium.

We can derive yet another characterization of Nash equilibria in the group formation game.

It is given in terms of players’ thresholds of cooperation. For S ⊂ N and m = 2, · · · , n, we

define FS(m) by the number of all members in S whose thresholds of cooperation are given

by m. That is, FS(m) = | { i ∈ S | si = m } |. FS represents the distribution of members’

thresholds of cooperation in the group S. Its definition implies that:

Lemma 3.1. For S ⊂ N ,

(1) FS(2) + · · ·+ FS(|S|) ≤ |S|.

(2) A group S is successful if and only if FS(2) + · · ·+ FS(|S|) = |S|.

Proposition 3.4. A nonempty subset S of N is the set of participants in a Nash equilibrium

of the group formation game Γ if and only if

FS(2) + · · ·+ FS(|S|) = |S| and FS(|S|) ≥ 2.

Proof. From Proposition 3.2 and Lemma 3.1, it suffices to show that every member of a suc-

cessful group S is critical if and only if FS(|S|) ≥ 2. Suppose that FS(|S|) ≥ 2. For every

i ∈ S, the group S \{i} is not successful because FS\{i}(|S|) ≥ 1. Thus, every member i of S is

critical. If FS(|S|) = 1, then a unique member i with si = |S| is not critical because S \ {i} is

a successful group. If FS(|S|) = 0, all members j of S have thresholds sj of cooperation with

sj ≤ |S| − 1. Therefore, they are not critical.

The proposition allows us to see how the heterogeneity of individuals affects the group

formation in collective action. When individuals are so homogeneous that they have identical

thresholds, the size of an equilibrium group is uniquely determined by the common thresh-

old. In contrast, when individuals are heterogeneous, there typically exist many equilibrium

groups with different sizes. For example, if the distribution FN of all individuals’ thresholds of

cooperation has a wide support so that for each integer s = 2, · · · ,m there exist at least two in-

dividuals with thresholds s, then groups of all sizes s = 2, · · · ,m can be formed in equilibrium.

The heterogeneity of individuals causes the multiplicity of equilibrium groups.
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The heterogeneous thresholds also affect the likelihood of the universal cooperation. In

the homogeneous case, the group of n players can be formed under a stringent condition that

all individuals’ thresholds of cooperation are equal to the number n of players. To put it

differently, the full cooperation can be attained among homogeneous individuals only if they

happen to have the largest possible thresholds, namely FN (n) = n. In contrast, the largest

group can be sustained in equilibrium among heterogeneous individuals under a much weaker

condition that FN (n) ≥ 2.

4 Equilibrium Selection in Group Formation Games

The analysis thus far shows that there are multiple equilibria in a group formation game with

heterogeneous preferences. More specifically, there are three types of equilibria. First, the

non-cooperation is always a strict equilibrium, in which no one cooperates. Second, there are

typically partial cooperation equilibria, in which some players cooperate but the others do not.

Third, the full cooperation equilibrium in which everyone cooperates. Thus the question arises

as to which type of equilibrium is most likely to prevail in the long-run.

To tackle this problem, we adopt the stochastic equilibrium selection theory à la Young

(1993). Given a strategic form game, consider an adaptive strategy revision process in which

each individual plays a best response to a sample of past plays, where a sample is a set of k

action profiles, each of which is randomly drawn without replacement from m recent action

profiles. From time to time, however, a player may fail to choose a best response, but may end

up with a random strategy choice with probability ε > 0. If the randomly chosen action is not

a best response to any sample that might be drawn, then the action is called a mistake. Such

a process is called an adaptive play with mistakes by Young (1993). It turns out that the size

k of the sample is one of the crucial parameters in the subsequent analysis.

Since the model gives rise to a Markov chain on the set of action profiles,4 its long term

behavior can be captured by its stationary distribution µε. In particular, we are interested

in the limiting distribution µ = limε→0 µε as the probability of mistakes vanishes. States to

which the limiting distribution µ puts positive probability are called stochastically stable, and

4In Young’s (1993) analysis, a state is formally defined to be a sequence of action profiles with length m.

Thus the state space of the Markov chain is the m-fold product of the set of action profiles.
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a strict equilibrium of the underlying game is stochastically stable if the corresponding state5 is

stochastically stable. Young (1993) shows that stochastically stable states correspond to strict

equilibria when the stage game is weakly acyclic in the sense of Proposition 3.3. Thus a unique

stochastically stable state in the adaptive play of the group formation game corresponds to

the equilibrium that is observed infinitely more times than others in the long-run, when the

probability of mistakes is vanishingly small. For details, the reader is referred to Young (1993).

Applying the selection theory of Young (1993), we can identify, in principle, which equilib-

rium is the most stable in the sense of stochastic stability. In practice, however, it turns out to

be quite complex to do so for a general group formation game. Thus we restrict our attention

to group formation games with two types of players.

4.1 The Two Types Model

A group formation game with two types of players is defined as follows. The set N = {1, . . . , n}
of players is partitioned into N1 = {1, . . . , n1} and N2 = {n1 + 1, . . . , n}. The size of N1 and

N2 are n1 and n2 = n − n1, respectively. We assume that n1, n2 ≥ 2. N1 and N2 represent

two types of players as follows. Assume that

si = n1 for every i ∈ N1, and si = n = n1 + n2 for every i ∈ N2,

where si is player i’s threshold of cooperation, defined in Section 2. In the notation in Propo-

sition 3.4,

FS(m) =





|S ∩N1|, if m = n1,

|S ∩N2|, if m = n1 + n2,

0, otherwise

for every nonempty S ⊂ N . For a player in N1, it is optimal to cooperate when just n1 − 1

others do. In contrast, a player in N2 has lower motivation to cooperate, in that only when all

the other n1 + n2 − 1 players cooperate, it becomes advantageous to herself to follow suit.

Proposition 4.1. In a group formation game with two types, there are exactly three strict

Nash equilibria. They are

e1 = (0, . . . , 0), e2 = (

n1︷ ︸︸ ︷
1, . . . , 1,

n2︷ ︸︸ ︷
0, . . . , 0 ), and e3 = (1, . . . , 1).

5The corresponding state is a sequence (e, . . . , e) of length m, where e is a strict equilibrium of the underlying

game.
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The proposition follows from Proposition 3.4. Although the assumption of two types

is certainly restricted, it allows us to significantly simplify the analysis, without losing the

essential structure of strict Nash equilibria in general group formation games. In words, there

are three equilibria with different levels of cooperation, the non-cooperation equilibrium e1, the

partial cooperation equilibrium e2, and the full cooperation equilibrium e3. There is a crucial

difference between different types of players. For any player in N1, there is no outcome in which

she free-rides. In contrast, there is at least one outcome in which members of N2 free-ride. In

fact, they free-ride in the partial cooperation equilibrium e2. In this sense, members of N2 are

potential free-riders. As a result, their best response structure is more intricate than that of

players in N1. For this reason, it is behavior and payoff of potential free-riders that become

most critical to the subsequent analysis.

It proves useful to parameterize players’ payoffs. For every i ∈ N1, define

ai = vi(C, n1 − 1), ci = ui(D, 0)− εi, di = ui(D, 0).

ai is the equilibrium payoff in e2, the partial cooperation. A unilateral deviation by an i ∈ N1

from e2 results in di, which is equal to the equilibrium payoff in e1, the non-cooperation . A

unilateral deviation by an i ∈ N1 from e1 results in ci, since she has to pay participation cost

εi. Note that ai > di > ci. For every i ∈ N2, let

ai = vi(C, n− 1), ci = ui(D, 0)− εi, di = ui(D, 0), fi = ui(D, n1).

For player i ∈ N2, ai is the equilibrium payoff in e3, the full cooperation. A unilateral deviation

by an i ∈ N2 from e3 results in di, which is equal to the equilibrium payoff in e1. A unilateral

deviation by an i ∈ N2 from e1 results in ci. fi is the free riding payoff. Note that fi > di > ci

and ai > di.

4.2 Evaluating Resistances

In an adaptive play, consider a state in which all of the past m plays are the same action

profile e, which is a strict Nash equilibrium of the underlying game.6 If there were no mistakes,

that is, ε = 0, then the adaptive play would never leave there once it reached there. This is

because, first, any sample in such a state must be a k-fold repetition of e, and second, the

6This is the state that corresponds to equilibrium e. See the preceding footnote.
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best response to such a sample must be e itself since it is a strict equilibrium. With mistakes,

however, the adaptive play can escape from the equilibrium state, thanks to an accumulation of

a number of successive or simultaneous mistakes. In other words, a path, or a sequence of action

profiles, that connects one equilibrium to another necessarily contains mistakes.7 Intuitively,

the probability of a path is a decreasing function of the number of mistakes it contains. In

order to identify the stochastically stable equilibrium, therefore, it is crucial to evaluate the

number of mistakes on the path. In particular, the analysis hinges on the resistance r(e, e′),

the minimum number of mistakes required for any path from an equilibrium e to another

equilibrium e′.

Roughly speaking, the resistance from one equilibrium to another is inversely related to the

likelihood for the noisy adaptive process to make that transition. The smaller the resistance,

the more likely the path to be realized. To identify stochastically stable equilibrium, Young’s

(1993) selection theory compares resistances between equilibria. If, as in a 2× 2 coordination

game, there are only two equilibria, one equilibrium is stochastically stable if and only if the

resistance to it is smaller than the resistance from it. For games with more than two equilibria,

we need to consider directed graphs, or trees, on the set of equilibrium states. Each edge in

a tree is weighted by the associated resistance. An equilibrium is stochastically stable if it is

easiest to reach or most likely to realize, in that it is the root of the minimum resistance tree.

For a group formation game, the relevant trees are depicted in Figure 1.

(Figure 1 appears about here.)

Evaluating resistances is a tedious exercise. Detailed arguments on resistance are delegated

to the Appendix. In this section, we exhibit in each case a path with minimum number of

mistakes. First, consider the resistance from the non-cooperation equilibrium e1 to the partial

cooperation equilibrium e2. Any path from e1 to e2 must contain e2
−i (or e3

−i) for every i ∈ N1.

When the cost εi is small enough, against a sample that contains one e2
−i and k − 1 non-

cooperative profiles, i’s best response is to participate. Thus the path depicted in Figure 2 is

a path from e1 to e2.

(Figure 2 appears about here.)

7Strictly speaking, it is a sequence of states, rather than that of action profiles, that matters in the analysis.

In practice, however, we can analyze resistances in terms of sequences of action profiles.
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In this and similar figures that follow, an action by mistake is indicated by an asterisk, as

1∗. Figure 2 shows that the adaptive play can transit from e1 to e2 with n1 mistakes. Therefore,

r(e1, e2) ≤ n1. In fact, it is clear that r(e1, e2) = n1 if n1 ≥ 3. In contrast, r(e1, e2) = n1−1 = 1

if n1 = 2, as in Figure 3.

(Figure 3 appears about here.)

For the resistance r(e1, e3), it is clear that r(e1, e2) < r(e1, e3), the only inequality we need

to concern here regarding r(e1, e3).

Next, consider the resistance from the partial cooperation equilibrium e2 to the non-

cooperation equilibrium e1. There are two types of paths to be distinguished. First, consider

the path in Figure 4. On a date in the phase 1, all players j ∈ N2 \ {n1 + 1} happen to make

mistakes simultaneously. From the next date on, up to the point where a sufficient number of

e3
−i’s accumulate (i = n1 + 1), the simultaneous mistakes occur consecutively. This yields a

sample for i, namely the entire phase 1, that exclusively consists of e2
−i’s and e3

−i’s. Against

phase 1, the best response of player i is to participate if

sai + (k − s)ci ≥ sdi + (k − s)fi,

where s (k − s, resp.) is the number of e3
−i (e2

−i, resp.) in the sample. Therefore the sufficient

number of e3
−i’s turns out to be at least αik, where

αi =
(

fi − ci

ai − di + fi − ci

)
.

For this type of transition to happen, at least (n2 − 1) dαike mistakes are required, where dze
is the minimum integer greater or equal to a real number z.

(Figure 4 appears about here.)

Notice that this kind of path will lead to e1, not necessarily to e3. More specifically, when

n2 ≥ 3 the path never reaches to e3 without further mistakes. If n2 = 2, the path may reach to

e3, as well as to e1. In phase 2 in Figure 4, everyone samples phase 1, and optimally responds

to it. This results in σj = 1 for j = 1, . . . , n1, n1 + 1 and σj = 0 for j = n1 + 2, . . . , n1 + n2. In

phase 3, by sampling phase 2 and optimally responding to it, no one chooses to participate if
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n2 ≥ 3 (x = 0). If n2 = 2, only player n2 + 1 participates (x = 1), but by now it is clear that

the adaptive play is heading for the non-cooperation equilibrium.8

There is another type of paths that connect e2 and e1. An example is given in Figure 5.

(Figure 5 appears about here.)

In phase 1, every player is given the sample that entirely consists of e2. Every player except

n1 + 1 optimally responds to it. The player n1 + 1, meanwhile, continues to participate by

mistake. In phase 2 and beyond, every player receives the previous phase as the sample, and

optimally responds to it. In phase 2, players i 6= n1 + 2 choose not to participate. The choice

x of player n1 + 2 depends on n2. If n2 ≥ 3, then x = 0. x = 1 when n2 = 2. In any case, the

path results in e1 in phase 3. The total number of mistakes is k.

Comparing two types of paths, it follows that the number of potential free-riders, n2,

and the sample size, k, matter. That is, the resistance r(e2, e1) is equal to (n2 − 1) dαike if

(n2 − 1) dαike < k. Otherwise, it is k. Intuitively, r(e2, e1) = k when n2 is “large.” It is less

than k when n2 is “small.” It is worth emphasizing that the large/small distinction is relevant

because we allow three or more players in N2.9 A similar consideration calls for the resistance

from the full cooperation equilibrium e3 to the non-cooperation equilibrium e1.

To summarize the observations, we introduce a number of definitions.

Definition 4.1. The incentive ratio of player i ∈ N2 is the fraction

ηi =
ai − di

fi − di
.

The population size n2 of N2 is large to exit from e2 if

n2 − 2 ≥ maxi∈N2 ηi.

Otherwise, n2 is small to exit from e2. Similarly, n2 is large to exit from e3 if

n2 − 2 ≥ maxi∈N2

1
ηi

.

Otherwise, n2 is small to exit from e3.
8Assume n2 = 2 and consider phase 3. If everyone but n1 + 2 still samples phase 1, while n1 + 2 samples

phase 2, the adaptive play leads to e3.
9Dealing with pure coordination games in a random matching setup, as opposed to the fictitious play model

considered here, Young (1998) discusses a similar point.
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Ignoring the small participation cost εi, the incentive ratio is the ratio of “deviation losses”

in e2 and e3. Note that n2 is small to exit from both e2 and e3 if n2 = 2. An n2 ≥ 3 can be

large to exit from both e2 and e3.

Define

αi =
fi − ci

ai − di + fi − ci
and βi =

ai − di

ai − di + fi − ci
.

Set α = mini∈N2 αi and β = mini∈N2 βi.

The next lemma collects the observations thus far. In particular, (2) and (3) confirm that

the large/small distinction defined above works as desired. Proofs are given in the Appendix.

Lemma 4.1.

(1) If n1 ≥ 3, r(e1, e2) = n1. If n1 = 2 , r(e1, e2) = 1. In either case, r(e1, e2) < r(e1, e3).

(2) If n2 is large to exit from e2, then r(e2, e1) = k < r(e2, e3). If n2 is small to exit

from e2, then

(n2 − 1)αk ≤ r(e2, e1) ≤ (n2 − 1) dαke .

In either case, r(e2, e1) ≤ r(e2, e3) and r(e2, e1) ≤ k.

(3) If n2 is large to exit from e3, then r(e3, e1) = k. If n2 is small to exit from e3, then

(n2 − 1)βk ≤ r(e3, e1) ≤ (n2 − 1) dβke .

In either case, r(e3, e1) ≤ r(e3, e2) and r(e3, e1) ≤ k.

4.3 Equilibrium Selection

We are now ready to present a number of equilibrium selection results for the group formation

game with two types. Proofs are given in the Appendix.

Lemma 4.1 contains two types of evaluations of resistances. First, the resistances out of e2

or e3 to e1 are evaluated in terms of k. Specifically, they are at most k, and some of them are

less than k only if n2 is small. Second, the resistances out of e1 are independent of k, and are

evaluated in terms of n1. Having made no assumption thus far, there is no way to compare the

two types of resistances. In other words, equilibrium selection results depend on the relative

magnitude of k and n1. If n1 > k, it is more difficult for the revision process to exit from e1

than to enter into e1. This leads to the following result.
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Theorem 4.1. Assume that n1 ≥ 3. If n1 > k, then the non-cooperation equilibrium is

uniquely stochastically stable.10

As Figure 2 shows, in order for the adaptive play to escape from the non-cooperation

equilibrium, simultaneous mistakes by all members of N1 must occur at least once. The larger

the size of N1 is, the more unlikely such an event becomes. On the other hand, Figure 5

shows that a k-successive mistakes is enough for the adaptive play to enter the non-cooperation

equilibrium. The smaller the sample size is, the more likely such an event becomes. As a result,

if n1 > k, then the adaptive play is more likely to enter into the non-cooperation equilibrium,

rather than to escape from it. Hence, the non-cooperation equilibrium is stochastically stable.

The next two results together show that non-cooperation equilibrium is not stochastically

stable when the sample size k is larger than the subpopulation size n1. In this case, the number

n2 of potential free-riders determines the selection outcome.

Theorem 4.2. Assume that n1 < k. If n2 is large to exit from e2, the partial cooperation

equilibrium e2 is uniquely stochastically stable.11

In words, when the number of potential free-riders exceeds a critical level, the partial

cooperation equilibrium is uniquely stable in the long-run. Recall that n2 is large to exit from

e2 if

n2 − 2 ≥ max
i∈N2

ai − di

fi − di
.

The condition suggests at least two interpretations of the result. First, given the maximum

incentive ratio of the potential free-riders, the theorem states that the free-riding equilibrium

is the unique stable outcome when there are sufficient number of them. In other words, the

full cooperation is difficult to emerge when there are many potential free-riders. Second, the

theorem tells us, quite naturally, when the incentive to free-ride is sufficiently strong, the free-

riding equilibrium is likely to be observed in the long-run. This is because, given the number

of potential free-riders, the stronger the incentive to free-ride, the smaller the incentive ratio.

Notice that if the free-riding payoff is larger than the universal cooperative payoff, that is,

fi > ai, for every i ∈ N2, the theorem applies for every n2 ≥ 3. Since we allow heterogeneous

10If n1 = 2 and k = 1, then e1 and e2 are stable.
11If k = n1, one can show the following results. If n2 is large to exit from e2, then the set of stochastically

stable equilibria is {e1, e2}. If n2 is small to exit from e2, then e1 is uniquely stochastically stable.
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preferences, however, some players may well have large incentive ratios. In such a case, the

assumption of the theorem becomes harder to be satisfied.

It remains to consider the case in which the number of potential free-riders is smaller than

the critical level. In this case, it turns out that the stochastically stable outcome is determined

by a variant of risk-dominance relation (Harsanyi and Selten 1988). Before stating the result,

let us introduce the risk-dominance relation relevant here.

Assume that all players in N2 expect that the game will be played according to either the

full cooperation equilibrium or the partial cooperation equilibrium, but they are not certain

about which equilibrium will prevail. Suppose that each player i in N2 expects that the partial

cooperation equilibrium is played with probability t, and the full cooperation equilibrium with

probability 1 − t. If she participates in a group, she receives expected payoff tdi + (1 − t)ai

(neglecting small participation costs εi). If she does not participate, she receives expected

payoff tfi + (1− t)di. Then, it is optimal for her to stay at the full cooperation equilibrium if

t < ηi
1+ηi

. Thus, mini∈N2

ηi
1+ηi

can be interpreted as the maximum level of risk that all players

in N2 can take in staying at the full cooperation equilibrium. Similarly, mini∈N2
1

1+ηi
can be

interpreted as the maximum level of risk that all players in N2 can take in staying at the partial

cooperation equilibrium. Specifically, if

min
i∈N2

ηi

1 + ηi
> min

i∈N2

1
1 + ηi

, (4.1)

then the full cooperation equilibrium is more “robust” than the partial cooperation equilibrium

in the risk consideration. In this case, following the spirit of Harsanyi and Selten (1988), we

say that the full cooperation equilibrium risk-dominates the partial cooperation equilibrium.

The next theorem shows that it is this notion of risk-dominance that works for the criterion of

stochastic stability in the group formation game.

Theorem 4.3. Assume that k is sufficiently large and n2 is small to exit from e2.

(1) The full cooperation equilibrium is uniquely stochastically stable if

min
i∈N2

ηi

1 + ηi
> min

i∈N2

1
1 + ηi

.

(2) The partial cooperation equilibrium is uniquely stochastically stable if

min
i∈N2

ηi

1 + ηi
< min

i∈N2

1
1 + ηi

.
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As the usual risk-dominance relation in 2 × 2 coordination games, ours in (4.1) can be

restated in terms of deviation losses. Let ηM (ηm, resp.) be the highest (lowest, resp.) incen-

tive ratio among all potential free-riders in N2. Then, the risk-dominance condition (4.1) is

equivalent to
ηm

1 + ηm
>

1
1 + ηM

,

which can be reduced to ηmηM > 1, or

(am − dm)(aM − dM ) > (fm − dm)(fM − dM ).

The last inequality makes it clear that the risk-dominance here is a variant of the original

version of Harsanyi and Selten (1988). In particular, the two coincide each other when n2 = 2.

Moreover, when the full cooperation equilibrium strictly Pareto dominates, that is, ai > fi

for every i ∈ N2, then the former risk-dominates the latter, and thus the full cooperation

equilibrium is stochastically stable.

It is now instructive to consider the following game. In the group formation game, fix the

action of every player in N1 at the participation. The resulting game is a coordination game

played by potential free-riders, in which there are exactly two strict equilibria, the partial coop-

eration and the full cooperation. The intuition behind Theorem 4.3 is that, when n2 is small,

the stochastically stable outcome of the whole game is the same as that of the restricted coordi-

nation game. Therefore the outcome is determined by the risk-dominance relation. Contrary to

the original version of Harsanyi and Selten (1988), however, the relevant risk-dominance rela-

tion involves only the maximum incentive ratio and the minimum incentive ratio. In stochastic

stability analysis, only the minimum number of mistakes to upset a given equilibrium matters.

As a result, the outcome is insensitive to incentive ratios of “intermediate” players.

Let us illustrate the equilibrium selection results by means of a numerical example. For

simplicity, we assume that group costs are zero. That is, vi = ui. Let the sample size k be

sufficiently large.

Example 4.1. Consider a seven-person prisoner’s dilemma with the player set N = {1, . . . , 7}.
Figure 6 defines payoffs. For each player i, the payoff by defection is commonly given in row

u(D, h), where h (= 0, 1, . . . , 6) is the number of other cooperators. Payoffs by cooperation are

heterogeneous. Player i’s payoff by cooperation is shown in row ui(C, h). Let us assume that

0 < a3 < · · · < a7 < 15.
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(Figure 6 appears about here.)

In the non-cooperative equilibrium of the prisoner’s dilemma, every player receives zero.

Therefore, the threshold si of player i is s1 = s2 = 2 and s3 = · · · = s7 = 7. Thus the group

formation game associated with this game has two types of players. Namely, N1 = {1, 2} and

N2 = {3, . . . , 7}. By Proposition 4.1, it has three strict Nash equilibria: the non-cooperation

e1, the partial cooperation e2, and the full cooperation e3.

Since the incentive ratio ηi is given by ηi = ai/4, η3 < · · · < η7. Let us examine how

the selection outcome depends on the payoff parameters a3 and a7. If the highest incentive

ratio is less than or equal to n2 − 2 = 3, that is, a7 ≤ 12, then Theorem 4.2 states that the

partial cooperation equilibrium is uniquely stochastically stable. This result is independent

of other payoff parameters. If the incentive ratio η7 increases to exceed 3, then Theorem 4.3

applies. In such a case, the selection outcome is determined by the relative magnitude of the

lowest incentive ratio η3 and the highest incentive ratio η7. Specifically, the full cooperation

equilibrium is uniquely stochastically stable if and only if η3η7 > 1, or a3a7 > 16.

The result parallels the usual risk dominance argument applied to the restricted coordi-

nation game in Figure 7. In this game, player 3 and player 7 choose either to participate or

not. The game has two strict Nash equilibria, (1, 1) and (0, 0), which correspond to the full

cooperation equilibrium and the partial cooperation equilibrium in the group formation game,

respectively. The well-known result in 2 × 2 coordination games tells us that (1, 1) risk dom-

inates the other if and only if a3a7 > 16. Therefore the full cooperation equilibrium in the

group formation game is stochastically stable if and only if (1, 1) risk dominates (0, 0) in the

restricted coordination game.

(Figure 7 appears about here.)

In a general two-type game, the restricted coordination game takes the following form,

where m ∈ N2 is a player with the smallest incentive ratio and M ∈ N2 is a player with the

largest incentive ratio. Whenever n2 is small to exit from e2, one can identify the long-run

outcome of the group formation game by simply checking the risk-dominance relation in the

restricted game in Figure 8.

(Figure 8 appears about here.)
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5 Conclusion

We have investigated the formation and the long-run stability of voluntary groups in collec-

tive action with heterogeneous individuals. In real situations, individuals often differ in their

willingness to cooperate. We have shown that the heterogeneous preferences yield a genuine

multiplicity of strict Nash equilibria in the group formation game. Different levels of coop-

eration are possible in equilibrium, ranging from non-cooperation to universal cooperation.

Typically, there exist many partial cooperation equilibria in which cooperators and free-riders

co-exist. We have investigated the equilibrium selection problem by applying the stochastic

evolutionary theory to examine which level of cooperation can be sustained in the long-run.

The analysis of the two types model have shown that the non-cooperation equilibrium is not

stable in the long-run when every individual can collect a sufficiently large number of sam-

ples from the past plays. In this case, the long-run outcome is determined by two factors,

the number of potential free-riders and their incentive ratios of cooperation. If the number of

potential free-riders is larger than a critical level, a partial cooperation equilibrium is uniquely

stochastically stable. Otherwise, the long-run equilibrium is determined by a risk-dominance

criterion, which exclusively focuses the two distinguished potential free-riders, who respectively

have the highest incentive ratio and the lowest incentive ratio. The full cooperation equilibrium

is uniquely stochastically stable if there exists at least one potential free-rider whose incentive

to cooperate is high enough.
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Appendix

Proofs of the results in Section 4 are given below. We start with a definition. Recall that

the resistance r(e, e′) is a positive integer γ such that any path from an equilibrium e to

another equilibrium e′ contains at least γ mistakes, and that there is such a path with exactly

γ mistakes. To evaluate a resistance from below, it proves useful to consider an exiting path

from the originating equilibrium and its first exitors. Recall that m is the memory size of the

adaptive play with mistakes.

Definition A.1. Given an equilibrium e, an exiting path from e is a path
m︷ ︸︸ ︷

e, · · · , e, σ1, · · · , σT

of action profiles12 such that it contains a profile σ in which some player i ∈ N plays a best
12See the footnotes in Section 4.
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response σi different from ei. For an existing path from e, a player i∗ ∈ N is called a first exitor

if i∗ plays a best response that differs from the equilibrium e for the first time during the path.

For example, a path from e2 is an exiting path if it contains σ such that σi = 1 for some

i ∈ N2 and this choice is a best response. Thus in this case, the path contains a sample to

which i ∈ N2 participates optimally. Note that a first exitor need not be unique, since two or

more players can optimally switch simultaneously. Take an exiting path ξ from e and let i ∈ N

be its first exitor, who chooses optimally στ
i 6= ei for the first time on date τ . Then for every

j ∈ N and every date τ ′ < τ any action στ ′
j is a mistake whenever στ ′

j 6= ej . Let γ(ξ) be the

number of such mistakes. Set γ = minξ γ(ξ), where ξ ranges over the set of all exiting paths

from e. Then, r(e, e′) ≥ γ, since any path from e to e′ is an exiting path from e. Moreover, if

there is a path from e to e′ that contains exactly γ mistakes, then r(e, e′) = γ.

Proof of Lemma 4.1.

We assume throughout that every εi is sufficiently small. In other words, εi’s are positive but

practically zero. The lemmas below collectively prove Lemma 4.1.

Lemma A.1. r(e1, e2) = n1 if n1 ≥ 3 and r(e1, e2) = n1 − 1 if n1 = 2.

Proof. Consider the following path starting from e1. From date 1 to date k− t, everyone plays

0. From date k − t + 1 to date k, every i ∈ N1 by mistake plays 1. Meanwhile, every j ∈ N2

plays 0. On date k + 1, everyone plays a best response against the most recent k dates. The

action 1 is a best response for i ∈ N1 if and only if

tai + (k − t)ci ≥ kdi or t ≥ k(di − ci)
ai − ci

=
kεi

ai − di + εi
.

For small enough εi, t = 1 satisfies the constraint. Therefore every i ∈ N1 can optimally play

1 on date k + 1 on. Meanwhile, every j ∈ N2 optimally continues to choose 0. Thus the path

in Figure 2 is indeed a path from e1 to e2. This proves that r(e1, e2) ≤ n1.

By a similar argument, the path in Figure 3 is a path from e1 to e2 when n1 = 2. Thus,

r(e1, e2) ≤ n1−1. Since a resistance cannot be zero, r(e1, e2) = n1−1. It remains to show that

r(e1, e2) = n1 if n1 ≥ 3. This follows from the following Claim.

Claim Assume that n1 ≥ 3. Consider a path from e1 to σ, where σ is an action profile in

which σi = 1 for every i ∈ N1. If none of the 1’s chosen by i ∈ N1 in σ is a mistake, then

this path contains at least n1 mistakes by members of N1.
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For each i ∈ N1, let τi be the date on which i chooses 1 as a best response for the first

time during the path. Every 1 chosen by i prior to date τi is a mistake. Prior to date τi, there

must be a date τ∗i on which either e2
−i or e3

−i is played. If there are more than one such dates,

let τ∗i be the earliest date. Assume that they appear as τ∗1 ≤ · · · ≤ τ∗n1
. If τ∗1 = τ∗2 , then the

play of this date is either e2 or e3, every 1 in which is a mistake. Thus the path contains at

least n1 mistakes. If τ∗1 < τ∗2 , then there are at least n1 − 1 mistakes on date τ∗1 . On date τ∗2 ,

a 1 by player 1 may be a best response, but a 1 by player 3, who exists since n1 ≥ 3, must

be a mistake. Thus the path contains at least n1 mistakes. This concludes the proof of the

claim.

Lemma A.2. r(e1, e2) < r(e1, e3).

Proof. It follows from Lemma A.1, the Claim in its proof, and the fact that any path from e1

to e3 contains at least one mistake by a member of N1 and at least one mistake by a member

of N2.

Lemma 4.1.(1) follows from Lemmas A.1 and A.2.

Lemma A.3. There is a path from e2 to e1 with exactly k mistakes. That is, r(e2, e1) ≤ k.

Proof. Such a path is given in Figure 5. See the text following Figure 5.

Lemma A.4. Any exiting path from e2 with a first exitor in N1 contains at least k mistakes.

Proof. The proof of Lemma A.1 shows that for i ∈ N1 to optimally choose 0, the sample must

contain no e2
−i. That is, a first exitor i ∈ N1 must have a sample in which every action profile

contains at least one mistake.

In the next lemma, we are going to setup an integer program. In this program, t and s are

nonnegative integer variables that satisfy t + s ≤ k, where k is the sample size of the adaptive

play. The program relates to the mistake counting argument as follows. Take an exiting path

from e2 with a first exitor i ∈ N . The solution gives us the number of mistakes the path must

contain prior to the date on which i optimally chooses σi 6= e2
i for the first time during the

path.

Lemma A.5. If n2 is large to exit from e2, then any exiting path from e2 with a first exitor

in N2 contains more than k mistakes.

27



Proof. Take any exiting path from e2 with a first exitor in N2. Recall that a player i ∈ N2

optimally plays action 1 only against e3
−i. For any other action profile, 0 is the unique best

response. Let the sample, to which the first exitor i ∈ N2 optimally responds by action 1,

contain the action profile e3
−i for t times, e2

−i for k− t− s times, and s others. Since i is a first

exitor, each 1 in e3
−i played by a member in N2 is a mistake (there are n2−1 of them), and each

of the “other s” profiles contains at least one mistake. One can evaluate the minimum number

of mistakes by solving the following linear program. Note that 1 is a best response against this

sample if and only if the constraint of the following program is satisfied:

min (n2 − 1)t + s, subject to tai + (k − t)ci ≥ (k − t− s)fi + (t + s)di,

t ≥ 0, s ≥ 0, k ≥ t + s. (P.1)

The exact value of the minimum number of mistakes is given by program (P.1) with integer

constraints. Ignoring integer constraint, the optimal value of (P.1) is less than or equal to the

minimum number of mistakes. Thus it suffices to show that the optimal value of (P.1) exceeds

k. The main constraint in (P.1) is equivalent to

s ≥ k(fi − ci)
fi − di

−
(

ai − di + fi − ci

fi − di

)
t.

Draw a horizontal t axis and a vertical s axis. See Figure 9. In this coordinate, the boundary

of constraint (P.1) is a line that has a negative slope steeper than −1 and its intercept on s

axis is above k. On the other hand, the slope of the objective function is −(n2 − 1). Note that

when the objective function passes through an optimal solution of (P.1), its intercept on s axis

gives the optimum value of (P.1).

(Figure 9 appears about here.)

By assumption, n2 − 2 ≥ ηi. Let us assume that n2 − 2 > ηi. We skip the proof of the

nongeneric case n2 − 2 = ηi. Since εi is small, we have

n2 − 1 ≥ ai − di + fi − ci

fi − di
,

which means that the objective function is (weakly) steeper than the constraint boundary. Thus

(t, s) in Figure 9 is an optimum solution. Clearly, when the objective function passes through

(t, s), the intercept is above s, which in turn strictly exceeds k. Therefore the optimal value is

greater than k.
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Lemmas A.3, A.4, and A.5 show that r(e2, e1) = k ≤ r(e2, e3) if n2 is large to exit from e2.

Lemma A.6. If n2 is large to exit from e2, then r(e2, e3) > k.

Proof. Assume that n2 is large to exit from e2 and take any path from e2 to e3. Let i∗ ∈ N2

be a first player in N2 who chooses 1 as a best response during the path. Let τ be the date

on which i∗ optimally chooses 1 for the first time. If i∗ ∈ N2 is a first exitor of this path, then

it contains more than k mistakes by Lemma A.5. Thus we can assume that i∗∗ ∈ N1 is a first

exitor, but i∗ is not. Similarly to the Claim in Lemma A.1, one can verify in this case that at

least k + n2− 2 mistakes has been made prior to date τ . Note that n2 ≥ 3, Since n2 is large to

exit from e2.

Lemma A.7. Assume that n2 is small to exit from e2. Then any exiting path from e2 with a

first exitor in N2 contains at least (n2 − 1)t∗ + s∗ mistakes, where t∗ and s∗ are nonnegative

integers such that

(n2 − 1)αk ≤ (n2 − 1)t∗ + s∗ ≤ (n2 − 1) dαke .

In addition, there is a path from e2 to e1 with exactly (n2 − 1)t∗ + s∗ mistakes.

Proof. Assume that n2 is small to exit from e2. Then for some i ∈ N2,

n2 − 1 <
ai − di + fi − ci

fi − di
. (†)

Take an exiting path from e2 with first exitor in i ∈ N2. The number of mistakes such a path

contains prior to the date on which i begins to choose 1 optimally is given by the optimal value

of program (P.1) (in the proof of Lemma A.5). By (†), the slope of the objective function in

(P.1) is flatter than that of the constraint boundary. Ignoring integer constraints, the optimum

solution is (αik, 0) in Figure 9. Thus the optimal value with integer constraint is at least

(n2−1)αik. Rounding αik gives dαike. Since dαike is an integer, the optimal value with integer

constraint is at most (n2 − 1) dαike.
Note that (t, s) = (dαike , 0) need not be the optimal solution of (P.1) with integer con-

straints. For each i ∈ N2 such that (†) holds, let (ti, si) be an optimal solution of (P.1) with

integer constraints. Let (t∗, s∗) = (ti
∗
, si∗) be a minimizer of (n2 − 1)ti + si over i ∈ N2 such

that (†) holds. We know the following:

(1) (n2 − 1)αk ≤ (n2 − 1)t∗ + s∗ ≤ (n2 − 1) dαke.

29



(2) Against the sample that contains e3
−i∗ for t∗ times, e2

−i∗ for k − t∗ − s∗ times, and s∗

others, the best response for i∗ is 1.

(3) Any exiting path from e2 with a first exitor in N2 contains at least (n2−1)t∗+s∗ mistakes.

To complete the proof, it suffices to construct a path from e2 to e1 with exactly (n2−1)t∗+s∗

mistakes. Such a path is shown Figure 10, in which i∗ = n1 + 1. In every phase, each player

receives the previous phase as her sample. As in Figure 5, the value of x depends on whether

n2 ≥ 3 or not.

In Lemma A.7, it may or may not be the case that (n2 − 1)t∗ + s∗ < k. In either case,

however, Lemmas A.3, A.4, and A.7 prove Lemma 4.1.(2) when n2 is small to exit from e2.

Finally, a series of arguments analogous to Lemma A.3 to A.7 shows Lemma 4.1.(3). When

n2 is small to exit from e3, the relevant program is

min (n2 − 1)t + s, subject to tfi + (k − t)di ≥ (k − t− s)ai + (t + s)ci,

t ≥ 0, s ≥ 0, k ≥ t + s.

Proofs of Equilibrium Selection Results.

The stochastic potential ρ(T ) of a tree T is defined to be the sum of the resistances of edges

that are contained in T . For example, the stochastic potential of tree T1 in Figure 1 is ρ(T1) =

r(e2, e1) + r(e3, e2). Let us say that a tree T (weakly, resp.) dominates another tree T ′ if

ρ(T ) < ρ(T ′) (ρ(T ) ≤ ρ(T ′), resp.).

Lemma B.1. Neither T6 nor T9 is a minimum tree. Moreover, T1, T3, T4 are weakly dominated

trees.

Proof. By Lemma 4.1.(1), r(e1, e2) < r(e1, e3). Thus T4 and T7 dominate T6 and T9, respec-

tively. By Lemma 4.1.(2), r(e2, e1) ≤ r(e2, e3). This implies that T2 weakly dominates T3. By

Lemma 4.1.(3), r(e3, e1) ≤ r(e3, e2). Therefore T2 and T5 weakly dominate T1 and T4, respec-

tively.

Proof of Theorem 4.1. By Lemma 4.1 and the assumption that n1 > k,

max{r(e2, e1), r(e3, e1)} < r(e1, e2) ≤ r(e1, e3).
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By Lemma B.1, it suffices to show that T2 dominates T7, T8, and T5. First, r(e2, e1) ≤ r(e2, e3)

and r(e3, e1) < r(e1, e2) imply that T2 dominates T7. Second, r(e3, e1) < r(e1, e3) implies that

T2 dominates T8. Third, r(e2, e1) < r(e1, e2) implies that T2 dominates T5.

Proof of Theorem 4.2. By Lemma B.1, it suffices to show that T5 dominates T7, T8, and T2. It

follows from Lemma 4.1.(3) that r(e3, e1) ≤ k. If n2 is large to exit from e2, then r(e2, e3) > k

by Lemma 4.1.(2). Thus r(e2, e3) > r(e3, e1). Therefore T5 dominates T7. Likewise, we have

r(e2, e1) = k by Lemma 4.1.(2). Thus r(e2, e1) ≥ r(e3, e1). This inequality and Lemma 4.1.(1)

together imply that

r(e2, e1) + r(e1, e3) > r(e3, e1) + r(e1, e2).

Thus T5 dominates T8. Finally, r(e2, e1) = k > n1 ≥ r(e1, e2) implies that T5 dominates T2.

To prove Theorem 4.3, we make use of the following lemma. Proofs are skipped, but they

are available from the authors on request.

Lemma B.2.

(1) If n2 is small to exit from e2, then k > (n2 − 1) dαke+ n2 for sufficiently large k.

(2) r(e1, e3) ≤ r(e1, e2) + n2.

(3) r(e3, e1) ≤ (n2 − 1) dβke.

Proof of Theorem 5.3. First of all, by Lemma 4.1.(1) and (2), r(e1, e2) ≤ n1 and (n2 − 1)αk ≤
r(e2, e1), respectively. It is clear that r(e1, e2) < r(e2, e1) for sufficiently large k so that T5

dominates T2.

For (1), assume that mini ηi/(1 + ηi) > mini 1/(1 + ηi), or equivalently

min
i∈N2

ai − di

ai − di + fi − di
> min

i∈N2

fi − di

ai − di + fi − di
.

For sufficiently large k and sufficiently small εi, we have

min
i∈N2

ai − di

ai − di + fi − ci
> min

i∈N2

fi − ci

ai − di + fi − ci
+

1
k

(
1 +

n2

n2 − 1

)
,

where ci = di − εi. This implies β > α + (1 + n2
n2−1)/k, and thus βk > dαke+ n2/(n2 − 1). We

are going to show that this inequality and Lemma B.2.(1) constitute a sufficient condition for

e3 to be stochastically stable.
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Since n2 is small to exit from e2, r(e2, e1) ≤ (n2− 1) dαke by Lemma 4.1.(2). On the other

hand, r(e1, e3) ≤ r(e1, e2) + n2 by Lemma B.2.(2). Therefore

ρ(T8) ≤ r(e1, e2) + (n2 − 1) dαke+ n2.

By Lemma B.1, it suffices to show that T8 dominates T5. Assume first that n2 is small to exit

from e3. Then by Lemma 4.1.(3), r(e3, e1) ≥ (n2 − 1)βk. Thus

ρ(T5) ≥ r(e1, e2) + (n2 − 1)βk.

Therefore e3 is uniquely stochastically stable if

ρ(T5)− ρ(T8) ≥ r(e1, e2) + (n2 − 1)βk − (r(e1, e2) + (n2 − 1) dαke+ n2)

= (n2 − 1)βk − (n2 − 1) dαke − n2 > 0.

The last inequality is equivalent to βk > dαke + n2/(n2 − 1). Assume next that n2 is large

to exit from e3. Then by Lemma 4.1.(3), r(e3, e1) = k. Similarly to the preceding case, e3 is

uniquely stochastically stable if k − (n2 − 1) dαke − n2 > 0, which is equivalent to Lemma

B.2.(1).

For (2), assume that mini 1/(1 + ηi) > mini ηi/(1 + ηi). Then, similarly to (1), αk > dβke
for small εi and large k. Thus it suffices to show that the last inequality is a sufficient condition

for e2 to be stochastically stable.

By Lemma 4.1.(3), r(e3, e1) ≤ (n2 − 1) dβke. Thus

ρ(T5) ≤ r(e1, e2) + (n2 − 1) dβke .

By Lemma B.1, it suffices to show that T5 dominates T7 and T8. Since n2 is small to exit

from e2, Lemma 4.1.(2) implies that r(e2, ej) ≥ (n2 − 1)αk for j = 1, 3. On the other hand,

r(e1, e3) > r(e1, e2) by Lemma 4.1.(1). Thus

min{ρ(T7), ρ(T8)} ≥ r(e1, e2) + (n2 − 1)αk.

Therefore e2 is uniquely stochastically stable if

min{ρ(T7), ρ(T8)} − ρ(T5) ≥ r(e1, e2) + (n2 − 1)αk − r(e1, e2)− (n2 − 1) dβke
= (n2 − 1)(αk − dβke) > 0.
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Figure 1: Trees in the group formation game.
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mz }| { kz }| {
σ1 0 · · · 0 1∗ 1 · · · 1

...
... · · ·

...
...

... · · ·
...

σn1 0 · · · 0 1∗ 1 · · · 1

σn1+1 0 · · · 0 0 0 · · · 0

...
... · · ·

...
...

... · · ·
...

σn1+n2 0 · · · 0 0 0 · · · 0

Figure 2: A path from e1 to e2 with n1 mistakes.

mz }| { kz }| {
σ1 0 · · · 0 1∗ 0 1 · · · 1

σ2 0 · · · 0 0 1 1 · · · 1

σ2+1 0 · · · 0 0 0 0 · · · 0

...
... · · ·

...
...

...
... · · ·

...

σ2+n2 0 · · · 0 0 0 0 · · · 0

Figure 3: A path from e1 to e2 when n1 = 2.

Phase 0
Phase 1z }| { Phase 2 Phase 3

mz }| { k−dαikez }| { dαikez }| { kz }| { kz }| {
σ1 1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1 0 · · · 0

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...

σn1 1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1 0 · · · 0

σn1+1 0 · · · 0 0 · · · 0 0 · · · 0 1 · · · 1 0 · · · 0

σn1+2 0 · · · 0 0 · · · 0 1∗ · · · 1∗ 0 · · · 0 x · · · x

σn1+3 0 · · · 0 0 · · · 0 1∗ · · · 1∗ 0 · · · 0 0 · · · 0

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...

σn1+n2 0 · · · 0 0 · · · 0 1∗ · · · 1∗ 0 · · · 0 0 · · · 0

Figure 4: An exiting path from e2.
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Phase 0 Phase 1 Phase 2 Phase 3
mz }| { kz }| { kz }| { kz }| {

σ1 1 · · · 1 1 · · · 1 0 · · · 0 0 · · · 0

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...

σn1 1 · · · 1 1 · · · 1 0 · · · 0 0 · · · 0

σn1+1 0 · · · 0 1∗ · · · 1∗ 0 · · · 0 0 · · · 0

σn1+2 0 · · · 0 0 · · · 0 x · · · x 0 · · · 0

σn1+3 0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...

σn1+n2 0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0

Figure 5: A path from e2 to e1 with exactly k mistakes.

h 0 1 2 3 4 5 6

u(D, h) 0 2 4 6 8 10 15

u1(C, h) −1 1 2 3 4 5 6

u2(C, h) −1 1 2 3 4 5 6

u3(C, h) −6 −5 −4 −3 −2 −1 a3

u4(C, h) −7 −6 −5 −4 −3 −2 a4

u5(C, h) −8 −7 −6 −5 −4 −3 a5

u6(C, h) −9 −8 −7 −6 −5 −4 a6

u7(C, h) −10 −9 −8 −7 −6 −5 a7

Figure 6: A seven-person prisoner’s dilemma.

1 0

1 a3, a7 0, 0

0 0, 0 4, 4

Figure 7: The restricted coordination game.

1 0

1 um(C, n− 1), uM (C, n− 1) um(D, 0), uM (D, 0)

0 um(D, 0), uM (D, 0) um(D, n1), uM (D, n1)

Figure 8: The restricted coordination game.
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ai−ci
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αik = k(fi−ci)
ai−di+fi−ci

s = k(fi−ci)
fi−di

Figure 9: Program (P.1).

Phase 0
Phase 1z }| { Phase 2 Phase 3

mz }| { k−t∗−s∗z }| { s∗z }| { t∗z }| { kz }| { kz }| {
σ1 1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1 0 · · · 0

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...

σn1 1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1 1 · · · 1 0 · · · 0

σn1+1 0 · · · 0 0 · · · 0 0 · · · 0 0 · · · 0 1 · · · 1 0 · · · 0

σn1+2 0 · · · 0 0 · · · 0 1∗ · · · 1∗ 1∗ · · · 1∗ 0 · · · 0 x · · · x

σn1+3 0 · · · 0 0 · · · 0 0 · · · 0 1∗ · · · 1∗ 0 · · · 0 0 · · · 0

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...
... · · ·

...

σn1+n2 0 · · · 0 0 · · · 0 0 · · · 0 1∗ · · · 1∗ 0 · · · 0 0 · · · 0

Figure 10: A path from e2 to e1 when n2 is small to exit from e2.
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